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ARITHMETIC 

PUBLIC  SCHOOL  COURSE   OF  STUDY 

(Details) 
FORM  I 

I.  The  Numbers  1  to  10  Inclusive  : 

(1)  Counting  and  measuring  objects  to  the  limit  of  the  above  num- 
bers. 

(3)  Objective  teaching  of  the  facts  of  the  above  numbers,  developing 
concretely  the  number  idea. 

(3)  Objects  grouped  in  2*8,  S's,  etc.,  and  their  measure  expressed  in 
terms  of  the  numbers  taught.  Thus,  the  measure  of  7  objects  may  be 
expressed  as  3  two's  and  1,  or  2  three's  and  1;  etc. 

II.  Numeration  and  Notation: 

(1)  Numeration  and  notation  of  units,  tens,  and  hundreds  taught  ob- 
jectively, with  special  emphasis  on  their  position  and  on  their  consequent 
relation  to  one  another. 

(2)  Numeration  and  notation  to  thousands,  taught  objectively. 

(3)  Thorough  drill  in  numeration  and  notation  to  thousands. 

III..  Combinations: 

(1)  Combinations  of  pairs  of  numbers  the  sum  of  which  is  less  than  10. 

(2)  Combinations  of  pairs  of  numbers  the  sum  of  which  is  10. 

(3)  Combinations  of  pairs  of  numbers  the  sum  of  which  is  greater 
than  10. 

(4)  Application  of  these  combinations  to  find  the  sum  of  any  two 
numbers,  one  of  which  is  less  than  10,  and  the  other  less  than  100. 

(5)  Thorough  drill  on  combinations  taught,  special  attention  being 
i  given  to  such  combinations  as:    3  and  6,  13  and  6,  43  and  6,  5  and  7, 

35  and  7;  etc. 

IV.  Addition: 

(1)  Thorough  drill  in  combinations  and  in  single  column  additions  in 
order  that  addition  may  become  automatic. 

(2)  Two  and  three  column  additions. 

(3)  Additions  by  I's,  2's,  3's,  4'8,  etc.,  to  sums  not  exceeding  100; 
thus  laying  basis  for  multiplication  tables. 

V.  Subtraction: 

(1)  Subtraction  facts  to  20  taught  in  connection  with  addition  facts. 

(2)  Oral  exercises  in  the  subtraction  of  any  number  less  than  10, 
from  any  number  less  than  100. 

(3)  Subtraction  of  any  numbers  not  exceeding  three  digits. 

VI.  Multiplication: 

Multiplication  by  2,  3,  and  4. 

VII.  Concrete  Units: 

Objective  treatment  of  one  half,  one  fourth,  one  eighth;  one  cent, 
five-cents,  twenty-five-cents,  dollar ;  pint,  quart,  gallon ;  inch,  foot,  and  yard. 
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VIII.  Roman  Notation  to  20. 

IX.  Problems: 

(1)   Practice  iu  solving  simple  oral  problems,  the  answers  to  be  either 
oral  or  written. 

(2)  Practice  in  forming  and  in  interpreting  problems. 

(3)  Practice  in   writing  solutions   for  easy  problems  involving   not 
more  than  one  operation. 


FORM  II 
I.  Review  and  Extension  of  Work  of  Form  I. 
II.  Numeration  and  Notation  to  Millions. 

III.  Thorodoh  Drill  on  Addition  and  Subtraction: 

Use  for  the  most  part  numbers  represented  by  not  more  than  five 
digits,  special  attention  being  given  to  secure  accuracy,  facility,  and 
rapidity.  ^ 

IV   Multiplication  : 

(1)  Multiplication  table. 

(2)  Multiplication  by  numbers,  from  1  to  10  inclusive. 

(3)  Multiplication  to  find  continued  product  where  the  multipliers 
are  single-digit  numbers. 

(4)  Multiplication  by  10,  20,  30,  etc. 

(5)  Multiplication  by  any  two-digit  number. 

(6)  Multiplication  by  100,  200,  300,  etc. 

(7)  Multiplication  by  any  three-digit  number. 

V.  Divibion: 

(1)  Division  by  numbers  1  to  9  inclusive. 

(2)  Division  by  10,  20,  30,  etc. 

(3)  Division  by  any  two-digit  number. 

VI.  FicrroRiNo: 

Emj  factoring  finding  all  factors,  and  then  prime  factors. 

VII   CoKCBETs  Units: 

(1)  ObjectiTe  treatment  of  fourths,  eighths;  thirds,  sixths,  ninths; 
fifths,  tenths;  the  symbols  for  these;  the  finding  of  these  parts  of  any 
quantity  or  number. 

(2)  Objective  treatment  of  dozen;  ounce,  pound;  peck,  bushel;  rod, 
mile;  iqaare  inch,  square  foot,  square  yard,  square  rod,  square  mile; 
•ere;  cubic  inch,  cubic  foot,  cubic  yard;  time  by  the  clock;  minute,  hour, 
week;;' month,  year,  century;  quire  and  ream. 

(3)  TTse  of  these  and  previous  unit^  in  oral  and  written  problf'ms 
tot  involving  more  than  two  opiTationn  in  thrir  H<»lution. 

(4)  The  measure  of  the  perimctrr  of  rectangular  figiircs. 
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VII i.  Roman  Notation  to  1,000. 


IX.  Problems: 


(1)  Practice  in  solving,  orally  and  in  writing,  easy  problems  about 
things  with  which  the  pupils  are  familiar  and  which  involve  not  more 
than  two  operations. 

(2)  Drill  in  reading  problems  and  in  stating  solutions. 

(3)  Practice  in  solving  easy  problems  involving  the  applications  of 
all  topics  taught,  emphasis  being  placed  on  clear  logical  statements  in  the 
solution  of  problems,  and  on  accuracy  and  rapidity  in  mechanical  work. 

(4)  Daily  practice  in  Oral  Arithmetic. 


FORM  III 


I.  Review 


The  work  of  previous  Forms,  special  attention  being  given  to  neatness, 
•accuracy,  and  rapidity  in  mechanical  work,  and  to  clear  logical  statements 
in  problems. 

II.  Notation  and  Numeration: 

(1)  Review  of  the  work  of  previous  Forms. 

(2)  Completion  of  numeration  and  notation. 

III.  Addition  and  Subtraction: 

(1)  Thorough  drill. 

(2)  Practice  with  ledger  columns,  bank-book  balances,  valuable  and 
interesting  statistics,  etc. 

IV.  Multiplication  and  Division  : 

(1)  Full  and  thorough  drill  to  secure  accuracy,  facility,  and  rapidity. 

(2)  Simple  bills,  accounts,  and  receipts.  / 

(3)  Multiplication  and  division  by  25,  75,  125,  10,  100,  etc.,  by  short 
methods. 

(4)  Aggregates,  averages;  sharing  into  any  two  and  three  parts. 

(5)  Division  by  two  factors  and  full  explanation  of  how  the  true 
remainder  is  found. 

(6)  Continued  products  and  cancellation. 

V.  Compound  Rules: 

(1)  Tables    of    money,    time,    length,    capacity,    weight,    area,    and 
volume. 

(2)  Application  of  these  tables  to  reduction,  descending  and  ascend- 
ing, the  reduction  not  to  involve  more  than  two  operations. 

(3)  Compound    addition,    subtraction,    multiplication,    and    division, 
using  easy  questions  on  the  above  tables. 

(4)  Reduction,  addition,  subtraction,  multiplication,  and  division,  ex- 
tended and  completed. 
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VI.  Simple  Measueements  :  ' 

(1)  Practice  in  finding  the  area,  volume,  and  dimensions  of  rectangu- 
lar surfaces  and  solids. 

(2)  Board  measure  and  its  application. 

Vll.  Factobs  and  Measuhes: 

(1)  Method  of  finding  prime  factors  and  how  to  use  these  to  find  the 
common  factors  and  the  highest  common  factors  of  two  numbers. 

(2)  Thorough  treatment  of  greatest  common  measure. 

nil.  Multiples: 

(1)  Easy  method  of  finding  multiples  and  common  multiples  of  small 
numbers. 

(2)  Thorough  treatment  of  least  common  multiple. 

IX.  Fractions: 

IndactiTe  treatment  of  fractions;  no  fractions  to  be  used  except  such 
as  are  in  common  use,  and  such  as  have  for  denominators,   (one-digit) 
numbers  not  greater  than  10. 
The  following  order  is  recommended: 

(1)  The  proper  fraction  and  its  terms. 

(2)  Notation  and  numeration  of  fractions. 

(3)  Expression  of  proper  fractions  in  different  denominations. 

(4)  Addition  and  subtraction  of  proper  fractions. 

(6)  The  improper  fraction  and  the  mixed  number,  and  the  method 
of  changing  the  form  of  the  one  to  that  of  the  other. 

(6)  Expression  of  improper  fractions  and  rai.xed  numbers  in  differ- 
ent denominations,  and  the  method  of  adding  and  subtracting  them. 

(7)  The  multiplication  of  a  fraction  by  an  integer. 

(8)  Simple  and  compound  fractions,  and  the  method  of  simplifying 
ft  compound  fraction  having  but  two  fractional  parts. 

(9)  The  division  of  a  fraction  by  an  integer. 

(10)  The  multiplication  of  a  fraction  by  a  fraction. 

(11)  The  division  of  a  fraction  by  a  fraction. 

X.  Pebointaoe: 

Use  and  meaning  of  per  cent,  and  its  relations  to  fractions. 

XI.  Problbms: 

(1)  Practice  in  solving  problems  applying  the  topics  taught 

(2)  Practice  in  framing  problem«  from  data  furnished  by  pupils. 

(3)  Daily  drill  in  Oral  Aritlwnotic. 

(4)  Emphaais  should  be  placed  upon  clear  logical  stntcments  in  aoIu- 
tions,  upon  neatneM,  and  upon  accuracy  and  rapidity. 

FORM  IV 
L  Notation  akd  Simple  Rulm: 

Review,  extension,  and  application  of  work  of  provions  Forms,  atten- 
tion being  given  to  theory,  accuracy,  facility,  and  rapidity. 
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II.  Compound  Rules  : 

Eeview  and  extension  of  their  application  to  the  solution  of  practical 
problems. 

III.  Factoes,  Measures^  and  Multiples  : 

Thorough  review  and  application. 

IV.  Vulgar  Fractions: 

(1)  Thorough  review  of  the  work  of  previous  Forms;  the  use  of 
measures  and  multiples  in  simplifying  the  operations. 

(2)  The  complex  fraction  and  the  method  of  simplifying  it. 

V.  Simple  Measurements: 

(1)  Board  measure  reviewed  and  applied. 

(2)  Application  of  surface  and  cubic  measures  to  rectangular  areas 
and  solids,  including  the  measure  of  land,  walls,  floors,  walks,  pavements, 
grading?,  excavations,  etc. 

(3)  Solution  of  practical  problems  relating  to  such  operations  as 
carpeting,  plastering,  roofing,  papering,  painting — both  mathematical  and 
business  solutions  being  required. 

(4)  Solution  of  problems  relating  to  such  operations  as  masonry  in 
brick,  stone,  and  concrete. 

(5)  Solution  of  problems  framed  from  data  secured  by  actual  measure- 
ments made  by  pupils. 

VI.  Decimals: 

(1)  Notation  and  numeration,  reduction,  addition,  subtraction,  multi- 
plication, and  division,  limiting  numbers  to  four  places  of  decimals. 

(2)  Reduction  of  decimals  to  vulgar  fractions  and  vice  versa. 

VII.  Percentage  and  Commercial  Arithmetic: 

(1)  Expression  of  vulgar  or  decimal  fractions  in  percentage  and 
vice  versa. 

(2)  Solution  of  direct  problems  involving  the  application  of  per- 
centage to  profit  and  loss,  simple  interest,  accounts,  commission  and 
brokerage,  insurance,  taxes,  duties  and  customs,  partnership,  trade  and 
bank  discount,  and  compound  interest. 

(3)  Such  practice  in,  and  treatment  of,  the  above  problems  as  wiU 
be  necessary  to  make  clear  to  the  pupils  the  nature  of  the  transactions  to 
which  they  apply. 

VIII.  Involution,  and  the  extraction  of  square  root ;  simple  exercises. 

TX.  Measurements  Extended: 

(1)  The  measurements  of  the  third  side  of  a  right-angled  triangle, 
and  of  the  circumference  of  a  circle. 

(2)  The  measurements  of  the  areas  of  rectangles  and  right-angled 
triangles. 

(3)  The  measurements  of  the  volume  of  cubes  and  rectangular  prisms 
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X.  The  Metbic  System.     (For  those  who  do  not  proceed  beyond  Form  IV.) 

XI.  Pboblemp: 

(1)  Much  practice  in  connection  with  the  foregoing  topics,  in  the 
solution  and  framing  of  practical  problems,  emphasis  being  placed  upon 
neattie-<.  actniraey,  rapidity,  and  logical  arrangement  of  steps  in  all  work. 

(2)  Drill  in  Oral  Arithmetic. 

MENSURATION  OF  FORM  V 

The     rectangle,     triangle,     circle,    parallelopiped,    prism,     cylinder, 
pyramid  cone,  and  sphere. 


MANUAL   OF    SUGGESTIONS 

FOR  TEACHERS  OF   ARITHMETIC 

INTEODUCTION 

A  child  sees  apples  on  a  plate,  and  recognizes  a  Baldwin,  a  Eusset,  a  Pippin, 
and  a  Spy.  He  has  observed  individual  qualities  that  enable  him  to  distinguish 
one  apple  from  another.  This  is  the  qualitative  view.  Dropping  out  of  sight 
individual  qualities  in  the  apples,  he  counts  them  and  says  there  are  four  apples. 
This  is  the  quantitative  view.  In  counting,  only  the  quantitative  view  is  considered, 
and  the  result  is  stated  numerically.     Number  is  the  measure  of  quantity. 

At  first  a  child  perceives  all  differences  of  number  as  mere  differences  of 
magnitude — of  greater  and  less.  Later  he  learns  to  distinguish  between  magnitude 
which  is  continuous  quantity,  and  number  which  is  discrete  quantity.  In  number 
he  discriminates  one  and  many  long  before  he  can  distinguish  two  from  three. 

When  he  begins  to  count  he  analyses  a  gi'oup  of  objects,  which  he  has  perceived 
as  a  plurality,  into  its  separate  parts  or  units.  In  order  to  distinguish  number 
from  form  the  objects  in  this  group  are  rearranged  in  various  ways  and  counted. 
Other  groups,  similar  only  in  respect  of  number,  are  counted,  and  gradually  through 
comparison  and  abstraction  the  number  idea  is  developed,  number  relations  are 
established,  and  the  use  and  meanings  of  the  number  symbols  made  clear. 

Since  the  pupil  arrives  at  a  knowledge  of  number  through  a  study  of  the  con- 
crete, the  fundamental  operations  in  arithmetic  should  be  performed  with  simple 
objects  and  illustrated  with  other  objects  till  the  idea  or  principle  becomes  clear. 
Then  the  operations  should  be  performed  symbolically  with  numbers.  The  objects 
by  means  of  which  principles  are  illustrated  should  have  few  accessories.  It  is 
the  quantitative  aspect  that  the  pupil  is  to  observe;  the  quantitative  aspect,  if 
prominent,  distracts  his  attention. 

Magnitudes  and  their  relations  should  be  represented  to  the  eye.  Under  our 
Regulations  each  school  should  have  a  numeral  frame  (or  an  adequate  supply  of 
loose  cubes);  a  set  of  mensuration  surface  forms  and  geometrical  solids;  a  black- 
board set  out  for  each  class-room  (a  protractor,  a  triangle,  a  pair  of  compasses,  two 
pointers,  a  graduated  straight  edge) ;  a  pair  of  scales,  with  weights,  to  weigh  from 
half-ounce  to  at  least  four  pounds;  a  set  for  measure  of  capacity  (pint,  quart,  gal- 
lon) ;  a  set  for  linear  measure  (inch,  foot,  yard,  tape-line) ;  a  set  for  square  and 
cubic  measures. 

In  commercial  arithmetic,  accounts,  receipts,  deposits,  cheques,  notes,  drafts, 
interest,  discount,  commission,  insurance,  etc.,  mean  little  to  the  public  school 
pupil  unless  presented  in  the  concrete.  Until  he  is  brought  into  actual  contact 
with  these  in  business,  or  until  the  business  operations  represented  by  these  terms 
are  reproduced,  as  far  as  possible,  in  the  class-rooms,  the  pupil  can  form  but  little 
conception  of  what  they  mean  and  how  they  are  applied. 

At  each  step  oral  arithmetic  precedes  written  arithmetic,  and  throughout  the 
Course  accuracy  and  facility  in  computation  are  essential. 

The  model  lessons  and  the  illustrations  of  principles  presented  in  this  Manual 
are  to  be  considered  as  suggestive  rather  than  directive.  The  intelligent  teacher 
will  adopt  the  method  by  which  he  feels  he  can  do  the  most  effective  work.  Where 
a  choice  of  methods  is  offered,  it  is  advised  that  but  one  should  be  taught  to  young 
pupils,  and  that  the  method  in  use  in  a  class  should  not  be  changed,  unless  clearly 
necessary. 
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ARITHMETIC 

Arithmetic  which  includes  the  theory  of  numbers,  the  art  of  computation, 
and  the  application  of  numbers  to  science  and  business,  holds,  next  to  language 
study,  the  leading  place  in  the  curriculum.  Interest  and  progress  in  the  subjeit 
depend  largely  upon  the  emphasis  placed  on  its  practical  value — its  application 
to  the  ordinary  affairs  of  life.     . 

The  teaching  of  Arithmetic  may  be  divided  into  two  stages — the  Empirical 
and  the  Rational.  The  latter  presents  the  logic  of  the  subject,  while  the  former 
provides  the  pupil  with  "  a  rich  collection  of  concrete  experience,"  from  wliich  he 
derives  a  working  notion  of  number,  of  its  notation  and  numeration,  and  of  the 
elementary  operations  of  addition,  subtraction,  multiplication,  and  division. 

To  the  child  the  idea  of  number  undoubtedly  comes  in  a  concrete  way, 
and  the  natural  and  normal  starting-point  for  its  development  must  be  found 
within  the  child's  own  experience,  which  must  be  made  as  broad  and  varied  as 
possible.  His  introductory  lessons  will,  therefore,  be  connected  with  familiar 
objects  which  he  can  handle,  count,  measure,  and  compare,  ^nth  his  toys  and  play- 
mates, and  with  the  multitude  of  other  objects  which  constitute  his  environment. 

MATERIAL   FOR   OBJECTIVE    WORK 

As  number  work  advances  material  will  be  selected  with  greater  care.  There 
will  still  be  variety  in  the  different  classes  or  groups  of  objects  chosen,  but  within 
each  group  there  will  be  as  great  uniformity  as  possible  in  appearance,  size,  and 
thape.  Abundance  of  suitable  material,  such  as  splints,  kindergarten  sticks  of 
different  lengths  and  colours,  pegs,  cubical  blocks,  beads,  wooden  discs,  etc.,  can 
be  procured  at  very  little  cost;  while  the  teacher  witii  any  degree  of  resource  can 
always  find  a  piece  of  wood  from  which  with  a  handsaw  and  knife  he  can  make  for 
himself  very  satisfactory  sticks  or  blocks,  uniform  in  size  and  shape — circular, 
rectangular,  or  triangular.  Besides  all  these  the  teacher  always  has  at  hand 
locb  interesting  objects  as  the  children  themselves,  school  desks,  the  rows  of  desks, 
pictures  in  booka,  on  the  wall,  or  on  the  black-board,  and  the  number  pictures. 
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Number  Pictures.  Tlics*  are  dots  or  marks  arranged  in  such  a  systematic 
way  that  their  number  is  readily  grasped;  and  while  it  is  admittedly  true  that  in 
practical  life  not  many  objects  are  so  placed,  yet  these  pictures  serve  to  show  that, 
In  some  arrangements,  objects  are  more  easily  countable  than  in  others.  They 
may  also  serve  as  the  bridge  over  which  transition  is  made  from  objects  to  symbols. 
Id  numl>cr  picture  4,  there  arc  in  fact  four  objects,  but  the  picture  may  represent 
any  four  objects  and  is,  therefore,  symbolic  and  so  may  be  replaced  by  a  single 
qrmbol,  4. 
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The  Firet  Step.  The  first  step  should  be  planned  to  make  the  child  feel  at 
fftse  in  the  school-room,  to  get  him  to  express  hinisolf  freely,  to  ascertain  his 
Domber  attainments,  and  to  discover  his  quantity  vocabulary.     If  number  \%  the 
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measure  of  quantity,  then  the  pupil  must  have  some  idea  of  the  latter  before 
much  progress  can  be  made  in  the  former.  What  that  idea  is,  and  how  clear  it  is, 
will  be  made  manifest  in  the  child's  language.  He  will  express  it  first  vaguely  in 
such  general  terms  as  "  enough,"  "  lots,"  "  plenty,"  "  a  big  pile,"  "  a  small  bit," 
"  a  long  way,"  "  a  sihort  piece,"  "  far  away,"  "  many,"  "  few  " ;  then  more  definitely 
by  comparison — "  this  is  bigger,  heavier,  higher,  longer,  smaller,  than  that " ;  and 
finally  by  telling  the  exact  measures  as  "  five,"  "  three,"  "  seven,"  etc. 

(1)  It  is  evident,  therefore,  that  the  first  step  in  teaching  number  will  con- 
sist of  a  series  of  skilfully  conducted  conversations  between  pupil  and  teacher,  by 
which  the  teacher  will  incidentally  be  put  in  possession  of  the  pupil's  knowledge 
of  quantity  and  number.  These  conversations  will  be  based  on  the  pupil's  activities, 
his  games  and  amusements,  his  family,  his  playmates,  and  his  pets. 

(2)  The  pupil  having  shown  that  he  is  able  to  make  comparisons  between 
quantities,  definite  exercises  therein  may  be  given  him  with  objects — sticks,  blocks, 
paper  strips,  etc.,  of  different  sizes. 

Illustration.  "  Take  a  pile  of  these  blocks.  Hold  up  the  smallest  of  them ; 
the  largest  of  them;  one  which  is  smaller  than  this  one  and  larger  than  that. 
Which  makes  the  bigger  pile,  the  blocks  you  took  away  or  those  that  were  left? 
Put  your  blocks  in  a  row.  Pick  out  the  smallest  and  put  it  at  the  left  side  of  the 
desk.    Now  put  the  next  smallest  beside  it,  the  next  smallest,  etc. 

Put  your  blocks  again  in  a  pile._  Now  put  more  blocks  with  them.  Place  the 
blocks  again  in  line  from  the  smallest  (or  least)  to  the  largest  (or  greatest).  Place 
these  sticks  in  the  same  way.    Place  the  pupils  in  the  class  in  the  same  way. 

Pick  out  a  strip  of  paper.  Pick  up  a  strip  whioh  has  more  paper  in  it  than 
there  is  in  this  one;  another  strip  which  has  less  in  it.  How  much  more  paper  has 
this  strip  than  that  ?    Make  two  strips  the  same  size,  that  is,  make  them  equal." 

By  some  such  exercises  as  these  the  pupil  is  made  familiar  with  many  of  the 
arithmetical  terms  which  he  must  early  understand — greater,  smaller,  least, 
larger,  more,  less,  equal. 

(3)  The  teacher  will  next  endeavour  to  ascertain  how  far  the  pupil  can  count. 
The  conversation  may  have  been  about  a  game  the  pupil  saw. 

Illustration.  "  You  said  you  and  your  brother  were  there  ?  What  is  your 
brother's  name?  Have  you  only  one  brother?  No,  I  have  two  more.  What  are 
their  names?  Why  did  not  your  brothers  go  with  you?  They  had  to  feed  the 
stock.  What  stock  have  you?  How  many  horses  have  you  at  liome?  -Four.  What 
do  you  call  them?    How  many  cows  have  you?    Six.    What  do  you  call  them? 

You  counf  well.  How  many  boys  are  there  in  this  class  ?  How  many  girls  ? 
How  many  children?  How  many  children  in  the  room?  Count  the  number  of 
splints  in  this  bundle,  etc." 

The  foregoing  may  require  several  lessons,  but  it  gives  the  teacher  valuable 
information.  It  will  be  found  that  most  children  before  entering  sdhool  can  deter- 
mine the  number  of  objects  in  a  group  up  to  four,  and  say  the  number  series  at 
least  as  far  as  ten,  and  not  a  few  will  be  able  to  count  perhaps  to  one  hundred  or 
more.  It  will  be  necessary,  however,  to  make  sure  that  in  counting  the  child 
knows  the  number  as  a  whole  group  and  not  as  one  of  a  group,  that  is,  he  must 
think  of  six  as  six  ones  and  not  as  the  sixth  one. 

The  Second  Step.  Beginning  then  with  what  the  pupil  can  already  do,  the 
next  step  will  be  to  extend  his  knowledge  of  the  number  series.  Let  it  be  assumed 
that  he  knows  four.  He  will  then  be  asked  to  apply  his  knowledge  in  various  exer- 
cises, such  as: 
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"  Take  up  four  splints.  Put  four  books  on  the  table.  You  have  now  as  many 
books  as  splints.  Pick  up  as  many  pegs  as  you  have  splints.  Take  four  steps ;  now 
take  four  more  steps.  Put  four  strokes  on  the  board.  Put  these  blocks  in  bundles 
with  four  in  each  bundle.  How  many  bundles  have  you?  How  many  fours  have 
you?  Make  four  piles  with  three  in  each.  How  many  threes  have  you?  Make 
three  piles  with  four  in  each.  How  many  fours  have  you?  Place  out  one  bead, 
now  two  beads,  next  three,  and  then  four.  How  many  more  is  two  than  one, 
three  than  two,  four  than  three?  Count  these  pegs  by  threes.  Two  threes  and 
one  more,  three  threes  and  two  more,  etc.    Count  this  bundle  of  pegs  in  fours.*' 

The  teacher  now  gives  the  pupil  five  splints.  "  Count  these  by  twos.  Two 
twos  and  one  more.  Count  these  by  threes.  One  three  and  two  more.  Count 
them  by  fours.  One  four  and  one  more.  What  number  comes  after  one? 
How  many  more  is  two  than  one?  What  number  comes  after  two?  How  many 
more  is  three  than  two?  What  is  the  number  after  three?  How  many  more  is 
four  than  three?  Xow  the  bundle  of  splints  had  in  it  one  more  than  four  and  the 
number  of  splints  will  be  the  next  number  after  four.  It  is  called  five.  Now  pick 
out  five  splints,  blocks,  beads,  pegs,  books,  boys,  etc.  How  many  have  you?  Take 
five  steps  and  count  while  stepping.  Tap  on  the  board  five  times,  that  is,  give 
five  taps.  Put  these  beads  in  bundles  with  five  beads  in  each.  Make  four  piles 
with  five  in  each  pile.  Make  five  piles  with  three  in  each.  How  many  piles  are 
there?  How  many  threes  are  there?  Now  count  these  pegs  in  fives.  Three  fives 
and  two  more.    Five  fives  and  four  more,  etc." 

The  succeeding  numbers  up  to  ten  are  taught  similarly.  The  pupil  will  then 
be  given  practice  in  measuring  or  grouping,  and  counting  by  tens,  as  follows: 

Six  tens,  three  tens,  five  tens,  one  ten,  eight  tens,  etc.;  four  tens  and  five, 
seven  tens  and  one,  nine  tens  and  three,  one  ten  and  six,  one  ten  and  one.  He  is 
then  given  the  names  of  the  tens, — twenty,  thirty,  forty,  etc.,  and  given  practice 
in  using  them  as  in, — twenty  and  three,  sixty  and  one,  seventy  and  five,  but  still 
oies  "one  ten  and  four."  He  then  drops  the  "and"  and  is  given  the  name  of  the 
nambers  from  ten  to  twenty  and  so  completes  his  counting  from  one  to  one  hundred, 
beyond  whidi  he  will  experience  little  difficulty. 

"Concurrent  practice  should  be  given  the  pupil  in  counting  various  things  in 
the  •chool-room,  the  number  in  the  class,  the  number  of  window-panes,  the  number 
of  rows  of  seats,  and  in  counting,  on  the  numeral  frame  or  with  cubes,  to  the  limit 
of  his  ability- 

If  the  teacher  has  cylindrical  blocks  two  inches  in  diameter  and  one  inch  high, 
or  one  inch  cubes,  the  pupil  may  build  towers  and  count  the  height  of  each.    He  may 

then  tear  them  down  in  parts  and  count  the 
height  of  what  remains. 

It  is  not  intended  that  the  number  seriee 

as  far  as   100   should   be  completely  taught 

before    any    other    topic    in     Arithmetic    is 

approached.    When  the  number  scries  to  ten  is 

reached,  the  Hymbols  ns  well  as  the  addition 

and  subtraction  facts  of  these  numbers  may  be 

taught,    and    counting    advanced    as    necessity 

may  require  or  opportunity  permit. 

"^  Third  Step.    When  the  pupil  can  count  to 

ten  he  may  be  taught  to  measure  with  cord,  strips  of  paper,  his  hands,  his  feet,  his 

pace,  his  ruler,  and  with    kindergarten    sticks    of    definite  hut  different  lengths. 
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Through  these  exercises  the  "times"  notion  is  developed,  and  the  pupil  is  led  to 
use  the  term  intelligently. 

Busy  Work.  At  this  stage  the  teacher  finds  his  greatest  difficulty  to  be  the 
assigning  of  suitable  seat  work.  During  the  first  month,  at  least,  no  symbols 
fihould  be  used.  The  work  is  oral  and  objective,  and  the  whole  time  is  devoted  to 
counting,  grouping,  and  measuring.  For  busy  work,  therefore,  it  will  be  necessary 
to  devise  ways  in  whicih  the  pupil  can  handle  for  himself,  in  a  systematic  manner, 
the  materials  to  be  grouped,  counted,  or  measured.  For  this  purpose  the  following 
suggestions  may  prove  helpful : 

(1)  Provide  for  each  pupil  a  strip  of 
wood  1  in.  thick,  9  in.  long,  and  4  in.  wide, 
with  two  rows  of  8  holes  %  in.  deep,  and 
with  this  a  small  bundle  of  thin  kindergarten 
splints,  say,  2^2  in-  loiig-  These  may  be  used 
thus: 


(2)   Divide  a  slate  into  rectangles  and  fill  them  in 
as  in  the  accompanying  diagram. 


•  •      •  •  •  • 

•  ••      •  •  •  • 

• •  • •  •  •  • 

.       •      •  •  •  • 

*  •      •  •  • 

•  •  •  •      •  •  • 


(3)  Provide  circular  and  square  discs  which  may  be  placed  together  as  in  (2). 

(4)  Provide  kindergarten  sticks  of  different  lengths,  1  in.,  2  in 10  in.; 

place  these  and  draw  straight  lines  the  same  lengths,  thus: 


M/iAlk-Ok..!    «i  .M*A 


(5)  Make   on    slates  a  ladder,  as 
in  the  accompanying  diagram. 

(6)  Draw,      with      pencils       or 
crayons,  dots  and  lines,  thus: 


(7)   Draw,  with  pencils  or  crayons,  nests  with  one,  two,  or  more  eggs. 
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•  • 

•  • 

•  •  • 

•••• 

•  • 
•••• 

• 
• 

•  •  • 

•  •  • 

•  •  • 

• 
• 

• 
•     • 

•••• 
•••• 

(8)  Make  the  number  pictures  referred  to 
above.  The  teacher  should  keep  (a)  a  set  of  these 
on  a  large  card  14  in.  by  22  in.,  and  (&)  a  single 
card  6  in.  by  9  in.  for  each  number  as  in  this 
diagram. 


Fourth  Step.  (1)  The  child  can  now  count  to  10  or  beyond  it.  He  has 
the  perception  of  the  first  ten  numbers,  that  is,  he  knows  them  as  wholes;  is  able 
to  separate  1,  2,  3,  4,  .  .  .  or  10  objects  from  a  group  containing  a  greater 
number;  can  tell  how  many  objects  in  a  given  group  if  the  number  does  not  exceed 
ten;  and  can  arrange  any  number  of  objects  in  uniform  groups,  each  group  con- 
taining ten  or  less.  He  can  also  represent  these  numbers  by  number  pictures.  He 
will  now  be  given  the  symbol  for  each,  and  drilled  in  the  rapid  recognition  of  it, 
after  which  the  addition  and  subtraction  facts  of  these  numbers  should  be  taught. 
{2)  The  addition  facts  of  six.  A  lesson  on  the  addition  facts  of  six  might  be 
conducted  as  follows: 

Provide  cylindrical  blocks,  cubes,  beads,  or  splints.  Review  the  addition  facts 
of  five,  and  drill  on  the  perception  of  six.  Pick  out  six  splints.  Tap  the  bell  f^ix 
times.  Take  six  steps.  Stretch  the  right  hand  six  times.  Make  six  bundles  of 
•ii  cubes  each.    Make  patterns  of  six  lines  each.    Pick  out  the  six  number-card. 

Now  set  up,  with  cylindrical  blocks,  a  cylinder  six  blocks  liigh. 
L«t  the  child  separate  it  into  any  two  cylinders.  Different 
divisiona  will  be  made  by  different  children.  All  are  right.  Select 
one  combination,  say  4  and  2,  and  have  all  the  children  divide 
tlieir  first  cylinder  like  the  one  selected. 

How  high  was  the  first  cylinder?  How  high  is  each  of  the 
two  cylinders?  Then,  what  two  cylinders  make  the  six-block 
cylinder?  4  blocks  and  2  blocks  are  how  many  blocks?  Take  six 
cubes  and  separate  them  in  the  same  way  as  the  blocks  were  separ- 
ated. 4  cubea  and  8  cubes  are  how  many  cubes?  4  splints  and 
2  splints?  4  and  2? 
The  pupil  solves  these  questions,  answers  orally,  and  is  then  told  that  the  fact 
which  has  been  found  out  is  written  thus :  4  -f-  2  =  6. 

The  gronpe  into  which  some  of  the  other  children  divided  their  cylinders  at 
fini,  SDch  M  8  and  8,  are  now  taken,  and  dealt  with  in  the  same  way  until  all  the 
eombioations  of  6  are  found. 

Th«  illoftimtioiie  below  will  explain  the  lesson : 
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Various  groups  of  six  objects,  other  than  blocks,  are  now  taken,  such  as  bookfi, 
children,  pictures,  etc.  Thse  are  divided  into  two  groups,  and  the  addition  facts 
of  t)  are  verified. 

These  facts  are  then  committed  to  memory  and  the  pupil  sihould  be  able  to 
tell,  Avithout  hesitating,  what  pairs  of  numbers  added  together  make  6, 

The  various  exeicises  with  splints,  blocks,  number  picture  cards,  etc.,  will 
help  the  pupil  to  remember  these  addition  facts,  but  for  perfect  memorization 
ppecial  attention  must  be  given  to,  and  special  stress  placed  upon,  drill  with 
number  symbols — first  in  such  sums  as :    |    a    1    :  then  in  the  addition  table,  thus : 

r      I      1  /»  o       6       6 

0  +  1  =  6,  4  +  2  =  6,  3  +  3  =  6;  and  lastly  in  rapid  oral  exercises  with  devices 
to  be  suggested  later. 

As  each  fact  is  learned  it  may  be  applied  in  the  oral  solution  of  problems  such 
as  the  following: 

(1)  Mary  had  5  cents  and  earned  1  cent  more.  How  many  cents  had  she 
then? 

(2)  There  are  3  birds  in  one  tree  and  3  in  another.  How  many  birds  are 
there  in  both  trees? 

(3)  Three  white  kittens  and  three  black  kittens  are  how  many  kittens? 

(4)  There  are  2  pigs  in  the  pen  and  4  in  the  yard.  How  many  pigs  are 
there  altogether? 

(5)  Mary  has  2  pink  roses  in  her  hand  and  3  in  her  hat.  How  many  roses 
has  she? 

(6)  Fred  has  2  blue  marbles  and  2  red  ones.    How  many  marbles  has  he? 
Seat  Work.     Addition  sums  may  now  be  introduced  for  both  seat  and  clase 

work.  From  the  outset  these  must  be  carefully  graded.  In  teaching  the  addition 
facts,  the  addition  of  two  addends  has  already  been  suggested.  The  pupil  should 
at  first  illustrate  such  addition  by  means  of  number  pictures,  or  otherwise,  thus: 
-^-=-  I  Three  addends  may  then  be  given,  followed  by  four,  and  so  on,  the 
exercises  being  so  arranged  that  those  on  each  new  number  will  involve  a  review 
of  those  on  previous  numbers. 

Hlustration :  1  +  0 ;  2  +  0;  1  +  1;  3  +  0;  2  +  1;  1  +  1  +  1;  4  +  0; 
3  +  1;  2  +  2;  2  +  1  +  1;  1  +  1  +  1  +  1;  5  +  0;  4+1;  3  +  2;  3  +  1  +  1; 
2  +  2  +  1;  2+1  +  1  +  1;  1  +  1  +  1+1  +  1;  etc. 

In  all  these  accuracy  and  rapidity  should  be  aimed  at. 

Last  Step.  When  the  addition  facts  of  the  numbers  from  1  to  10  have  been 
learned  these  facts  should  be  reviewed  and  the  subtraction  facts  taught.  This 
should  be  done  by  means  of  questions  such  as:  What  must  be  added  to  4  to  make 
6?  It  can  be  shown  objectively  that  taking  4  from  6  is  in  reality  finding  the 
number  which  added  to  4  will  make  6.  Indeed,  subtraction  may  be  considered  as 
the  operation  of  separating  a  number  into  two  parts,  one  of  which  is  given;  the 
given  part  being  taken  away,  the  other  remains.  The  connection  between  addition 
and  subtraction  being  made  clear,  the  memorization  of  the  subtraction  facts  is 
rendered  easy,  as  every  addition  fact  has  its  corresponding  fact  in  subtraction. 

NUMBERS    FROM    10    TO    100 

Numeration  and  Notation.  Objective  material  should  now  be  selected  with 
a  view  to  having  the  objects  used  in  counting  as  nearly  alike  in  size  and  shape  as 
possible,  in  order  that  any  ten  objects  will  be  actually  10  times  one  object.     For 

the  ones,  the  one-inch  enlarged  kindergarten  stick  or  the  one-inch  cylindrical  block 
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will  be  found  satisfactory;  while,  for  the  tens,  bundles  may  at  first  be  made  of 
the  ones  and  these  may,  for  convenience,  be  later  replaced  by  the  ten-inch  kinder- 
garten sticks,  the  pupils  having  by  frequent  measurement  discovered  that  each  of 
these  sticks  will  make  a  bundle  of  ten  of  tiie  small  sticks. 

By  placing  one  of  the  small  sticks  on  or  beside  each  object  in  a  set  of  objects — 
euch  as  books,  pens,  pencils,  marbles,  desks,  cMldren — and  then  removing  the 
objects,  the  pupils  will  see  that  they  can  tell,  by  counting  the  sticks  instead  of  the 
objects  themselves,  how  many  objects  there  are,  and  that  these  sticks  may,  there- 
fore, be  used  as  "  counters  "  to  enumerate  all  kinds  of  objects.  They  will  see  that 
these  sticks  may  take  the  place  of  the  various  kinds  of  objective  material  liitherto 
employed  in  our  number  work,  and  it  wdll  be  understood  that,  in  whatever  way 
we  arrange  or  combine  the  sticks,  all  other  objects  to  be  counted  may  be  arranged 
or  combined  in  a  similar  way. 

Counting  to  100  has  already  been  taught.  Objects  have  been  grouped  in  tens 
and  the  number  expressed  first  in  tens,  as  "six  tens  and  four,"  and  then  in  the 
customary  terms,  as  "  sixty-four."  It  remains  now  to  teach  the  pupils  how  to 
express  these  numbers  in  symbols,  and  conversely  to  give  the  names  of  the  num- 
bers for  which  the  symbols  stand.    This  may  be  done  as  follows: 

Let  each  pupil  have  a  number  of  the  small  sticks,  say  34.  Have  the  pupils 
count  these  and  group  them  in  tens.  The  teacher  may  then  ask  the  pupils  to 
give  in  tens  the  number  of  sticks — three  tens  and  four.  In  what  other  way  can 
this  be  said  ?    Thirty-four.    A  pupil  may  then  be  required  to  take  the  three  groups 

in  his  left  hand  and  the  four  single  sticks  in  his  right  hand  and  stand  close  to  the 
black-board  facing  it,  with  the  objects  held  above  his  liead.    The  teacher  will  then 

show  how  34  is  written,  namely,  34.     "What  number  did  we  say  is  written  in  this 

way?    Thirty- four.     How  many  figures  does  it  take  to  write  thirty-four?     Two. 

What  are  they?  3  and  4.  Look  again  at  the  sticks.  Of  what  have  you  three? 
Tens.    Of  what  have  you  four?    Ones.    Then  34  means  how  many  tens  and  how 

miDy  ones?  Three  tens  and  four  ones.  Once  more  what  is  the  number  called? 
Thirty-four. 

Now  have  the  pupils  make  with  sticks  4  tens  and  2  ones.    How  many  sticks 

have  you?     Forty-two.     Again  the  pupil  holds  the  four  groups  in  his  left  hand 

and  the  two  single  sticks  in  his  right  hand  and  stands  close  to  the  black-board 

facing  it,  and  the  teaclier  shows  how  forty-two  is  written,  namely,  43.    What  is 

this  number?    Forty-two.    How  many  figures  are  there?    Two.    What  are  they? 

4  and  2.    Look  at  your  stick*.    Of  what  have  you  four?    Tens.    Of  what  have  you 

two?    Onea.    Then  42  means  how  many  tons  and  how  many  ones?    Four  tens  and 

two  onea.    What  name  ia  given  to  thin  number?    Forty-two. 

The  pupiU  will  be  asked  to  make  with  the  sticks  other  bundles  of  tens  and 

ones  and  the  work  will  proceed  as  before.    After  dealing  with  Umr  or  five  niunberp 

in  this  way  the  pupils  will  then  be  asked  to  pick  out,  say,  two  tens  and  five  ones. 

How  many  stinloi  have  you?    Twenty-five.     Now,  write  that  on  the  hlack-bonrd. 

(The  pupil  writes  25.)     How  many  flgurcR  did  you  use?    roiiit  out  for  whnl  the 

2  ttandt,  and  alio  the  6. 

This  may  be  followed  by  similar  exercises.     The  teacher  will  write  on  the 

botrd  in  flguret  tome  number,  say  18,  and  oak  the  pupil  to  make  it  up  with  sticks. 

How  many  sticks  have  yon?    One  ten  and  eight  one-,    W'Unt  is  the  other  name  for 

this?    Kighteen.    rfow  is  pl(f)itp«'n  wriflcn?     18. 

Now  have  the  pnpili  write  10  in  figures.    How  many  figures  arc  there?    Two. 

For  what  does  the  I'atand?    The  0?     How   bhen   would   you    write  two  tens  or 

twenty?    Four  tent  or  forty?    For  what  docs  80  stand?    Read  70. 
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Now  have  pupils  read  33  and  ask  them  wthich  of  the  3's  is  for  the  tens  and 
which  for  the  ones. 

It  is  evident  that  the  pupils  will  now  know  that,  to  write  each  of  the  num- 
bers from  10  to  99,  two  figures  are  used — ^the  one  on  the  right,  the  first  figure, 
being  for  the  ones,  and  the  one  in  the  second  place  being  for  the  tens. 

The  numbers  should  now  be  written  in  their  regular  order,  10,  11,  13,  13, 
etc.,  after  which  drill  exercises  should  be  given  in  naming  and  writing  the  num- 
bers in  any  order, 

ADDITION 

Knowing  the  numeration  and  notation  of  numbers  to  99,  and  that  objects  are 
grouped  in  tens  for  the  purpose  of  counting,  the  pupils  will  be  able  to  extend 
their  work  in  addition  which  hitherto  has  been  confined  to  the  addition  of  num- 
bers not  exceeding  10  in  their  sum. 

The  following  may  now  be  easily  taught: 

(a)  The  addition  of  tens.  For  example:  2  tens  and  1  ten  and  4  tens  are 
7  tens, -or  20  -f  10  -f  40  =  70. 

(b)  The  addition  of  10  to  any  number.  For  example:  32 -f- 10  =  3  tens 
-f  1  ten  +  2  =4  tens  +  2  =42. 

(c)  The  addition  of  numbers  to  any  number  of  two  digits,  which  will  not 
make  the  sum  exceed  the  ten  above  that  within  which  the  first  addend  lies.  For 
example:  23  -f  2  -f  3  +  1,  or  11  +  4  +  1  -f-  2. 

(d)  The  addition  of  any  single  column  of  addends  which  are  such  that  they 
can  be  arranged  in  successive  groups,  the  sum  of  each  group  except  the  last  being 
10.     For  example :  3-|-4-f3  +  5  +  4-fl-t-8  +  2-|-3  +  4. 

(e)  The  extension  of  addition  facts  already  learned  so  as  to  include  such 
results  as:  2  +  4,  12  +  4,  32  +  4,  63  +  4;  14  +  2,  24  +  2,  44  +  2;  5  +  3, 
15  +  3,  45  +  3;  13  +  5,  23  +  5,  33  +  5;  etc. 

Addition  Facts  Completed.  Before  the  pupil  can  handle  every  single-column 
addition  he  has  still  to  learn  the  addition  facts  of  the  numbers  from  10  to  20. 
This  is  a  part  of  the  number  work  which  the  teacher  will  do  well  to  take  in  easy 
stages  and  not  to  hasten  unduly. 

In  teaching  these  facts  the  method  employed  previously  for  the  numbers  1 
to  10  may  be  followed,  or  the  pupil  may  be  taught  to  find  the  sum  of  any  two 
numbers  each  of  which  is  less  than  10  by  making  use  of  the  addition  and  subtrac- 
tion facts  already  known.  For  example:  7  +  5  =r  7  +  (3  +  2)  =^=  (7  +  3)  +  2 
=  10  +  2  =  12;  or  again:  9  +  6  =  9-|-(l  +  5)  =  (9  +  1)+ 5  =  10  +  5  =  15. 
Here  the  addition  is  made  by  taking  enough  out  of  the  second  number  to' 
make  10  when  added  to  the  first,  and  then  adding  to 
this  10  the  remaining  part  of  the  second  number.  This 
may  be  illustrated  objectively  with  blocks,  or  splints, 
as  in  the  accompanying  diagram. 

"Whatever  be  the  method  employed,  it  must  ever 
be  borne  in  mind  that  the  resultant  addition  facts 
must  be  so  thoroughly  memorized  that  the  pupil  can 
answer  without  any  hesitation  any  one  of  the  ques- 
tions of  which  the  following  are  types :  (a)  7  +  5=? 
(6)   7  +  ?  =  12  and  (c)    ?  +  ?  =  12. 

The  teacher  must  of  necessity  have  some  order  in 
wliich  the  addition  facts  are  to  be  dealt  with,  and  many  good  suggestions,  as  to 
this  order,  have  from  time  to  time  been  made  by  teachers  skilled  in  primary  work. 
2    A 


9  +  6   1= 
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It  IS,  however,  vesry  doubtful  if  there  is  any  better  order  than  tliat  of  taking  the 
addition  facts  of  the  numbers  in  their  natural  sequence — 11,  12,  13,  etc., — since  all 
addition  facts  are  of  equal  importance  and  must  in  the  end  receive  equal  consid- 
eration. It  may  be  found  helpful  to  associate  with  every  set  of  addition  facts 
taught  the  addition  of  pairs  of  numbers  which  can  be  obtained  from  these  facts 
by  the  addition  of  tens.  For  example :  with  6  +  5  associate  16  +  5, .  26  -[-  5, 
36  4-  5 ;  also  15  -}-  6,  35  +6,  65  -f  6,  etc. 

Instead  of  taking  the  numbers  in  their  natural  sequence  there  is  another 
tystematic  order  in  which  tliese  addition  facts  may  be  taught  and  wliich  will  give 
very  satisfactory  results,  and  for  that  reason  it  is  submitted  for  the  teacher's  con- 
Bideration.    It  is  as  follows: 

1.  Teach  the  addition  of  those  pairs  of  numbers  whose  sum  ends  in  0.  For 
example : 


5 

+ 

5; 

15 

+ 

5; 

25 

+ 

5; 

35 

+ 

5; 

etc. 

1 

+ 

9; 

11 

+ 

9; 

21 

+ 

9; 

31 

+ 

9; 

etc. 

9 

+ 

1; 

19 

+ 

1; 

29 

+ 

1; 

39 

+ 

1; 

etc. 

2 

+ 

8; 

12 

+ 

8; 

22 

+ 

8; 

32 

+ 

8; 

etc. 

8 

+ 
etc. 

2; 

18 

+ 

etc. 

2; 

28 

+ 
etc. 

2; 

38 

etc. 

2; 

etc. 
etc 

2.  Teach  similarly  the  addition  of  those  pairs  of  numbers  whose  sum  ends 
in  9. 

3.  Then  teach  in  regular  succession  the  addition  of  tliose  pairs  of  numbers 
whose  sum  ends  in  8 ;  in  7 ;  in  6 ;  in  5 ;  in  4 ;  in.3 ;  in  2 ;  and  in  1. 

In  this  way  the  pupil  learns  to  add  any  number  less  than  10  to  any  number 
leM  than  100,  and  this  knowledge  is  really  all  that  is  required  for  the  addition  of 
any  set  of  numbers,  no  matter  how  many  or  how  large.  All  addition  resolves  itself 
into  this  one  operation  or  a  repetition  of  it. 

It  might  be  noted  that  in  adding  any  number  which  is  less  than  10,  say  5,  to 
any  numl^er  which  is  greater  than  10  but  less  than  100,  say  36,  the  result  may  be 
obtained  by  a  mental  process  such  as  tliis:  36  -f  5  =  30  -|-  6  -|-  5  =  30  +  11  =  41. 

As  each  set  of  addition  facts,  with  its  associated  additions,  is  learned,  it 
•honld  be  at  once  inserted  into  the  oral  and  written  exercises  for  class  and  seat 
irork.  For  instance :  6  -f  5,  16  -|-  6,  etc.,  having  been  taught,  these  results  might 
then  be  given  in  exercises  such  as: 

""                     7  8  «  8 

5  6  6  4 

6  6  6  5 
6  12  6 
a  »  7  3 
8  6  5  6 
6  S  4  6 
5  4  22  36 

Such  exercises  should,  of  conne,  contain  old  combinations  of  numbers  as  well 
as  new  until  all  posiible  combtnatiorui  have  been  thoroughly  grasped  and  until  the 
pupil  can  nAA  ""v  «"'Tij(le-coIumn  sums,  no  matter  what  may  be  the  arranj^cmcnt  of 
the  ftddends. 

A  great  deal  of  drill  will  be  neoessary  to  teach  the  combinnlionfl  thoroughly 
ind  to  makB  the  pupil  add  with  accuracy,  facility, — that  is,  case,  roadinoRs,  and 
confidence— and  finally  with  rapidity.  The  resourceful  teacher  will  sock  device.^  to 
give  variety  to  his  work,  to  croate  a  spirit  of  healthy  emulation  among  his  chil- 
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dren,  to  stren^hen  the  efforts  of  the  weaker  ones,  and  to  encourage  those  who 
are  slow  and  backward.  Every  exercise  should  have  some  definite  purpose — to 
teach,  to  drill,  or  to  test. 

Accuracy  comes  from  careful  grading,  much  interesting  practice,  and  con- 
stant checking  of  results.  Inaccuracy  is  not  infrequently  due  to  mental  worry  and 
fatigue.  Children  are  not  capable  of  long  continued  concentration  and  are  often 
appalled  by  the  magnitude  of  the  questions  in  addition  and  subtraction  set  before 
them. 

Kapidity  depends  chiefly  upon  accuracy  and  upon  varied  and  frequent  prac- 
tice. It  is  greatly  aided  by  oral  drill  and  frequent  "  time  tests,"  that  is,  tests  re- 
quiring accurate  results  of  given  exercises  done  within  a  prescribed  time  limit, 
this  limit  being  made  shorter  or  longer  as  the  necessities  of  the  pupils  may  de- 
mand. 

For  rapid  oral  drill  on  the  addition  facts  and  their  combinations,  the  follow- 
ing devices  may  be  of  service.  These  may  be  kept  permanently  on  the  black- 
board, ready  for  use. 


0 

10 

30 

40 

80 

70 

60 

90 

50 

20 

1 

21 

11 

51 

31 

61 

41 

81 

91 

71 

2 

12 

22 

52 

62 

32 

92 

72 

42 

82 

3 

33 

23 

63 

43 

93 

73 

53 

83 

13 

4 

54 

34 

14 

74 

24 

84 

44 

64 

94 

etc 

etc 

etc 

etc 

etc 

etc 

etc 

etc 

The  circles  explain  themselves.  The  teacher  will  be  able  to  complete  the 
rectangular  device.  In  this  the  pupil  is  asked  to  add  a  number  less  than  10  to 
each  number  in  any  row  of  numbers  which  the  teacher  may  select,  the  additions 
in  the  horizontal  rows  to  be  made  from  left  to  right  or  from  right  to  left,  and  in 
the  vertical  rows  from  the  top  downwards  or  from  the  bottom  upwards.  If  greater 
variety  is  deemed  necessary,  it  may  be  furnished  by  adding  any  specified  number 
to  any  number  of  numhers  on  the  diagram  to  which  the  teacher  may  point,  or 
by  selecting  any  row  of  numbers  and  adding  two  numbers  alternately ;  for  example, 
take  the  fifth  row  and  add 'alternately  8  and  6,  the  sums  are  12,  60,  42,  20,  etc. 

A  further  device  for  drill  on  combinations  may  be  secured  by  arranging  the 
digits  as  follows: 

(a)   1  2  3  4  5  (b)   1  2  3  4  5  (c)   1  2  3  4  5  6 

98765  09876  109876 


(d) 


(e) 


2  3  4  5  6  7 
2  10  9  8  7 


(f) 


3  4  5  6  7 
2  10  9  8 


2  3  4  5  6 
10  9  8  7 
(g)  etc.,  etc. 
These  added  up  and  down  (without  carrying)  give  all  the  possible  combin- 
ations or  endings  found  in  addition. 

MEASURING 

During  the  child's  first  year  in  school  he  should  be  made  familiar  with  some 
of  the  standard  units  of  measure  and  should  be  given  considerable  practice  in 
using  them. 
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Money.  The  first  units  to  come  within  his  experience  are  likely  to  be  those 
connected  with  money.  The  use  of  the  coins  may  be  made  a  topic  for  a  very  in- 
teresting language  lesson.  The  diHerent  Canadian  coins  should  be  shown  to  the 
pupils,  their  values  explained,  and  practice  given  in  changing  each,  in  as  mairy 
ways  as  possible,  into  others  of  lower  denomination.  All  this  cannot,  of  course,  be 
taken  in  one  lesson.  It  should  be  distributed  according  to  the  pupils'  number 
attainments. 

Linear  Units — the  Foot.  To  introduce  the  linear  units,  the  pupils  may  be 
asked  to  suggest  different  ways  in  which  they  can  determine  how  far  it  is  from 
one  side  of  the  class-room  to  the  other.  Among  other  methods  it  will  probably  be 
mentioned  that  the  distance  can  be  measured  by  using  a  stick,  or  a  string,  or  by 
stepping  it  off.  Wliich  of  these  will  be  the  best  way,  and  why?  This  question  wiD 
impress  the  fact  that  since  some  ways  are  better  than  others  we  should  try  to  get 
the  best  way  possible. 

If  stepping  off  the  distance  has  been  suggested,  a  small  boy  might  be  asked 
to  do  this  and  the  class  asked  to  count  his  steps.  Then  a  large  boy  does  the 
stepping  and  the  class  counts  the  steps.  How  many  steps  did  the  first  boy  take? 
How  many  did  the  second  take  ?    Then  how  wide  is  the  room  ? 

Now  give  to  each  of  the  two  boys  a  stick  and  let  the  sticks  be  the  same  lengtk. 
Again  ask  each  to  measure  the  width  of  the  room  with  his  stick  and  have  the  das 
count. 

How  many  times  did  the  first  bo^  use  his  stick?  How  many  times  did  tlie 
second  use  his?  What  then  is  the  width  of  the  room?  Why  did  both  boys  get 
the  same  answer  when  they  used  the  sticks  but  different  answers  when  they  used 
their  steps? 

We  all  get  the  same  answer  wlien  we  measure  the  same  distance  or  length,  if 
we  all  use  the  same  length  of  stick,  or  step,  or  string  with  which  to  do  the  meaa- 
nring. 

The  teacher  may  now  give  each  of  the  pupils  a  strip  of  cardboard,  or  coTer 
paper,  or  plain  wooden  ruler  (without  marking),  each  one  foot  long,  and  gire  the 
information  that  the  length  of  this  strip,  or  ruler,  is  one  of  the  lengths  Trhieh 
everybody  uses  in  measuring  other  lengths  or  distances.  The  pupils  may  then 
compare  their  striixs  with  those  of  other  pupils  to  see  that  all  are  of  tlie  same 
length.  The  teacher  will  then  say  that  this  length  is  given  a  name  and  is  called 
a  foot,  and  anything  that  is  as  long  as  one  of  these  strips  is  one  foot  long;  if  as 
long  as  two  of  them,  it  is  two  feet  long,  etc. 

This  will  be  followed  by  practice  (1)  in  measuring  various  lengths  snch  a» 
the  length  of  the  teacher's  desk,  of  tlie  black-board,  of  the  window-sill,  the  dia- 
tance  of  the  window  from  the  floor,  the  width  of  the  door,  the  height  of  pii{nl8» 
etc.,  and  (2)  in  marking  off  various  distances  as  4  feet,  6  feet,  9  feet,  etc.,  and 
in  estimating  by  the  eye  certain  lengths.  Lastly,  with  the  foot  moa?uro.  the  pupils 
can  now  find  the  width  of  tlie  claKs-room  and  al«Jo  its  length. 

The  Inch.  The  pupils  will  endeavour  to  find  with  the  foot  measure  the 
length  of  their  pencils,  the  width  of  thoir  books,  hands,  etc.  Thoy  will  see  that 
these  lengths  cannot  be  measured  exactly  with  ihc  foot  measure.  Why?  A  smaller 
men«urc  is  needed.  The  teacher  then  shows  the  smaller  measure  used,  say,  a  piece 
of  cardl)oard  one  inch  iquarc,  and  tells  them  that  the  length  of  one  of  the  edges  of 
this  has  a  name,  and  is  called  an  inch  and  that  anything  that  is  as  long  as  thia 
edge  is  said  to  l»e  an  inch  long;  if  a$  long  as  two  of  the  edges,  it  is  two  inchea- 
long,  etc. 
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Practice  with  the  inch,  similar  to  that  given'  with  the  foot,  will  follow,  and 
lengths  will  also  be  expressed  in  feet  and  inches.  The  pupils  will  mark  off  lengths 
tike  one  foot  and  two  inches,  two  feet  and  five  inches,  and  will  also  find  in  feet 
mad  inches  lengths  measured  in  inches  and  vice  versa. 

Now  have  the  pupils  find  the  number  of  inches  in  one  foot  and  let  them  mark 
the  inch  divisions  on  the  foot  strip.  They  may  then  compare  this  foot  strip  with 
their  school  ruler.  They  will  see  that  the  divisions  on  the  one  coincide  with  those 
on  the  other.  They  will  then  be  shown  that  when  the  ruler  is  so  marked  it  can 
be  used  to  measure  both  feet  and  inches.  Practice  in  measuring  with  the  school. 
■ruler  may  then  be  given. 

Ilie  Yard.  The  length  of  the  black-board  is  to  be  found.  Ask  the  pupils 
which  measure  should  be  used,  the  inch  or  the  foot.  Why?  If  then  we  wish  to 
measure  something  longer  still,  what  kind  of  measure  will  be  even  better  than  the 
foot?  A  longer  one.  Now  show  the  pupils  the  longer  measure  which  is  used,  and 
tell  them  that  this  length  is  called  a  yard.  Give  practice  in  the  use  of  this  measure 
by  marking  off  a  certain  number  of  yards;  a  certain  number  of  yards  and  feet;  a 
eertain  number  of  yards,  feet,  and  inches.  Now  have  them  measure  a  certain 
n»imber  of  feet  or  of  inches,  and  then  by  measuring  express  these  in  yards,  feet, 
and  inches. 

The  yard  may  be  measured  by  feet  and  by  inches  and  the  divisions  marked. 
The  pupils  will  then  see  that  the  yard  measure,  when  so  divided,  can  be  used  for 
measuring  in  yards,  or  feet,  or  inches. 

Other  Standard  Units.  In  a  similar  manner  the  other  standard  units  may 
be  taken  up  in  their  proper  places  in  the  course  of  studies.  Several  of  the  standard 
measures  form  a  part  of  the  necessary  equipment  of  every  public  school,  and  the 
teacher  should  see  that  the  pupils  have  a  definite  notion  of  every  measure  taught. 
The  length  of  a  rod  (I6V2  ft.)  should  be  marked  off  on  the  black-board  or  floor; 
points  one  mile  distant  from  the  school  should  be  mentioned;  the  pupils  should 
also  know  from  actual  experience  what  is  meant  by  one  square  inch,  one  square 
yard,  one  square  rod,  one  acre,  one  cord,  one  ton,  one  gross,  etc. 

When  any  unit  of  measure  has  been  taught  it  should  be  given  its  place  among 
the  others  of  the  same  table,  and  the  pupil  should  be  able  to  name  these  units  in 
the  proper  order  from  smallest  to  largest  and  from  largest  to  smallest,  thus :  inch, 
■foot,  yard,  rod,  mile;  mile,  rod,  yard,  foot,  inch. 

Finally,  the  pupil  should  be  able  to  mention  specific  articles  the  quantity  of 
which  is  measured  by  given  units.  Thus  cloth  is  measured  by  the  yard,  grain  by 
the  bushel,  hay  by  the  ton,  tea  by  the  pound,  eggs  by  the  dozen,  land  by  the  acre, 
etc.    Current  prices  of  these  articles  should  also  be  quoted  where  possible. 

FRACTIONAL  UNITS 

While  in  Form  I,  the  pupils  should  be  taught  the  meanings  of  some  of  the 
simpler  fractional  units.  These  might  be  dealt  with  in  the  following  order:  one 
half,  one  fourth,  one  eighth;  one  third,  one  sixth,  one  ninth;  one  fifth,  one  tenth; 
and  one  seventh. 

One  half.  Divide  into  any  two  parts  some  object  such  as  an  apple,  a  crayon, 
a  sheet  of  cardboard  or  drawing  paper,  a  bundle  of  kindorsrarten  sticks,  etc.  Then 
ask  pupils  which  part  they  would  like  to  have  and  why.  Next  let  them  suggest  how 
the  object  might  have  been  divided  into  two  parts  so  that  there  would  have  been 
no  choice  as  to  the  part  they  would  like  to  have.  Then  tell  them  that  when  an}'- 
-thin^  is  divided  into  two  equal  parts  it  is  said  to  be  divided  into  halves  and  each 


22  OXTAEIO  ARITHMETIC  MANUAL 

of  the  parts  is  called  one  half  of  the  thing  divided.  Now  give  practice  in  dividing 
into  halves  such  objects  as  strips  of  paper,  strings,  sheets  of  folding  paper  of  vari- 
ous shapes  and  sizes,  etc.  Let  the  pupils  suggest  different  ways  in  which  the  divi- 
sion can  be  made.  Let  them  compare  the  size  of  the  parts  made  by  any  one  divi- 
sion with  those  obtained  from  a  different  division.  They  can  then  be  given  a  cord 
and  asked  to  find  the  half  of  the  length  of  their  desks,  of  the  teacher's  desk,  and 
half  the  width  of  the  room. 

Each  pupil  may  take  his  ruler  and  point  out  one  half  of  it — that  is,  one  half 
a  foot — and  tell  how  many  inches  there  are  in  one  half  of  one  foot.  Pupils  may 
also  point  out  one  half  of  an  inch  and  tell  how  many  half-inches  there  are  in  one 
inch,  two  inches,  two  and  one-half  inches,  etc. 

They  may  take  objects  and  find  out  one  half  of  two,  four,  six,  etc.,  then  one 
half  of  three,  five,  seven,  etc.  They  may  next  find  one  half  of  a  yard,  one  half  of 
a  quart,  or  of  such  other  measures  as  have  already  been  taught.  They  may  deter- 
mine by  addition  the  whole  of  any  quantity  of  which  the  half  is  known.  One 
half  of  a  number  is  2,  what  is  the  whole  number?  How  many  halves  are  there  in 
one  whole?    If  from  one  whole  one  half  is  taken  away  what  is  left? 

One  fourth.  Give  each  pupil  a  sheet  of  folding  paper  or  a  strip  of  cover 
paper  and  ask^him  to  divide  it  into  halves.  Now  divide  each  of  the  halves  into 
halves.  Each  of  these  is  what  part  of  one  half?  Into  how  many  parts  has  the 
whole  sheet  of  paper  been  divided?  Which  of  these  parts  is  the  largest?  How 
do  you  know?    Into  how  many  equal  parts  has  the  paper  been  divided? 

When  anything  is  divided  into  four  ecjual  parts  it  is  said  to  be  divided  into 
fourths,  and  each  of  the  equal  parts  is  called  one  fourth  of  the  whole  thing  divided. 
Point  out  one  fourth  of  the  paper,  two  fourths,  three  fourths.  How  many  fourths 
•re  there  in  one  whole?  Which  is  the  larger,  one  half  or  one  fourth?  Find  one 
half  of  your  paper.  How  many  fourths  are  there  in  this?  One  half  is  then  the 
parae  as  how  many  fourths?  How  much  of  the  paper  is  there  in  one  half  and  one 
fourth  of  it?  Find  different  ways  in  which  the  paper  can  be  divided  into  fourths. 
Try  to  find  if  any  of  the  fourths  are  larger  than  nny  of  the  others.  Now  divide 
pieces  of  paper,  cards,  and  other  objects  into  fourths. 

Take  your  ruler  and  find  one  fourth  of  an  inch.  It  is  what  part  of  one  half 
of  an  inch?  How  ninny  fourths  are  there  in  two  inches?  In  two  and  one-fourth 
inches?  In  three  and  one-half  inches?  How  many  inches  are  there  in  one  fourth 
of  a  foot?  Take  up  eight  blocks  and  sliow  how  to  find  one  fourth  of  them.  With 
the  blocks  make  up  the  number  in  the  one  fourtli  of  wliich  there  are  three  blocks. 

0ns  eighth.  One  eighth  can  be  found  by  taking  one  half  of  one  fourth,  or 
one  fourfh  of  one  half,  and  on  it  the  pupils  may  be  given  exercises  similar  to  those 
above.  They  may  also  be  asked  to  give  different  names  for  one  half  and  one  fourth 
ind  to  find: 

(1)  The  sum  of  one  half  and  one  eighth;  three  fourths  and  one  eighth;  one 
half,  one  fourth,  and  one  eighth; 

(2)  The  difference  between  one  half  and  one  eighth;  one  fourth  and  one 
eighth,  etc. 

0ns  third.  Knowing  that  quantities  may  be  divided  into  two,  four,  and  eight 
equal  parts,  the  pupils  might  suggest  that  it  is  also  possible  to  divide  them  into 
three  «»qnal  partt.  Let  them  endeavour  to  do  this  with  folding  papor.  with  blocks, 
with  their  rulers,  etc.  They  may  then  be  told  that  when  anytliing  is  divided  into 
three  equal  parts  it  is  said  to  bo  divided  into  thirds,  and  eiich  of  the  parts  is  said 
to  be  one  third  of  the  thing  divided. 
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E.xcrcisep,  similar  to  those  given  in  other  fractions,  will  follow.  Give  also 
such  exercises  as :  which  is  the  greater,  one  half  or  one  third  ?  one  third  or  one 
fourth?    With  blocks  build  up  the  number  which  contains  three  in  its  one  third. 

One  sixth  and  one  ninth.  These  fractions  can  be  obtained  by  taking  one  half 
of  one  third  and  one  third  of  one  third.  Exercises  should  be  given  to  find  the 
sixth  and  ninth  of  quantities,  to  build  up  a  number  whose  sixth  and  ninth  is  given, 
to  make  comparisons  with  other  fractions  taught,  to  add  or  subtract  such  fractions 
as  one  half  and  one  third,  and  to  give  different  names  for  fractions  such  as  one  half, 
two  thirds,  etc. 

One  fiftJi,  one  tenth,  one  seventh.  These  fractions  should  be  dealt  with  in  a 
manner  similar  to  that  used  for  one  third.  One  tenth  will  be  obtained  by  finding 
one  half  of  one  fifth  or  one  fifth  of  one  half. 

In  Form  II  the  pupils  may  be  shown  how  to  write  the  fractions.  Thus: 
h  i,  i  i  1;  etc. 

ADDITIONS  OF  TWO  OR  MORE   COLUMNS 

These  additions  may  be  made  easy  for  the  pupil  through  the  use  of  counting 
blocks  or  splints.  The  problems  may  be  divided  into  four  classes,  of  whieh  the 
following  are  types : 

(a)  52  (b)  64  (c)  29  (d)  48 

37  75  38  95 

As  each  may  be  taught  in  exactly  the  same  way,  type  (c)  is  selected  for  illus- 
tration. 

The  teacher  will  give  to  each  pupil  the  necessary  splints  or  cylindrical  blocks 

and  ask  each  to  pick  out  29.     This  will  be  done  by  taking  out  2  tens  and  9  ones. 

Now  ask  for  38,  which  will  be  shown  as  3  tens  and  8  ones.    The  pupils  will  next 

place  the  two  numbers  together,  that  is,  add  them,  and  express  the  result  as  5  tens 

and  17  ones;  and  this  as  5  tens,  and  1  ten  and  7  ones;  and  this  as  6  tens  and  7 

ones  or  G7.     The  teacjier  will  then  ask  a  pupil  to  write  on  the  board  the  numbers 

to  be  added  and  their  sum  thus: 

29 
38 

67 

The  pupils  will  be  questioned  as  to  how  they  put  the  splints  together  to  get 
the  answer  67,  and  then  questioned  so  as  to  lead  them  to  see  that  the  numbers 
represented  on  the  board  may  be  put  together  in  the  same  way  as  the  splints;  thus, 
the  3  tens  and  the  2  tens,  and  the  8  ones  and  the  9  ones;  that  the  17  ones  can  be 
changed  into  1  ten  and  7  ones,  and  the  7  ones  written  down;  that  the  1  ten  is 
added  to  the  3  tens  and  the  2  tens,  and  the  sum,  6  tens,  is  written  down  and  that 
the  answer  is  67. 

This  will  be  followed  by  a  few  similar  examples,  such  as : 

64  56 

17  28 

to  be  worked  out  with  the  splints. 

The  pupil  may  now  be  asked  to  find  the  sum  of  25  and  69  by  using  the 
figures  only  and  to  use  the  splints  to  see  if  his  answer  is  correct.  He  may  then 
discard  the  splints  and  use  the  figures  to  tell  how  the  answer  is  obtained.  The 
number  of  addends  may  be  increased  to  three,  four,  etc.,  as  the  pupil  acquires  skill. 
Three  columns  should  now  offer  little  difiiculty. 
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NUMEKATION   AND   NOTATION    OF   HUNDREDS,   ETC. 

When  the  pupil  meets  with  an  addition  problem  such  as  63  -|-  84,  or  37  -\-  98, 
it  will  be  necessary  to  teach  him  to  read  and  write  the  three-digit  numbers.  He 
can  easily  be  led  to  see  that  the  sums  14?  and  135  are  respectively  14  tens  and 
7,  and  13  tens  and  5.  He  may  then  be  told  that  as  we  group  ones  together  in 
bundles  of  tens,  so  we  group  tlie  tens  in  bundles  of  ten-tens.  He  does  this  with 
his  counting  blocks  or  splints  and  sees  that  147  will  give  1  bundle  of  ten-tens, 
4  bundles  of  tens,  and  7  ones.  He  is  then  told  that  a  bundle  of  ten-tens  has  a 
name  and  is  called  one  hundred.  As  he  already  knows  how  to  read  47  he  can  read 
the  whole  number  147.  He  learns  also  tiiat  the  third  figure  is  for  the  hundreds 
and  that  it  is  placed  at  the  left  of  the  tens.  He  is  now  given  practice,  with  splints, 
in  grouping  ones  into  tens,  and  tens  into  ten-tens  or  hundreds.  He  reads  the 
results  of  his  grouping  as  hundreds,  tens,  and  ones,  thus :  4  hundreds  3  tens  and  6, 
that  is,  four  hundred  and  thirty-six.  He  then  writes  the  number  as  436  and  points 
out  the  figure  which  represents  the  hundred  bundle,  the  ten  bundle,  and  the  ones, 
respectively.  After  some  practice  of  this  kind,  the  teacher  writes  some  number  on 
the  black-board,  say  251,  and  asks  each  pupil  to  represent  it  with  his  splints  and 
then  read  it.  This  should  be  followed  by  representing  with  splints  such  a  number 
as  3  hundred  and  5,  the  pupil  being  tauglit  to  indicate  the  absence  of  the  ten  by 
placing  a  cipher  between  the  hundreds  and  the  ones,  thus  305.  Practice  in  read- 
ing an^  writing  such  numbers  sliould  now  be  given.  The  pupil  next  represents 
with  splint  numbers  such  as  2  hundreds  and  4  tens  in  which  the  ones  are  missing. 
He  will  be  taught  to  show,  by  means  of  the  cipher,  the  absence  of  the  ones  and  to 
write  the  number  thus,  240.  He  can  now  read,  write,  and  interpret  all  such  num- 
bers. Finally  he  is  asked  to  express  with  splints  the  hundreds  alone  when  both 
lens  and  ones  are  missing.  The  writing  and  reading  of  these  offer  little  difficulty 
and  the  pupil  is  ready  for  drill  exercises. 

Along  with  the  foregoing  exercise  the  pupil  should  be  given  such  practice  in 
counting  a<  will  enable  him: 

(1)  To  count  from  any  number  below  any  hundred  to  any  otlier  number 
below  that  «ame  hundred; 

(2)  To  count  from  any  number  below  any  hundred  to  any  number  below  the 
next  locceeding  hundred ; 

(3)  To  count,  if  necessary,  from  any  number  to  any  other  number  up  to  one 
thoniand ; 

(4)  To  name  the  number  immediately  following  or  imme<liately  preceding 
•oy  named  nnmber; 

(8)  To  arrange  in  their  proper  number-sequence  from  the  least  to  the  greatest 
or  from  the  greatett  to  the  least,  any  number  of  given  numl)er8. 

The  notation  and  numeration  of  the  numl)errt  from  1000  up  may  hv  I  might  by 
following,  with  ulight  modifications,  the  plan  outlined  for  the  hundreds.  The 
pupils  are  prepared  to  learn  that  to  write  numbers  we  keep  grouping  in  tens  and 
that  each  ten-group  requires  an  additional  figure  to  the  left  and  is  given  a  special 


A'  '  're,  that  remains  for  the  toncher  lo  do  is  to  explain  tlhc  device  used 

in  natii...^  iMtnUvrn.  Thin  consists  in  dividing  the  placofl  in  which  the  figures 
may  be  written  into  fwriodi  of  three  places  each,  giving  a  difTcrcnt  name  to  each 
periof)  but  the  «ime  names  to  the  corresponding  places  in  the  periods. 
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SUBTRACTION 

The  teacher  who,  in  teaching  addition,  keeps  subtraction  in  view,  will  ex- 
perience but  little  difficulty  when  it  becomes  necessary  to  deal  formally  with  this 
topic.  The  two  processes  axe  so  cloBely  related  that  some  advocate  the  teaching  of 
them  together,  and  although  it  is  perhaps  better  to  emphasize  but  one  of  them  at 
a  time,  yet  there  should  be  given  in  addition  many  exercises,  the  aim  of  which  is 
to  prepare  for  subtraction. 

For  instance,  the  pupil  will  be  taught  to  add  by  2's,  3's,  4's,  etc.  He  may,  at 
the  same  time,  be  taught  to  count  backwards  by  these  same  numbers  and  so  learn 
to  subtract  any  number  less  than  ten  from  any  number  less  than  one  hundred. 
Again,  on  the  addition  tables  there  are  three  types  of  questions  which  the  pupil 
must  answer  readily.  They  are  (a)^  +  8  =  ?,  (&)  6+  ?  =  14,  and  (c)  ? -f  ? 
=  14.  In  drilling  on  the  second  of  these  types,  6  -f-  "?  ==  14,  oral  probleme  involv- 
ing subtraction  might  be  given  such  as : 

1.  A  boy  needs  14  cents.  He  has  now  6  cents.  How  many  cents  has  he  still 
to  get  ?    Then,  what  is  the  difference  between  14  and  6  ? 

2.  John  bought  14  oranges.  He  gives  away  6 ;  how  many  has  he  left  ?  Then, 
what  is  the  remainder  when  6  is  taken  (that  is,  subtracted)  from  14? 

So,  too,  when  any  two  addends  are  given  the  pupil  may  be  asked:  (1)  Into 
what  two  parts  has  the  sum  been  divided?  (.2)  If  one  of  these  parts  is  taken  away, 
or  subtracted,  from  that  sum,  what  is  left?  Then,  by  a  series  of  graded  exercises, 
he  may  easily  be  led  to  find  one  of  two  numbers  which  make  up  a  stated  sum,  the 
other  of  the  two  numbers  being  given. 

Children  like  to  work  at  puzzles,  and  the  problems  here  referred  to  may,  at 

first,  be  assigned  as  such.     For  instance,  the  teacher  may  give  additions  of  two 

addends  such  as: 

364  454  637 

158  294  349 

???  ???  ??? 

and  then  ask  the  pupils  to  try  to  find  the  number  whidh  must  be  added  to  anotheir 
so  as  to  make  a  given  sum;  or,  in  other  words,  to  replace  the  question  marks  in 
the  following  by  the  proper  figures,  so  that  the  two  numbers  above  when  added 
will  give  the  number  be'low  the  line : 

425  369  275 

???  ???  ??? 

867  583  642 

It  will  then  be  an  easy  matter  to  write  one  of  the  numbers  below  the  sum, 
<^raw  a  line,  and  ask  the  pupils  to  find  the  other  number  and  place  it  below  the 
line,  in  order  that  the  sum  may  be  divided  into  two  parts  which  are  separated  by 
the  line  thus: 

534 
276 

??? 

The  pupil  can  then  answer  orally  the  question:  276  -\-  ?  =  534;  and  also 
the  question:  If  276  is  taken  away  or  subtraoted  from  534,  what  is  the  remainder? 

He  will  thus  dis^cover  for  himself  the  method  of  subtraction  known  as  the 
Additive  Method  or  the  Computer's  Method. 
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This  method  depends  upon  the  principle  that  the  sum  of  the  remainder  and 
the  subtrahend  must  always  equal  the  minuend.  It  requires  no  tables  except  those 
already  learned  in  addition,  and  it  should  lead  to  accurate  results,  since  every  part 
of  the  answer  is  checked.  It  is  the  method  used  by  business  men  in  making  change. 

It  should  be  noted,  however,  that  in  this  method  there  are  two  parts  to  the 
solution  of  subtraction  problems.  The  first  is  to  find  the  two  addends  into  which 
the  minuend  is  divided,  and  the  second  is  to  find  the  remainder  when  one  of  these 
addends  is  taken  away.  The  first  is  all  that  is  shown  in  the  written  work,  the 
second -part  being  given  orally.  The  pupil  soon  discovers  that  the  addend  to  be 
found  is  the  same  as  the  remainder  or  difference  required,  yet  the  teacher  must 
give  emphasis  to  the  two  questions:  "What  is  the  addend?"  and  "What,  then,  is 
the  remainder?" 

The  order  to  be  observed  in  grading  the  exercises  may  be  given  as  follows : 

1.  Review  of  addition  tables  orally,  drilling  especially  on  such  questions  as: 
(a)  "7  4-  ?  =  15."  and  (6)  "Take,  that  is,  subtract  7  from  15,  and  what  re- 
mains?" 

2.  Give  pairs  of  numbers  whose  sum  is  8,  11,  17,  etc.,  one  number  of  the  pair 
being  given  and  placed  above  a  line,  the  other  to  be  found  and  placed  below  the 
line.    The  addition  facts  of  8  are 

6  3  5  14 

?  ?  ?  ?  ? 


The  addition  facts  of  11  are 


5  9  2  4 

-  -  -  -  etc. 

?  ?  ?  ? 


These  numbers  being  found,  the  question  will  then  be  asked  in  this  form:  If 
6,  3,  6,  1,  etc.,  is  taken  from  8,  etc.,  what  remains? 

3.  CSiange  the  form  of  (2)  by  writing  the  numbers,  of  which  the  addition 
facts  are  to  be  given,  above  those  facts  thus: 


8 

0 

? 

8 
8 

"? 

8 
6 

—  etc 
? 

11 
6 

"? 

11 
9 

? 

11 

2 
—  etc. 

? 

14 
6 

10 
0 

9 
7 

17 
8 

16 
12 

1 

1 

"? 

? 

-  etc. 
? 

Agaio,  in  each  example  aak  the  question:  "What  is  the  remainder?" 

4.  The  meaning  of  the  word*  "subtract"  and  "remainder"  ohould  be  made 
dear  and  the  pupil*  nhould  Imj  told  that  when  they  wcro  adding  numbers  they  were 
aaid  to  be  doing  addition;  now,  when  Ihoy  arc  Htihtracting  ono  mini  her  from 
•DOthar,  they  arc  «nid  to  be  doing  subtraction.  The  words,  "subtrnhcnd"  and 
**miimendf**  may  bo  introduced  whenever  the  teacher  thinks  they  can  be  used  and 
tmdervtood  by  the  pupila. 

5.  Oire  qoestioni  requiring  the  subtraction  of  any  number  less  than  10  from 
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any  number  less  than  100,  observing  at  first  a  sequence  suggested  by  the  endings  of 
the  minuend;  later,  miscellaneous  questions,  thus: 


12 

32 

62 

15 

25 

45 

5 

5 

5 

7 

7 

7 

— 

— 

—  etc.; 

— 

— 

—  etc. ; 

? 

? 

? 

then   22 
6 

9 

40 
9 

9 

? 

34 

8 

9 

etc. 

? 

? 

6.  Give  questions  requiring  the  subtraction  of  tens  from  other  tens,  thus; 


40  50 

10  30 

—  —  etc. 

99  99 


7.  Give  such  questions  as: 

54 
31 

45 
12 

68 
25 

?? 

99 

?? 

8.  Give  such  questions  as: 

43 
29 

35 
19 

70 
24 

??  ??  ?? 

9.  Give  questions  of  which  the  following  are  types: 


217 
5 

302 

8 

465 
32 

563 
38 

619 
65 

134 

98 

99? 

??? 

??? 

??? 

??? 

?? 

437 
130 

245 
128 

569 
283 

720 
457 

999  999  999  999 


10.  Miscellaneous  questions  without  reference  to  order  or  grading. 

The  process  in  all  these  types  of  problems  is  essentially  the  same  and  may 
be  illustrated  by  means  of  such  an  example  as:  Subtract  3687  from  5843.  The 
first  part  of  the  solution  is  to  find  what  number  must  be  added  to  3687  so  that 
the  sum  may  be  5243.    To  find  this,  the  pupil  sets  the  numbers  down  thus : 

5    2    4    3 
3    6    8    7 

He  tries  to  find  out  what  figures  must  be  placed  under  the  7,  8,  6.  and  3  in 
order  that  the  number  found  when  added  to  3687  will  give  5243. 

Now  the  only  figure  that  can  be  put  in  any  one  place  is  1,  or  2,  or  3,  or  4,  or  5, 
or  6,  or  7,  or  8,  or  9,  or  0.  He  tries  these  under  the  7  and  he  finds  that  6  is  the 
number  required  to  be  added  to  7  to  give  a  sum  ending  in  3,  and  that  the  three  is 
the  unit  of  13,  that  is,  of  the  sum  of  the  6  and  the  7.  He  then  adds  orally  the  7 
and  the  6  and  gets  13.  There  is  1,  to  carry  on  to  the  8,  making  9 ;  he  again  tries 
the  number  1,  or  2,  or  3,  etc.,  for  the  tens'  place  and  finds  that  5  is  the  number 
required  to  be  added  to  9  to  give  a  sum  ending  in  4,  and  that  the  4  is  the  ending 
of  14.  He  now  adds  orally  the  5  to  the  9,  gets  14  tens  and  finds  that  there  is 
1  hundred  to  be  carried  to  the  6  hundreds,  making  7  hundreds.     He  once  more 
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tries  in  the  third  place  the  numbers  1,  2,  3,  etc.,  and  finds  5  to  be  the  one  required. 

This  added  to  the  7  makes  12  hundreds  and  there  is  1  thousand  to  be  carried  to  the 

3  thousands  making  4  thousands  and  the  figure  required  in  the  fourth  place  t»- 

make  5  thousand  is,  therefore,  1. 

His  work  now  appears  thus: 

5    2    4    3 
3    6    8    7 


15    5    6 


He  now  knows  that  if  1556  is  added  to  3687  the  sum  will  be  5243,  and,  eaa^ 
Eequently,  if  3687  is  subtracted  from  5243  the  remainder  will  be  1556. 

A  second  method  employed  in  subtractiooi  is  knowTi  as  the  Decomposiiion 
Method.  It  is  the  one  which,  perhaps,  finds  the  most  favour  with  teachers, ^wiiqf 
no  doubt  to  the  fact  that  it  lends  itself  readily  to  concrete  illustration  and  grow* 
out  of  the  "carrying*'  process  in  addition. 

As  a  basis  for  this  method  the  pupils  must,  out  of  the  addition  table,  fooiB 
a  subtraction  table  and  be  able  without  hesitation  to  give  the  result  when  any 
number  less  than  10  is  subtracted  from  any  number  less  than  19,  For  drill  fxa 
this  part  of  the  work,  devices  similar  to  those  suggested  for  addition  tables,  mmy 
be  U5e«!. 

The  grading  of  exercises  may  follow  much  the  same  order  as  that  suggested 
for  the  Additive  Method. 

The  only  difficulty  which  has  to  be  overcome  in  subtraction,  no  matter  what 
the  method  employed  may  be,  is  to  teach  the  pupil  to  subtract  where  any  di^ 
in  the  subtrahend  is  greater  tlian  the  corresponding  digit  in  the  minuend. 

This  may  be  illustrated  thus :  Subtract  17  from  32.  The  figures  are  set  down' 
thus: 

3    2 
1   .7 

At  once  the  pupil  meets  the  difficulty  of  subtracting  7  units  from  2 
units.  He  is  asked  to  represent  32  with  his  counting  blocks.  This  is  done  wi& 
3  tens  and  2  ones.  Then  the  3  tens  and  2  ones  are  changed  or  dccompoeed  into 
8  tenf  and  10  ones  and  2  ones,  or  into  2  tens  and  12  ones,  from  which  1  ten  toA 
7  ones  ii  easily  taken,  leaving  a  remainder  of  1  ten  and  5  ones  or  15.  The  count- 
ing blocks  or  splints  will  show  the  operation,  thus: 


Step  I 


Step  II 


32 


17 


2 
w  2 


?5 


32 


IT 


IS 
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The  Decomposition  method  may  be  further  illustrated  thus:  Subtract  3359 
from  8143. 

8143=8130+  13  =8000+130+  13 
23  59  rz:.  2350+     9  =  2300+       50+     9 


=7000+  10  00+  13  0+13 
=  2000+300+50+9 

5000+     700+     80+     4  =  578  4. 

A  modification  of  the  Decomposition  method  gives  what  is  called  the  Com- 
pUmentary  method.  To  illustrate  it,  suppose  that  2359  is  to  be  subtracted  from 
6253  as  above. 

The  figures  are  set  down  as  before: 

6    2    5    3 
2    3    5    9 


Now  9  cannot  be  subtracted  from  3,  so  1  ten  is  taken  out  of  the  5  tens  and 
tfcxB  with  the  3  w^ill  make  13.  From  this  the  9  is  to  be  taken;  but,  instead  of  sub- 
tractmg  the  9  from  the  13,  it  is  subtracted  from  the  10  which  was  taken  and 
the  result  is  added  to  the  3,  that  is  10  —  9  =  1,  which  added  to  the  3  gives  4  as 
the  first  figure  in  the  remainder. 

There  now  remain  4  tens  from  which  5  tens  are  to  be  subtracted.  This  can- 
fiot  be  done,  so  I  hundred  or  10  tens  is  taken  out  of  the  2  hundred,  and  this,  with 
the  4  tens,  will  make  14  tens.  From  this  5  tens  can  now  be  subtracted;  but,  as 
h^ore,  the  5  is  subtracted  from  the  10  which  was  taken  and  the  result  5  is  adde'd 
to  the  4,  giving  9  as  the  second  figure  in  the  remainder. 

Then  3  hundred  is  to  be  subtracted  from  1  hundred.  Here  again  1  thousand 
or  10  hundred  is  taken  out  of  the  6  thousand  and  added  to  the  1  hundred  making 
11  hundred.  From  this  3  hundred  can  be  subtracted,  but  the  result  is  obtained 
ij  subtracting  the  3  from  the  10  taken,  and  the  remainder  7  is  added  to  the  1 
gniag  8  as  the  third  figure  in  the  remainder.  Finally,  2  thousand  is  subtracted 
&nn  5  thousand  and  the  whole  remainder  is  found  to  be  3894. 

This  method  has  the  advantage  that  it  requires  no  subtraction  tables  except 
thoee  which  involve  the  subtraction  of  a  number  less  than  10  from  any  number 
Hat  greater  than  10. 

Each  of  the  above  methods  has  its  advocates.  The  teaclier  will  select  that 
which  he  prefers,  hut  should  use  only  one  method. 

Checking. — In  all  operations  the  pupil  should  he  taught  to  check  his  work 
tatd  correct  his  own  errors. 

The  subtraction  checks  usually  employed  are: 

1.  Add  subtrahend  and  remainder  and  the  result  will  be  the  minuend. 

2.  Subtract  remainder  from  minuend  and  the  result  will  be  the  subtrahend. 

EoMAN  Notation 

By  calling  the  attention  of  the  pupils  to  the  dial  of  a  clock,  they  will  see 
"lOkai  the  numbers  on  it  are  not  written  in  figures  but  in  letters.     A  simple  talk 
then  be  given  on  the  two  kinds  of  Notation,  Arabic  and  Roman.       On  the 
dial  the  pupils  will  discover  three  different  letters,  I,  V,  and  X,  and  will 
ponepared  to  learn  that  each  of  these  is  a  symbol  for  a  number,  and  that  there 
5  pethaps  other  letters,  besides  these,  used  as  number  symbols. 
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The  numbers  may  then  be  taken  up  in  their  order: 

I  and  its  repetition;  V  and  its  combinations  with  I;  X  and  its  combina- 
tions with  I ;  X  and  its  combinations  with  V ;  X  and  its  combinations  with  V  and 
I;  X  and  its  repetitions. 

The  symbols  will  be  introduced  as  they  are  required  for  the  part  of  the  number 
series  with  which  the  teacher  intends  to  deal. 

While  the  learning  of  Roman  notation  is,  no  doubt,  mainly  accomplished  by 
a  definite  effort  of  memory,  yet  there  are,  underlying  the  system,  some  rational 
principles  which  the  pupils  may  in  time  be  led  to  understand  and  which  will  enable 
them  to  contrast  it  with  the  ordinary  Arabic  system  of  notation. 

1.  The  symbols  may  be  placed  in  two  classes: 
(a)   I,  X,  C,  M;  and 

(6)  V,  L,  D. 

It  will  be  seen  that  the  symbols  in  class  (a)  correspond  to  our  units,  tens, 
hundreds,  and  thousands.  The  value  of  each  symbol  in  this  class  is  ten  times  that 
of  the  preceding  symbol;  the  value  of  each  symbol  in  class  (6)  is  five  times  that  of 
the  corresponding  sjonbol  in  class  (a). 

2.  The  symbols  in  class  (a)  are  repeated  but  those  of  class  (6)  are  not. 

3.  Repeating  a  letter  repeats  its  value.    Thus,  II  represents  2. 

4.  A  letter  should  not  occur  more  than  three  times  consecutively  in  the  Roman 
naniera].  '' 

5.  When  a  symbol  representing  a  number  of  less  value  is  placed  after  one 
representing  a  number  of  greater  value,  the  number  indicated  is  the  sum  of  the 
value  of  such  letters.    Thus,  CX  represents  110. 

H.  When  a  letter  of  less  value  is  placed  before  one  of  greater  value,  the 
number  expreased  is  the  difference  between  the  value  of  such  letters.  Thus,  XC 
represents  90. 

7.  One  place  in  Arabic  notation  must  always  be  represented  by  its  Roman 
equivalent  before  going  to  the  next  place: 

45  =  40  +  5  r=  XLV. 

The  principles  will,  of  course,  require  time  for  their  development,  but  the 
teftrhcr  must  not  unduly  emphasize  them  in  the  Junior  grades. 

Multiplication 

Multiplication  Tables. — The  groundwork  for  the  multiplication  tables  is,  of 
oouffe,  the  mastery  of  addition.  The  pupil  will  incidentally  l^arn  nc^rtions  of 
these  tables  when  he  Ir  taught  to  add  by  2'?,  3'g,  4'fi,  etc.;  and  most  cbil-lren  will 
kBOW  at  least  the  two-times  table  long  before  they  reach  forn.al  muit  plication. 
As  the  kej  to  multiplicntion  and  division,  the  tables  must  be  learned  and  learned 
perfectly— so  thoroughly  that  any  pair  of  factors  will  instantly  suggest  the  pro- 
duct. '"There  mast  be  no  halting  memory  summoning  attention  and  judgment  to 
iU  aid." 

Teaching  the  Tables. — It  is  neither  necessary  \or  desirable  to  teach  all  the 
t«blei  before  beginning  their  application  in  multiplication.  The  work  should 
oommeoce  irith  a  knowledge  of  but  one  table  or  oven  Iohh,  for  this  will  nhow  the 
nae  of  the  tables  and  furnish  an  incentive  to  learn  them.  The  pupils  must  be 
taught  to  construct  for  themselves  all  the  tables.  This  they  will  do  at  first  by 
means  of  addition,  but  as  time  goes  on  they  should  he  led  to  discover  certain  rela- 
tions between  numbers  and  their  products  which  will  aid  them  to  secure  results 
more  rapidly.' 
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Although,  as  stated  above,  the  pupils  will  probably  know  two-times  table, 
nevertheless  the  formal  study  of  it  will  be  useful  in  the  study  of  other  tables  and 
in  leading  them  to  believe  that  they  are  about  to  take  up  a  topic  which  is  easily 
mastered.  This  table,  when  learned,  should  be  applied  immediately,  and  the  pupil 
set  to  werk  to  construct  the  three-times  table.  This  may  be  done  through  addi 
tion,  but  the  pupil  may  also  be  shown  how  to  construct  it  from  the  two-timei 
table.  For  instance,  he  sees  that  2  times  7  is  14,  and  that  3  times 
7  is  21,  that  is,  7  more  than  2  times  7.     So  also  3  times  9  is  9  7       7 

more  than  2  times  9.    He  will  likewise  see  how  to  derive  the  pro-  7       7 

duct  of  any  two  factors  in  the  table  from  the  product  of  the  pair  "~     ~ 

immediately  preceding.      Knowing    that    3    oranges,    at    5    cents 
each,  Avill  cost  15  cents,  he  will  know  that  3  oranges,  at  6  cents  each,  will  cost 
18  cents;  for  each  of  the  latter  costs  one  cent  more  than  each  of  the  former  and 
the  3  oranges  will  cost  a  total  of  3  cents  more  than  at  the  former  price. 

So,  too,  if  the  pupils  know  that  the  cost  of  3  pencils,  at  4  cents  each,  is  12 
cents,  they  will  know  that  the  cost  of  3  pencils  at  8  cents  each,  will  be  twice 
12  cents,  that  is,  will  be  24  cents.  Thus  they  will  have  various  ways  of  construct- 
ing, and  of  recovering  when  momentarily  forgotten,  the  product  of  any  pair  of 
numbers. 

As  an  important  aid  in  learning  the  tables,  the  teacher  must  from  the  first 
lead  the  pupils  to  see  that  the  product  of  any  two  numbers  is  the  same,  no  matter 
in  which  order  they  are  taken. 
i  . 

For  instance,  3  times  7  is  equal  to  7  times  3.  This 
will  be  made  clear  by  the  accompanying  diagram,  in  wliicli 
there  are  3  horizontal  rows  of  7  squares  each,  or  7  vertical 
rows  of  3  squares  each. 

This  law  materially  lessens  the  labour  required  in  constructing  and  memor- 
izing the  tables.  For,  when  one  table  is  known,  part  of  every  other  table  is  also 
known.  Thus,  if  the  pupil  knows  six-times  table,  he  also  knows  the  remaining 
tables  up  to  six,  that  is,  he  knows  7  times  up  to  7  times  6,  8  times  up  to  8  times  6,, 
9  times  up  to  9  times  6,  etc. 

The  following  may  also  be  noted: 

(1)  The  products  in  the  five-times  table  end  either  in  zero  or  5,  according  as 
the  other  factor  is  even  or  odd. 

(2)  In  the  nine-times  table,  in  every  product  up  to  9  times  10,  the  sum  of 
the  digits  is  9  and  the  tens'  digit  is  always  one  less  than  the  number  multiplied 
by  9.  • 

(3)  In  the  tables  for  the  even  numbers,  the  products  are  all  even;  while  in 
the  tables  for  the  odd  numbers,  the  products  are  alternately  odd  and  even  accord- 
ing as  the  number  to  be  multiplied  is  odd  or  even. 

(4)  The  simplicity  of  the  ten-times  and  eleven-times  table  is  at  once  ap- 
parent. 

Oral  drill  on  the  tables  can  best  be  conducted  during  class  recitation  and  by 
the  teacher.  If  a  child  misses  a  table  or  part  of  a  table,  show  him  how  to  construct 
the  table  or  to  find  the  product  needed;  then  have  it  repeated  until  he  can  give, 
without  conscious  effort,  the  product  the  instant  the  factors  are  mentioned. 

It  is  not  advisable  to  learn  the  tables  as  tables.  The  frequent  repetition  of  a 
table,  as  a  table,  makes  the  saying  of  it  as  a  whole  habitual,  so  that  frequently  a 
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pupil  cannot  give  any  particular  part  without  starting  at  the  beginning  of  the 
♦able.  Each  product  in  the  table  should  be  known  independently  of  every  other 
product,  and  this  can  never  be  secured  if  the  facts  are  not  memorized  separately. 
Moreover  4  and  9  should  lead  automatically  to  the  product  ^6,  whether  one  thinks 
of  4  or  9  first;  similarly  36  should  at  once  suggest  the  factors  4  and  9,  12  and  3, 
6  and  6.  Such  memorizing  is  best  done  by  constant  and  frequent  practice  with 
each  item,  or  a  few  items  at  a  time,  in  working  quickly  varied  oral  problems.  Each 
statement  should  be  grasped  in  all  its  aspects  and  used  in  many  different  ways. 
For  example,  the  following  exercises  on  4  X  9  =i  36  might  be  given : 

Four  boys  had  9  nuts  each,  how  many  altogether? 

Divide  36  apples  equally  among  9  boys. 

Find  value  of  9  pencils  at  4  cents  each. 
.  Find  value  of  4  houses  worth  nine  thousand  dollars  each. 

Find  cost  of  9  warships  at  four  million  dollars  each. 

Nine  baskets  ci  equal   size    contain   a   total    of   36  dozens  of  eggs;  find  the 
♦inmber  in  each  basket. 

Find  the  price  of  9  teams  of  horses  at  four  hundred  dollars  for  each  team. 

The  following  devices  may  also  be  used  to  give  variety  to  the  drill:  (1)  A  row 

of  numbers  is  written  on  the  black-bo,ard,  and  a  number  written  below;  thus: 

396765812 
4 

The  teacher  points  to  any  of  the  numbers  in  the  row  and  the  pupil  states  the 

product  of  it  and  the  isolated  number.     When  the  teacher  places  the  pointer  on 

figure  5,  the  pupils  name  the  product  20.     Speed  contests  may  be  inaugurated  by 

means  of  this  device  and  competition  started  among  the  children. 


(2)  "The  Circle." 


Multiply  each  number    on    the    circumference  by  the 
number  at  centre.    Tell  the  products  only. 


^ 


6 


(3)   "The  Ladder." 

1.  Multiply  each  number  on  the  rungs  by  the  number  on 
the  "ground." 

2.  Begin  at  the  bottom  and  go  up  as  quickly  as  possible. 
Mention  the  products  only. 

8.  Begin  at  the  top  and  come  down  as  quickly  as  possible. 
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(4)  "The  Stairs." 

1.  Multiply  the  number  on  the 
step  to  which  the  teacher  points  by 
the  number  at  the  side. 

2.  Begin  at  the  top  step  and 
come  down;  name  the  products  only. 

3.  Begin  at  the  bottom  step  and 
go  up,  skipping  every  second  step. 


4 

er 

6 

1 

0 

5 

7 

9 

2                           X8 

Written  Work  and  Seat  Work.  As  soon  as  any  table,  say  3  times,  has  been 
learned  the  pupil  may  be  taught  to  apply  it. 

Take,  first  of  all,  a  question  in  addition,  such  as: 

685 
685 
685 

2055 

Ask  the  pupil  what  he  sees  in  this  question  that  is  not  seen  in  most  ques- 
tions in  addition.  The  three  addenda  are  the  same.  Then  how  often  is  685  used  ? 
Three  times.  Hence  the  sum  is  how  many  times  685?  Look  now  at  the  units* 
column.  What  is  found  in  it?  Three  fives.  When  added  what  is  the  sum  of  3 
fives?  From  the  3-times  table  what  is  3  times  5?  There  are  two  ways  then  by 
which  to  get  the  sum  of  the  units'  column.  What  are  they?  What  is  done  with 
the  sum,  15  ?  5  is  placed  in  the  units'  column  and  1  "  carried  "  to  the  tens'  column. 
Look  now  at  the  tens'  column.  What  is  found  in  it?  Three  eights.  When  added 
what  is  their  sum  ?  24.  How  else  do  we  know  that  the  sum  of  the  three  digits  is 
84?  What  else  is  to  be  added  into  this  column  besides  the  3  times  8?  What  is 
done  with  the  25  tens?    Deal  with  the  hundreds'  column  in  the  same  way. 

In  some  such  manner  as  this  the  pupil  is  led  to  see  the  meaning  of  3  times 
685  and  to  discover  that  the  sum  can  be  found  not  only  by  addition  but  also  by 
taking  3  times  the  number  which  is  repeated  in  the  units*  column,  then  3  times  the 
number  which  is  repeated  in  the  tens'  column,  and  so  on,  the  "  carrying "  to  be 
performed  as  in  addition.  He  is  then  told  that  this  method  for  finding  the  sum 
is  called  multiplication,  which  is  thus  seen  to  be  a  short  method  for  adding  equal 
addends.   He  is  then  shown  the  form  in  which  the  work  is  set  down :  685 

He   once   more    states   how   the   answer   is   obtained   by    the   use   of      ^ 

the  3-times  table.  Three  times  5  units  is  15  units.  Set  down  the  2055 
5  and  "carry"  1  ten  to  the  tens'  column.  Three  times  8  tens  is  24  tens,  which, 
with  the  1  ten  "carried,"  will  make  25  tens.  Set  down  the  5  and  "carry"  the 
2  to  the  hundreds'  column,  etc.  The  pupil  will  also  be  able  to  state  to  what  the  685 
corresponds  in  the  addition  question.  Where  does  the  3  come  from  in  the  addi- 
tion question?  To  wliat  does  the  2055  correspond?  The  multiplication  names  of 
these  numbers  may  then  be  given. 

3    A 
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When  the  child  has  been  taught  to  multiply  numbers  of  two  or  three  digits 
by  the  numbers  2  and  3,  he  may  be  assigned  seat  work  of  the  same  nature.  The 
multiplicand  should  never  have  more  than  three  figures  at  first,  and  need  not  at 
any  time,  before  the  pupil  is  promoted  to  Form  III,  have  more  than  four  figures. 

The  following  examples  are  suitable  for  seat  work  for  beginners  in  written 
multiplication : 

Multiply  687  by  2,  789  by  2,  654  by  3,  987  by  3. 

Gradually,  as  the  tables  are  learned,  4,  5,  etc.,  are  introduced  as  multipliers 
in  the  problems  for  seat  work.  Care  should  be  taken  not  to  assign  written  multi- 
plication for  seat  work  before  written  multiplication  has  been  taught  in  the  class, 
nor  should  an  attempt  be  made  to  teach  written  multiplication  before  the  corre- 
sponding tables  have  been  thoroughly  learned;  and  the  teacher  should  remember 
that  the  tables  can  be  taught  most  effectively  and  thoroughly  during  the  recitation 
period. 

ORDER  FOR  TEACHING   MULTIPLICATION  v 

(1)  Teach  multiplication  where  the  multiplier  is  a  single  digit,  or.  may  be 
considered  as  such — that  is,  the  multiplication  by  the  numbers  from  1  to  12 
inclusive. 

(2)  Teach  multiplication  where  the  multiplier  is  an  exact  number  of  tens  or 
hundreds— that  is,  multiplication  by  20,  30,  40,  etc.,  and  by  200,  300,  400,  etc. 

(3)  Teach  multiplication  where  the  multiplier  consists  of  any  two  or  more 
digits. 

First  Topic.  The  first  of  these  topics  has  already  been  explained,  but  it  is 
to  be  pointed  out  that  in  multiplying  by  10  the  product  is  found  not  by  multiply- 
ing by  0  and  then  by  1,  but  by  multiplying  by  10  as  if  it  were  a  single  digit  num- 
ber. The  pupil  will  quickly  learn  how  to  write  or  name  the  product  where  any 
number  is  multiplied  by  10  and  should  l)e  fj^ivou  oral  exercises  tliereon.  These 
exercises  will  emphasize  the  use  of  the  zero,  which  is  to  permit  the  significant  digits 
to  be  written  in  their  proper  places.  "" 

Second  Topic.  Before  taking  up  the  second  topic — that  of  multiplication  by 
the  exact  tens — it  will  be  neceseary  to  lead  the  pupil  to  see  that  if  one  number  is 
multiplied  by  another  the  product  is  the  same  as  if  the  first  number  was  multi- 
plied by  A  factor  of  the  multiplier  and  the  result  multiplied  by  the  remaining 
factor  of  the  multiplier. 

Thif  may  be  done  by  asking  the  pupil  to  multiply,  say  827  by  6;  then  ask 
him  to  multiply  827  by  3  and  the  result  by  2  and  compare  the  final  products. 
Again,  multiply  493  by  10;  then  multiply  493  by  2  and  the  result  by  5  and  com- 
pare the  final  reaulta.  Now  let  the  pupil  suggest  two  ways  in  which  he  could  find 
the  product  of  549  X  12.    Have  him  test  liis  suggestions. 

Next  afk  him  to  suggest  a  way  by  which  lie  could  find  the  product  of  352 
by  15,  when  he  doea  not  know  a  16-time«  table.  He  will  probably  advise  multiply- 
ing 852  by  5  and  the  retult  by  8.  Let  him  do  1hi<i  and  tost  his  answer  by  addi- 
tfoD— the  only  other  method  at  yet  poasible  for  him  to  employ. 

l/ow  ask  him  to  fuggett  how  he  could  find  the  product  of  748  by  20.  lie  will 
probably  adviie  multiplying  by  4  and  then  by  6,  or  by  2  and  then  by  10.  Let  him 
employ  both  pairt  of  facton  and  he  will  bo  prepared  to  believe  his  answer  correct, 
it  in  the  same  in  both  caHcu.  Iln  may  now  \>o.  asKurod  lliat  he  hns  the  (.'orrcef 
.  iiu't.  He  may  next  Htatc  which  of  the  two  pair8  of  factorH  ho  would  prefer  to 
ii-< ,  4  and  H,  or  2  and  10.    Have  him  give  a  reason  for  hi«  choice.     How  then 
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could  we  multiply  by  30?    Give  examples  such  as  426  X  30;  819  X  30;  etc.    The 

work  will  at  first  be  set  down  thus : 

426 
3 

1278 
10 

12780 

It  is  now  a  very  simple  matter  to  show  how  the  product  might  have  been 
obtained  by  adding  a  zero  to  the  product  of  426  X  3,  that  is  by  making  this  pro- 
duct tens.    The  work  will  be  set  down  thus: 

426 
30 


12780 


Multiplication  by  the  exact  hundreds  will  be  similarly  explained. 

Third  Topic.  Multiplication  by  any  number  of  two  or  more  digits.  As  a 
basis  for  this  topic  it  will  be  necessary  to  lead  the  pupils  to  discover  the  principle 
underlying  it — namely,  that  a  times  a  number  -|-  &  times  that  number  is  equal  to 
{a  -\-h)  times  the  number.  This  can  be  shown  by  taking  a  question  in  addition 
where  the  addends  are  equal.  It  will  be  readily  understood  that  if  there  are,  say, 
12  equal  addends,  that  the  sum  may  be  found  by  multiplying  the  addend  by  18. 
The  sum  may  also  be  found  by  dividing  the  question  into  two  parts  having,  say, 
5  addends  in  one  part  and  7  in  the  other.  The  total  sum  would  be  found  by 
adding  together  the  sums  of  the  two  parts.  But  these  sums  may  be  found  by  multi- 
plying the  addend  by  5  for  one  part  and  by  7  for  the  other.  That  is,  5  times  the 
addend  +  7  times  the  addend  is  equal  to  12  times  the  addend. 

To  further  emphasize  the  principle  give  such  examples  as: 

1.  (a)  Multiply  729  by  8.  (h)  Multiply  729  by  5,  and  729  by  3,  and  add 
the  products.    Compare  the  answer  for  (a)  with  that  for  (h). 

2.  (a)  Multiply  635  by  20.  (b)  Multiply  635  by  8  and  635  by  12,  and  add 
the  products.    Compare  the  answer  for  (a)  with  that  for  (6). 

3.  From  what  has  been  done  in  examples  1  and  2,  state  two  ways  by 
which  we  can  find  the  product  of  982X7;  the  product  of  457X11,  etc.  Test 
your  answer  in  each  case. 

4.  How  now  may  we  find  the  product  of  496X24?  Do  this.  What  other 
method  have  we  used  to  find  this  product?  (Multiply  by  4  and  the  product  by  6.) 
Do  this,  and  see  if  the  answer  is  the  same  as  that  obtained  by  the  first  way. 

To  multiply  496  by  24  by  the  principle  established,  the  pupil  would  at  first 
set  down  the  work  thus: 

496  496  1984 

4  20  9920 

1984  9920  11904 

This  may  be  permitted  until  the  pupil  can  himself  suggest  or  ia  led  to  see 
how  space  and  labour  may  be  saved  by  using  the  following  form: 

496 
24 

1984  =  4  times  496 
9920  -  20   "  496 

11904  =   24  "  496 
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• 
and  this  is  later  abbreviated  by  leaving  out  the  explanatory  statements  (6  times 
496,  etc.)   and  also  by  omitting  the  zero  in  the  second  partial  product  since,  as 
already  learned,  the  zero  is  used  only  to  keep  the  other  digits  in  their  proper  places, 
and  these  places  are  marked  by  the  digits  in  the  first  partial  product. 

The  pupil  can  now  multiply  by  any  two  digit  numbers,  but  at  first  the  teacher 
will  do  well  to  give  problems  where  the  multipliers  are  selected  with  some  definite 
purpose  in  view.  For  instance,  in  multipliers  like  32,  54,  43,  etc.,  there  is  an  asso- 
ciation which  will  be  found  helpful  to  the  beginner. 

Three  digit  multipliers  can  now  be  handled  with  ease.  Multiply  743  by  876. 
Set  down  the  work  thus: 

7  4  3 

8  7  6 


4  4  5  8=     6  times  the  multiplicand 
5  2  0  1  0  =  70      "      •' 
5  9  4  4  0  0  =800      "      '• 


6  5  0  8  6  8  =876      ••      ••  » 

The  explanations  are  then  omitted,  as  are  also  the  unnecessary  zeros  in  the 
second  and  third  partial  products.  The  pupil  may  here  be  given  the  names 
applied  to  the  lines  of  addends — partial  products. 

The  teacher  should  be  careful  to  place,  and  to  see  that  pupils  always  place,^ 
the  units'  digit  of  the  multiplier  under  the  units'  digit  of  the  multiplicand,  and 
the  units'  digit  of  the  product  under  the  units'  digit  of  the  multiplier  and  the 
multiplicand. 

The  work  of  multiplying  by  a  multiplier  like  407  really  presents  nothing 
new,  nothing  different  from  what  has  already  been  discussed. 

However,  to  go  into  detail,  multiply  743  by  407. 

It  may  be  pointed  out  (a)  that  the  second  partial  product  is 
400  times  743;  (6)  that  it  is  obtained  in  the  manner  indicated  ^  q  ^ 

prcviouuly;  (c)  that  (400  times  3)  =  (100  X  4  X  3)  =  12  hun- 

dredfl  =  1  thousand  and  2  hundreds;  (d)  the  2  is  placed  under  2  9  7  2^^ 

the  hundreds  of  the  first  partial  product;  (e)  that  4  times  4  gives  

16,  and  that  this  is  of  the  order  next  higher  than  hundreds,  and  3  0  2  4  0  1 
•0  on. 

PROOFS  OP  MULTIPLICATION 

1.  Multiply  the  multiplier  by  the  multiplicand,  and  compare  the  result  with 
the  one  first  obtained. 

2.  Employ  the  addition  principle  underlying  the  multiplication  by  any  multi- 
plier of  two  or  more  digits. 

DIVISION 

There  tre  two  problems  in  divi^iion,  namely: 

(1)  To  find  the  number  of  groupg  into  which  a  given  number  of  objects  may 
be  dirided  if  a  jtated  number  is  put  into  each  group. 

(2)  To  find  the  number  of  objects  in  each  group  if  the  given  numl)er  of 
objects  i»  dirided  into  a  given  ntimber  of  cqnal  groups. 

ExAiiiine  the  following  problems: 

t    TTow  many  pencils  at  5  cents  can  be  purchased  with  -10  cents? 
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2.  If  40  apples  be  divided  equally  among  5  boys,  how  many  will  each  have? 

While  these  are  different  problems  their,  solutions  are  essentially  the  same — 
the  first  being  represented  by  40  -^  5  =  8,  and  the  second  by  >^  of  40  =  8 ;  that  is 
both  are  solved  by  finding  the  co-factor  of  5  with  respect  to  40. 

Division  may  be  defined  as  the  operation  of  finding  one  of  two  factors  when 
their  product  and  the  other  factor  are  given. 

The  given  factor  is  called  the  divisor,  and  the  given  product  the  dividend. 

Sometimes  the  divisor  is  not  contained  an  exact  number  of  times  in  the 
dividend,  and  the  problem  becomes  one  of  finding  the  multiple  of  the  divisor 
nearest  to  and  less  iiian  the  dividend,  and  then  the  co-factor  of  that. 

There  does  not  seem  to  be  any  good  reason  for  beginning  formal  division  by 
the  "long  division"  process;  the  notion  that  it  is  the  easier  process  is  largely  imag- 
inary. No  serious  difficulties  are  encountered  in  teaching  "short  division,"  and  such 
little  difficulties  as  may  be  encountered  cannot  be  avoided  by  resorting  to  the  long 
method.  Oral  naturally  precedes  written  work  in  any  topic  on  arithmetic.  The 
necessity  for  the  "long"  process  in  division  arises  out  of  the  occurrence  of  re- 
mainders and  products  too  large  to  be  carried  in  the  mind. 

Short  division  is  the  repetition  of  a  single  step,  namely,  the  division  of  a 
number  not  greater  than  119  by  a  number  not  greater  than  12.  So  that,  if  the 
pupil  has  been  taught  to  divide  any  number  up  to  119  by  any  number  up  to  12,  he 
is  able  to  divide  any  number  whatever  by  any  of  the  first  twelve  numbers. 

Suppose  4987  is  to  be  divided  by  8,  the  work  consists  of  the  throe  steps:  49 
divided  by  8,  18  divided  by  8,  and  27  divided  by  8. 

Hence  the  first  step  in  teaching  division  is  to  teach  problems  in  which  any  of 
the  first  twelve  numbers  is  a  divisor,  and  the  dividend  a  number  such  that  the 
quotient  will  not  exceed  9 — that  is,  to  divide  any  number  up  to  119  by  12;  any 
number  up  to  109  by  11,  any  number  up  to  99  by  10,  any  number  up  to  89  by 
9,  etc. 

If  a  topic  in  arithmetic  is  thoroughly  taught,  viewed  from  all  sides,  discussed 
in  all  its  aspects,  considered  in  its  possible  connections  with  subsequent  topics,  the 
teaching  of  these  subsequent  topics  will  be  made  easier.  Thus  if  children  have  been 
taught  the  multiplication  tables  thoroughly  so  that  the  mention  of  any  two  factors 
at  once  suggests  the  product,  it  will  be  an  easy  matter  for  them  to  recall  the  other 
factor  when  one  factor  and  the  product  is  given.  Indeed,  this  should  be  incidentally 
learned  with  the  multiplication  tables. 

Formal  division  might  well  begin  with  the  consideration  of  oral  problems  such 
as  the  following: 

(1)  How  many  pencils  at  5  cents  each  can  be  bought  for  15  cents? 

(2)  How  many  sheep  at  8  dollars  each  can  be  purchased  for  60  dollars? 

(3)  Divide  50  apples  among  6  girls  without  cutting  any  of  the  apples,  giving 
each  girl  the  same  number  and  the  greatest  number  possible. 

(4)  How  many  teams  of  horses  worth  8  hundred  dollars  a  team  can  be  bought 
for  32  hundred  dollars? 

(5)  Then  how  many  teams  of  horses  worth  $800  a  team  can  be  bought  for 
$3,200? 

(6)  If  it  cost  24  million  dollars  to  build  4  street  railways,  what  would  it  cost 
to  build  one  street  railway? 

(7)  Then  if  it  cost  $24,000,000  to  build  4  street  railways,  what  would  it  cost 
to  build  one  street  railway? 

The  pupil  soon  learns  that  4X6  equals  24  and  that  24  divided  by  4  gives  6  as 
a  quotient  whatever  he  the  unit  of  measure  used;  24  thousands  divided  by  4  gives 
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6  thousands;  24  millions  divided  by  -i  gives  6  millions;  49  hundreds  divided  by  8 
gives  6  hundreds  for  quotient  and  1  hundred  remains. 

Problem:  To  divide  4987  articles  into  8  equal  g^roups; 

8)4987 

623  ..  3 

The  number  of  thousands,  4,  is  not  sufficient  to  permit  of  putting  a  thousand 
in  each  group ;  changing  the  4  to  the  next  lower  order  we  have  ■with  the  9  of  that 
order  49,  indeed  the  dividend  is  very  commonly  read  as  forty-nine  hundred  and 
eighty-seven.  To  divide  49  hundreds  by  8  is  no  more  diflBcult  than  to  divide  49  units 
by  8 ;  the  one  hundred  which  remains  is  changed  to  tens,  making  with  the  8  tens,  18 
tens,  and  the  next  problem  is  to  divide  18  tens  by  8,  which  gives  2  as  quotient  and 
2  tens  for  remainder;  similarly,  the  2  tens  are  changed  to  units,  and  with  the  7  of 
that  order  give  27  units,  which  divided  by  8  gives  3,  the  last  figure  in  the  quotient, 
and  the  remainder  is  3.  No  matter  what  the  series  of  figures,  the  process  is  the 
same,  and  the  pupil  should  experience  no  real  difficulty  if  rational  methods  and 
practice  have  been  followed. 

The  teacher  should  drill  pupils  very  thoroughly  in  class  on  the  work  of  short 
division  before  assigning  them  problems  for  seat  work.  Inexperienced  teachers  are 
apt  to  set  pupils  at  the  solution  of  problems  before  the  process  has  been  well  taught. 
The  testing  phase  of  instruction  is  as  important  as  the  teaching  phase,  but  the 
former  must  not  be  resorted  to  before  the  latter  has  been  completed. 

LONG     DIVISION 
318 
81)9678~     Divide  9878  by  31 ;  suppose  the  problem  to  be  to  divide  9878  articles 
S8         among  31  persons.     Correlate  the  solution  with  short  division.    Divide 
"7,        98  hundreds  into  31  equal  groups;  how  many  can  be  put  in  each  group? 
31        3  hundreds.     Where  can  the  3  be  placed  so  as  to  ghow  its  denomination 
~      or  name?     How  many  hundreds  are  left?     5  hundreds.     Now,  as  in 
Ul      short  division,  we  change  the  5  hundreds  to  a  lower  order.    The  5  hun- 
—      dreds  with  the  7  tens  in  the  dividend  make  57  tens.     Divide  57  tens 
^      by  31,  and  tlie  quotient  is  1  ten  and  the  remainder  26  tens.     Change 
this  to  units  and  divide  the  resulting  268  units  by  31  and  we  get  8,  the  last  figure 
in  the  quoticDt 

Connect  long  division  with  short  division.  One  of  the  weak  features  of  teach- 
ing arithmetic  is  to  teach  each  topic  as  though  the  pupil  had  never  learned  any 
•rithmctic  before;  little  or  no  use  is  made  of  liis  previous  knowledge;  no  effort  is 
made  to  show  how  one  topic  is  related  to  or  dependent  upon  one  previously  taught. 

After  the  pupil  knows  the  first  steps  of  long  division  there  still  remain  two 
difRcnltiea  to  be  overcome : 

( 1 )  To  tell  the  quotient  figure ; 

(2)  To  supply  a  zero  in  the  (piolicnt  when  the  divisor  is  not  contained  in 
th«  part  of  the  dividend  to  be  divided. 

11ie  first  diflkulty  is  overcome  by  having  the  pupil  make  frequent  trials.  This 
is,  after  all,  the  only  method  which  is  used.  It  is  not  unconuiion  for  one  skilled  in 
division  to  place  down  a  quotient  figure,  and,  after  trial,  fiixl  that  it  has  to  be 
changed.  Practice,  here  as  elsewhere,  leads  to  perfection,  and  the  pupil  may  be 
led,  through  practice,  to  see  that  he  can  approximate  the  quotient  figure  by  using 
a  truU  divisor.  For  instance,  if  28  were  the  divisor,  3  might  be  used  as  a  triai 
divisor;  if  the  divisor  is  21,  then  2  might  l)e  used,  etc. 
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The  second  difficulty  is  overcome  by  making  clear  the  place  value  of  the  digits 
in  the  partial  dividend,  for  example : 

The  first  step  is  to  divide  85  hundreds  by  21;  the  quotient  is  4 
hundreds  and  the  remainder  1  hundred;  reducing  this  remainder  to  the  21)8569 

next  lower  order  we  have  16  tens ;  this  is  not  sufficiently  large  to  contain  84 

21,  so  we  must  reduce  it  to  the  next  lower  order;  with  the  9  units  in  ^gg 

the  dividend,  this  gives  us  169  units;  169  units  divided  by  21  gives  168 

8  and  a  remainder  of  1.     The  4  in  the  quotient  is  hundreds,  and  the  8,  ~ 

units.     Emphasize  these  two  facts  rather  than  that  there  are  no  tens. 
The  zero  is  written  in  the  quotient  to  indicate  more  clearly  the  place  value  of  the 
4  and  the  8. 

Proceed  slowly  at  first.  Teach  the  pupil  the  formal  steps  of  long 
division  before  letting  him  encounter  either  of  the  difficulties  mentioned  above. 
The  first  examples  in  long  division  should  have  as  divisors  such  numbers  as  21, 
31,  41,  51,  and  later  42,  52,  62;  with  these  divisors  it  is  not  difficult  to  determine 
the  quotient  figure — that  is,  to  tell  "  how  often  it  will  go  ".  Further,  in  the  first 
examples  in  long  division,  zero  should  not  occur  in  the  quotient.  Later,  when  the 
child  has  thoroughly  learned  the  form  of  long  division,  he  may  be  introduced  to 
these  difficulties.  He  should  be  led  to  see  that  a  good  plan  for  keeping  check  on 
the  number  of  figures  in  the  quotient,  as  well  as  for  keeping  track  of  their  place 
values,  is  to  follow  the  rule  of  writing  the  first  figure  in  the  quotient  above  the  one 
in  the  dividend  that  has  the  same  place  value,  as  was  done  in  the  examples  above. 

DIVISION  By  FAOTOES 

*  Example :  Divide  5795  by  42. 
6)5795 

7)965  groups  of  six  with  remainder  of  5  ones, 
137  groups  of  forty-two  with  remainder  of  6  sixes. 

The  whole  remainder  is  6  groups  of  six  and  5  ones  or  41  ones — that  is,  the 
true  remainder  is  41. 


Example:  Divide  73205  by  168. 
7)73205 


6)10457  groups  of  sevens  with  a  remainder  of  6  ones, 


4)1742  groups  of  forty-two  with  a  remainder  of  5  sevens, 

435  groups  of  one  hundred  and  sixty-eight  with  remainder  of  2  forty-twos . 

The  quotient  is  435  and  the  remainder  is :  2  forty-twos  +  5  sevens  -|-  6  ones ; 

or  84  ones  -|-  35  ones  -\-  6  ones; 

or  125  ones,  the  true  remainder,  as  it  is  usually  called. 

Do  not  teach  the  pupils  a  formal  rule  for  finding  the  true  remainder;  show 
them  that,  in  the  example  just  given,  ones  have  been  put  into  groups  of  seven; 
the  sevens  combined  to  make  greater  groups,  namely,  groups  of  6  sevens  or  forty- 
two  ;  these,  in  turn,  into  groups  of  one  hundred  and  sixty-eight,  so  that  we  have : 

73205  =  435  groups  of  one  hundred  and  sixty-eight 

+  2  groups  of  forty-two  -\-5  sevens  -f  6  ones, 
=  435  groups  of  one  hundred  and  sixty-eight  -f-  125  ones. 
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Finding  the  true  remainder  is  simply  collecting  the  broken  groups  and  count- 
ing them  by  ones. 

Advantages. — The  advantages  of  teaching  division  by  factors  are: 

1.  It  facilitates  in  many  cases  the  operation  of  division. 

2.  It  teaches  the  relationship  of  numbers,  enables  the  child  to  understand  the 
counting  of  objects  by  groups,  makes  him  see  the  meaning  of  a  scale  of  notation, 
and  prepares  him  for  reduction  of  denominate  numbers  from  a  lower  to  a  higher 
nnit 

SOLUTIONS   OF   PROBLEMS 

All  arithmetical  operations  are  studied  and  mastered  chie;fly  for  the  purpose 
of  applying  them  to  the  solution  of  problems,  and  consequently,  throughout  the 
whole  course  carefully  selected  problems  must  be  provided  for  such  applications.  It 
must  be  noted,  however,  that  the  solution  itself  is  of  much  more  importance  than 
the  writing  of  it  either  on  the  black-board  or  on  paper.  It  is  a  dangerous  practice 
to  insist,  from  the  very  first,  upon  type  foarms  for  the  statement  of  solutions.  The 
pupil  must  not  l>e  led  to  emphasize  the  form  at  the  risk  of  neglecting  the  reasoning. 

It  would  seem  much  the  better  method  to  allow  the  pupil  latitude  in  solving 
problems,  and  to  accept  any  correct  solution.  This  will  teach  him  self-reliance  and 
independence.  The  solution,  at  first,  should  be  stated  in  the  pupil's  own  words 
and  style.  If  the  statement  can  be  improved,  let  him  endeavour  to  re-word  it 
for  himself  and  again  re-word  it.  In  time  he  will  express  himself  more  clearly  and 
concisely.  He  can  be  shown  how  Ms  statement  can  be  further  improved  in  neatness 
and  conciseness  and  be  led  to  see  the  value  of  the  type  form,  not  as  a  means  for 
getting  the  solution  but  as  a  means  for  expressing  it. 

It  is  a  mistake  to  think  because  the  pupil  can  use  the  "  type  form  "  that  he 
must  of  necessity  have  reasoned  out  the  solution  logically.  As  a  matter  of  fact  his 
reasoning  may  not  have  been  directed  to  the  solution  at  all,  but  may  have  been 
wholly  concerned  about  remembering  where,  in  the  type,  the  different  figures  should 
go  and  where  multiplication,  division,  etc.,  was  demanded. 

For  example :  Find  the  cost  of  6  oranges  if  4  oranges  cost  20  cents. 

TYPE  SOLUTION 

If  4  oranges  cost  20c,  ^ 

1  orange  costs  5c, 
. ' .  6  oranges  cost  30c. 

Here,  it  is  an  easy  matter  to  put  the  figures  in  the  correct  places  and  to 
ifmeiDber  that  the  first  operation  was  to  divide  and  the  second  to  multiply.  But 
has  the  pupil  reaaooed  aa  follows: 

1  orange  ia  f^  of  4  oranges ; 

.  * .  1  orange  ooita  %  of  20c  or  6c. 

6  orangea  ia  6  times  1  orange ; 

.'.  6  oranges  ooet  6  times  6c  or  30c? 

If  he  haa,  then  his  solution  may  be  more  briefly  stated  thus : 

If  4  oranges  ooet  20c, 

then  6  oranges  cost  \  of  20c  or  30c. 

The  ptipil  who  knows  that  1  orange  is  i^  of  4  oranges,  and  <»  ornnpcn  is 
6  timea  1  orange,  can  soon  he  taught  that  6  oniDgcH  in  |  ^of  4  oranges,  and  will, 
therefore,  cost   |   of  the  cost  of  4  oranges. 
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Yet  the  solution  may  be  the  result  of  reasoning  somewhat  differently  from  that 
indicated  by  either  of  the  types  given  above.  For  instance,  since  there  are  four 
oranges  their  cost  may  be  divided  into  4  equal  parts  which  will  place  5c.  in  each 
part;  and  when  there  are  six  oranges  there  will  be  in  their  cost  six  of  these  parts 
instead  of  four,  and  these  six  parts  will  require  30  cents.  Again,  6  may  be  con- 
sidered as  4  and  the  one-half  of  4,  and,  therefore,  the  cost  of  the  oranges  would  be 
20  and  the  one-half  of  20,  or  30c. 

It  is  evident  that  undue  prominence  given  to  any  particular  type  of  solution 
may  result  in  discouraging  originality  and  independent  reasoning.  On  the  other 
hand,  it  is  desirable  that  the  pupil  be  taught  to  give  expression  to  his  argument, 
"either  orally  or  in  writing,  in  clear  and  concise  terms;  and  for  this  purpose  typical 
solutions  may  be  useful  for  guidance. 

To  attack  a  problem  successfully  the  pupil  must  know: 

(a)  What  is  the  quantity  to  be  determined; 

(h)  What  are  the  specific  conditions  given  in  the  problem  to  enable  him  to 
determine  the  quantity; 

(c)  What  other  conditions  or  relations  are  given,  expressed,  implied,  or  to  be 
determined,  connecting  these  specific  conditions  with  the  result  to  be  obtained. 

The  pupil  should  be  taught  to  look  for  and  point  out  these  three  essentials 
in  every  problem  set  before  him.  For  example,  take  the  simple  problem  given 
above.  The  quantity  to  be  determined  is  the  sum  of  money  which  will  buy  6 
oranges.  The  condition  given  is  that  4  oranges  cost  20c.  The  relation  in  this 
case  to  be  determined — that  which  connects  this  condition  with  the  result  to  be 
found — is  the  relation  between  4  oranges  and  6  oranges. 

STEPS    IN   A    SOLUTION 

The  complete  solution  of  a  problem  involves  the  following  steps : 

(1)  Understanding  the  problem. 

(2)  Planning  the  work. 

(3)  Executing  the  plan. 

(4)  Testing  the  result. 

DIFFICULTIES 

These  steps  suggest  the  source  to  which  may  be  attributed  the  chief  diflBculties 
experienced  by  pupils.     These  are: 

(1)  Failing  to  understand  the  terms  in  which  the  problem  is  expressed,  and 
the  nature  of  the  transaction  involved. 

(2)  Failing  to  plan  the  work  owing  to  inability  to  discover  the  given  condition, 
the  quantity  to  be  determined,  and  the  connecting  relations,  and  thus  failing  to 
decide  upon  the  operation  involved. 

(3)  Failing  to  execute  the  plan  owing  to  lack  of  proficiency  in  the  mechanical 
work  of  addition,  subtraction,  multiplication,  etc. 

(4)  Failing  to  apply  proper  checks  to  the  result  in  order  to  determine  its 
accuracy  and  reasonableness. 

It  is  the  duty  of  the  teacher  to  endeavour  to  trace  all  difficulties  to  their 
proper  source,  to  aid  the  pupil  to  remove  them,  and  then  to  leave  him  to  work  his 
own  way  to  the  end  of  the  solution  without  further  assistance. 

In  estimating  the  work  of  his  pupils  in  the  solution  of  problems  emphasis 
should  be  placed  upon  the  following  points: 


42  ONTARIO  ARITHMETIC  MANUAL 

1.  The  knowledge  of  underlying  principles. 

2.  The  logical  expression  of  the  argument,  involving  a  clear  conception  (a)  oi 
the  result  to  be  obtained;  (6)  of  the  procedure  necessary  to  attain  that  result; 
and  (c)  of  the  logical  order  and  arrangement  of  that  procedure. 

3.  The  accuracy  of  the  answer. 

4.  The  rapidity  with  which  the  answer  was  obtained,  including  a  knowedge  of 
oral  and  written  methods  upon  which  brevity  depends. 

6.  Neatness  of  written  work,  including  good  penmanship. 

"Shaking"  Peoblems 

"  Sharing "  problems  as  arithmetical  exercises  have  for  a  long  period  been 
popular  with  teachers  and  in  text-books.  A  goodly  number  of  them,  at  least  in 
their  customary  form,  are  strictly  school  problems  and  find  no  place  in  the  actual 
experiences  of  child  or  adult,  nor  are  they  of  suflBcient  importance,  considering  the 
difficulties  they  afford  or  the  arithmetical  principles  they  involve,  to  warrant  the 
undue  prominence  given  them. 

They  are  dealt  with  here  to  show  their  simplicity  and,  in  some  cases,  to  show 
the  use  which  can  be  made  of  graphic  illustrations — aids  of  which  teacher  and 
pupil  should  frequently  avail  themselves  in  the  solution  of  problems. 

**  Sharing  "  protolems  may  be  divided  into  three  classes : 

1.  Those  in  which  one  share  exceeds  another  by  a  stated  sum. 

2.  Those  in  which  the  parts  into  which  the  whole  is  to  be  divided  bear  a  given 
ratio  to  one  another. 

3.  Those  in  which  the  first  two  conditions  are  combined. 
Examples : 

1.  Two  pieces  of  cloth  together  contain  50  yards;  the  first  is  10  yards  longer 
than  the  other;  find  the  length  of  each. 

2.  Three  bales  of  hay  together  weigh  335  lb. ;  the  first  weighs  40  lb.  more  than 
the  third,  the  second  weighs  25  lb.  more  than  the  third ;  find  the  weight  of  each. 

3.  A  man,  a  youth,  and  a  boy  together  weigh  390  lb.  The  youth  weighs  55  \b. 
more  than  the  boy  and  70  lb.  less  than  the  man ;  find  the  weight  of  each. 

4.  Divide  120  marbles  between  two  boys,  giving  one  5  marbles  as  often  as  the 
other  is  given  7. 

6.  Divide  $60  between  two  pereons,  giving  one  three  times  as  much  as  the 
other. 

6.  Divide  $240  among  three  persons  in  the  proportion  of  4,  5,  6. 

7.  Divide  $62  between  two  persons  giving  one  $10  more  than  three  times  what 
the  other  ii  given. 

8.  Three  houees  are  together  worth  $16,410.  The  first  is  worth  twice  as  much 
at  the  other  two  together,  and  the  second  ie  worth  $570  more  than  the  third ;  find 
th^  Ttlne  of  each. 

The  firit  three  problems  are  typical  of  the  first  class ;  3  is  slightly  more  com- 
plicated than  either  of  the  other  two,  but  it  is  easily  reducible  to  tho  8ame  form 
ii  1  and  2.  The  solution  may  be  graphically  illuitrated  and  taught  in  the  fol- 
lowing manner : 


SHARING 


43 


(1)  Let  two  lines  represent  the  lengths  of  the  pieces  of  cloth. 

What  is  the  total  length  of  the  two  pieces?    How  much  must  be  cut  off  the 
longer  so  that  the  remainder  may  be  of  the  same  length  as  the  shorter? 

What  then  is  the  total  length  of  the  two  pieces? 

What  is  then  the  length  of  one  of  them  ? 

What  then  was  the  length  of  the  other  before  it  was  shortened? 

50  yards  =  length  of  the  two  pieces. 

40  yards  =:  length  of  the  two  pieces  each  the  same  length  as  the  shorter  one. 

Therefore  20  yards  is  the  length  of  the  shorter  piece, 
and  30  yards  is  the  length  of  the  longer  piece. 


(2)  Represent  the  three  bales  graphically. 

What  is  the  total  weight  of  the  three? 

What  amount  must  be  cut  off  the  second  so  that 
the  remaining  portion  may  be  of  the  same  weight  as 
the  smallest  bale  ? 

What  then  is  the  total  weight  of  the  three? 

Wliat  are  their  respective  sizes  now? 


I V 


y 


What  amount  must  be  taken  off  the  largest  bale  so 
that  the  remainder  may  be"  of  the  same  weight  as  the 
smallest? 

What  then  is  the  total  weight  of  the  three? 

Compare  their  sizes  now. 


^::::z7i 


335  lb.  =  the  weight  of  the  three  original  bales. 
25  lb.  =  the  amount  cut  off  the  middle  bale. 
310  lb.  ^  the  weight  of  one  large  bale  and  two  small  ones. 
40  lb.  =  the  amount  cut  off  the  first  bale. 
270  lb.  =  the  weight  of  three  small  bales. 
Therefore  90  lb.  is  the  weight  of  the  small  bale. 

Have  pupils  find  the  weights  of  the  other  two,  and  teach  them  the  way  to  test 
the  answers  for  accuracy. 

(3)  What  is  the  weight  of  the  three,  the  man,  the  youth,  and  the  boy?  If  we 
take  the  youth  off  the  scales  and  put  the  boy  in  his  place,  by  how  much  has  the 
total  weight  been  reduced  ? 

What  do  the  scales  now  register? 
If  we  now  take  the  man  off  the  scales  and  put  the  boy  in  his  place,  by  how  much 
has  the  total  weight  been  reduced?    . 
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What  do  the  scales  now  register? 

What  does  this  weight  represent? 

What  weight  can  then  he  found  ? 

What  weight  shall  we  find  next?  and  next? 


390 
55 


335 
125 

210 

70 
125 
195 


The  numbers  to  the  left  occur  in  the  written  solution.  Have  the 
pupils  interpret  each  one.  Have  them  state  what  each  one  tells  and  how 
it  was  obtained. 

There  is  a  feature  in  this  problem  somewhat  different  from  that  in 
the  previous  two.  In  this  one  we  have  to  find  how  much  the  greatest 
share  (the  man's  weight)  exceeds  the  smallest  share  (the  boy's  weight)  ; 
in  the  previous  problems  that  amount  was  given  directly. 

It  is  not    necessary,    though    it    is    always    advisable,  to  make  the 
smallest  share  the  basis  of  the  calculation. 

Problems  4,  5,  and  6  are  examples  of  the  third  class;  the  method  of  stating 
ratio  differs. 

Problem  4  may  be  solved  by  supposing  the  marbles  to  be  distributed  between 
the  two  boys,  giving  5  to  one  and  7  to  the  other,  in  turn,  until  all  have  been  dis- 
tributed; then,  counting  the  number  given  to  each. 

After  5  marbles  have  been  given  to  the  first,  and  7  to  the  second,  there  are 
108  marbles  left;  after  5  have  been  given  a  second  time  to  the  first,  and  7  to  the 
other,  there  are  96  left;  and  the  question  of  telling  how  many  distributions  of  this 
land  we  may  make  presents  itself  naturally. 

12  marbles  are  given  to  the  two  boys  in  a  distribution  and  we  therefore  can 
make  10  distributions;  since  the  first  boy  get^  5  marbles  at  each  distribution,  he 
receives  altogether  5  marbles  ten  timee  or  50  in  all,  etc. 

Problem  6  means  that  the  first  person  gets  $1  as  often  as  the  second  gets  $3; 
in  problem  6  one  person  gets  $4  as  often  as  the  second  gets  $5  and  the  third  $6 ;  the 
remaining  solutions  resemble  that  of  problem  4.  Tliere  is  a  special  solution 
of  problem  5  a  little  simpler  than  this  one,  but  it  is  doubtful  if  it  be  advisable  to 
teach  it  at  this  stage. 

Problem  7  may  be  soWed  by  calling  the  small  share  a  unit;  then  the  larger 
•hare  is  a  unit  and  $10.  The  total  amount  of  money,  if  measured  in  units,  con- 
tains 2  units  and  $10.  If  measured  in  dollars,  63  is  the  measure  of  it — that  is, 
2  units  and  $10  are  together  equal  to  $02;  $62  is  greater  tlian  2  units  by  $10— 
that  is,  two  units  must  equal  $62,  etc. 

To  lead  the  pupils  to  understand  clearly  what  is  meant  by  "  unit "  in  this 
case,  the  teacher  may  have  them  measure  the  length  of  their  slates,  using  the 
langth  of  their  pencils  as  the  unit;  or  the  capacity  of  a  pail,  using  a  tin  can  as 
the  onit;  and  eipresi  the  result  of  their  measurement  orally,  thu;*:  thx*  length  of 
mj  tlAte  if  8  when  I  use  the  lead-pencil  as  the  unit  of  measurement,  the  capacity 
of  the  pail  in  23  if  I  use  the  drinking-cup  as  the  unit.  , 

Problem  8  may  be  aoWed  in  two  parts — by  getting  the  value  of  the  most  ex- 
pemlve  bouse  first,  and  eecondly  the  value  of  each  of  the  others.    Let  us  suppose 
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we  are  buying  three  houses;  we  pay  $2  for  the  first  as  often  as  we  pay  $1  for  the 
other  two  together.  Let  us  divide  the  total  sum  into  two  piles — one  the  price  of 
the  most  expensive  house,  and  the  other  the  price  of  the  remaining  houses.  To 
distribute  the  money  into  two  piles  we  put  $2  into  one  and  $1  into  the  other; 
$3  are  distributed  in  every  such  distribution,  and  this  can  be  done  5,470  times; 
the  first  house  is,  therefore,  worth  5,470  times  $2,  or  $10,940.  The  value  of  the 
second  and  third  together  is  $5,470 ;  the  difference  in  their  values  is  $570.  Call  the 
value  of  the  third  a  unit.  What  is  the  value  of  the  two  together?  Two  such  units 
and  $570.  What  is  the  value  of  the  houses,  expressed  in  dollars?  $5,470.  Then 
2  units  and  $570  must  mean  the  same  sum  as  $5,470,  and  two  units  must  mean  a 
sum  less  than  $5,470  by  $570;  these  two  units  must  equal  $4,900  and  one  of  them 
equals  $2,450 ;  that  is,  the  third  house  is  worth  $2,450,  and  the  second  $3,020. 

Later  it  should  be  shown,  in  problems  such  as  number  4,  that  since  the  first 
boy  reoeives  5  marbles  at  every  distribution,  and  that  12  marbles  is  the  number 
distributed  each  time,  the  first  boy  receives  t\  and  the  second  -^  of  the  num- 
ber distributed.  Similarly,  in  problem  6,  since  the  first  person  gets  $4  every  time 
the  second  receives  $5  and  the  third  $6,  he  receives -j^  of  each  distribution  andy^ 
of  the  whole. 
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Tables.  The  necessity  for  standard  units  can  be  shown  by  measuring  the 
water  in  a  vessel  by  cups  of  various  sizes,  glasses,  saucepans,  etc.  A  different  num- 
ber expresses  the  measure  of  capacity  in  each  case,  and  in  order  that  the  measure 
of  the  capacity  of  any  vessel  may  be  intelligible  to  every  person,  a  standard  unit 
that  every  one  knows  must  be  used.  Every  school  should  be  provided  with  pint, 
quart,  and  gallon  measures;  scales  capable  of  weighing  ounces  and  pounds;  a  foot 
rule  marked  in  inch  lengths,  a  yard  stick  marked  in  foot  lengths,  and  a  sixty-six 
foot  tape-line. 

The  pupil  must  be  shown  the  different  units  which  are  used  for  any  table.  He 
will  then  arrange  and  name  these  units  in  their  order  from  the  smallest  to  the 
largest  or  vice  versa ;  then,  by  actual  use  of  the  units,  he  will  discover  for  himself 
the  relation  between  any  one  unit  and  that  of  the  next  higher  or  lower  order,  and 
will  summarize  his  results  in  the  form  of  a  table  which  he  must  memorize. 

The  first  steps  in  Reduction  will  involve  this  actual  measuring,  and  the 
abstract  solution  of  such  easy  problems  as : 

How  many  pint  bottles  can  be  filled  from  the  milk  in  two  quart  bottles? 

How  many  quart  bottles  can  be  filled  from  the  milk  in  a  five  gallon  can? 

Which  is  the  greater,  two  gallons  or  fifteen  pints,  and  by  how  much  ? 

Express  3  gal.,  4  gal.,  5  gal.,  8  gal.,  in  quarts. 

What  is  the  equivalent  in  quarts  of  5  pints,  8  pints,  10  pints,  17  pints? 

Express  the  quantity  4  gal.  in  three  different  simple  denominate  numbers. 
Express  the  quantity  24  pints  in  two  other  ways. 

Treat  the  first  part  of  linear  measure  in  a  similar  way. 

These  two  tables  are  selected  for  beginners  because  of  the  familiarity  ot 
pupils  with  the  units  and  because  of  the  simple  scales  of  each. 

In  the  application  of  simple  multiplication  and  division  the  teacher  should 
make  much  use  of  problems  involving  the  reduction  from  one  unit  to  the  next 
higher  or  lower  unit.  If  this  is  done  intelligently,  further  progress  in  Reduction 
Descending  and  Ascending  is  made  comparatively  easy. 
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COMPOUND  ADDITION 

4  yd.  2  ft.  10  in. 

3  ..  2  ••  6  " 

7  "  1  ••  11  " 

3  ••  2  "  8  '• 

17  "  7  •*  35  " 

17  yd.  7  ft.  35  in.  expresses  the  siini  of  the  four  addends,  but  not  in  con- 
Tentional  form. 

The  conventional  form  is  obtained  by  changing  the 
35  inches  to  feet  and  then  the  9  feet  to  yards.  The  inch 
column  is  added  and  the  sum  changed  to  feet  and  inches 
just  as  in  simple  addition  the  units  are  changed  to  tens 
20  "  0  "  11  "  and  units.  As  the  number  of  units  are  put  in  the  proper 
place  and  the  number  of  tens  "  carried/'  so  here  the  num- 
ber of  inches  is  written  in  the  inch  column  and  the  number  of  feet  carried  to  the 
next  column.  Beginners  occasionally  make  the  error  of  saying  that  35  inches  equal 
3  feet  and  5  inches;  they  do  not  at  once  realize  that  the  scale  is  12,  not  10. 
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11  yd.  1  ft.  6  in. 

4  "  2  "  8  '* 


4  yd. 

2  ft 

10  in. 

3  •• 

2  •• 

6  •• 

7  ■• 

1  '• 

11  " 

3  " 

2  " 

8  " 

6  •*  1   "  10  " 

Here,  if  we  employ  the  Additive  method  of  subtraction,  our  problem  is  to  find 
the  quantity  which  must  be  added  to  4  yd.  2  ft.  8  in.  to  give  the  sum  11  yd. 
1  ft.  6  in. 

Now  just  as  in  simple  addition  when  the  units'  digit  in  the  minuend  was 
lees  than  the  units*  digit  in  the  subtrahend  we  added  enough  to  the  subtrahend 
digit  to  make  1  ten  -f  the  minuend  digit,  so  here  we  add  enough  to  8  in.  to  make 
1  ft.  -f  8  in.,  that  is,  we  add  10  in. 

Adding  the  10  in.  to  the  8  in.  we  get  1  ft.  6  in.,  and  find  that  1  ft.  has  to 
be  carried  to  the  2  ft.  in  the  subtrahend,  giving  3  ft. 

Again,  since  3  ft.  is  less  than  1  ft.  we  add  enough  to  3  ft.  to  give  1  yd. 
+  1  ft,  that  is,  we  add  1  ft. 

Adding  the  1  ft.  to  the  3  ft.,  we  get  1  yd.  1  ft.,  and  find  that  1  yd.  has  to 
l«  carried  to  the  4  yd.  in  the  subtrahend,  making  5  yd.  To  the  6  yd.  we  add 
6  yd.  to  make  the  11  yd.    Hence,  our  remainder  is  6  yd.  1  ft.  10  in. 

If  00  the  other  hand  we  use  the  Decomposition  method,  we  cannot  take 
8  in.  from  6  in.,  ao  we  change  the  1  ft  to  12  in.  and  these,  with  the  6  we  have, 
mske  18  in.;  8  in.  from  18  in.  leaves  10  in.  There  are  now  no  feet  in  the 
mixmend,  to  we  change  the  11  yd.  to  10  yd.  8  ft.;  2  ft,  from  3  ft.  leaves  1  ft.; 
4  yd.  from  10  yd.  leaves  6  yd.  The  similarity  to  simple  subtraction  should  be 
kept  in  mind  bj  the  teadwr  and  impressed  upon  the  pupil. 
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EEDUOTION 

(1)  Eeduce  1411  pt.  to  gallone. 

pt.  pt. 
2)1411 


qt.  4)705  times  . ' .  705  qt.  and  1  pt. 


176  times  .  * .  176  gal.  and  1  qt. 
pt.        gal.      qt.      pt. 
1411  =  176        1        1. 


There  are  as  many  quarts  in  1411  pints  as  there  are  groups  of  two  pints  in 
1411  pt.  The  first  problem  is  to  divide  1411  into  groups  of  two  (division) ;  since 
there  are  705  such  groups  in  1411  and  1  single  pint  besides,  therefore  1411  pt. 
equals  705  qt.  1  pt. ;  the  remainder  of  the  solution  consists  of  similar  reasoning. 

Always  insist  on  the  pupil  making  such  a  summary  as  that  contained  in  the 
last  line  of  the  solution — namely,  1411  pints  =  176  gal.  1  qt.  1  pt. 
(2)   Eeduce  7  yd,  2  ft.  7  in.  to  inches. 

7  yd.  =  21  ft.  =  21  times  12  in.  =z  252  in. 

2  ft.  =   2  times  12  in.  =    24  in. 

7  in.  =     7  in. 


.*.     7  yd.     2  ft.     7  in.  =283  in. 

The  work  of  this  problem  is  usually  written  in  the  following  form: 

7  yd.=  (7  times  3)  ft.     Since  7  times  3  =  3  times  7, 
7  yd.  2  ft.  7  in.       we  make  the  3  the  multiplier  in  this  case  so  that  the  posi- 
_^  tion  of  the  7  need  not  be  changed. 

23  ft.  23  ft.  =  7  yd.  2  ft.     Now    23    ft.  =  (23    times    12) 

12  inches;  since  23  times  12  =  12  times  23,  we  make  12  the 

283  in.  multiplier  so  that    the    position    of    the    83    need  not  be 

dianged.  23  ft.  =  276  in.  In  addition  to  this,  there  are 
7  inches,  making  a  total  of  283  inches.  Always  insist  on  the  pupil  making  a  sum- 
marizing statement  at  the  conclusion  of  his  solution — for  example,  7  yd.  2  ft.  7  in 
=  283  inches. 

(3)  Reduce  84674  minutes  to  weeks.  In  problems  such  as  this,  where  it  is 
necessary  to  use  a  divisor  of  two  digits,  we  may  divide  by  factors  or  divide  by  the 
long  form  and  set  down  the  quotient  and  remainder. 

6  0)84674  min. 

f  4  )  1  4  1  1  hr.  14  min. 

24-!     

)3  5  2       —  3- 

■'19  hr. 


7  )  5  8  dy 


:;)■ 


8  wk.  2  dy. 
.  • .  84674  min.  =  8  weeks  2  dy.  19  hr.  14  min. 

COMPOUND   MULTIPLICATION 

(1)  Multiply  14  lb.  10  oz.  by  9. 
14  lb.  10  oz.  Nine  times  10  oz.  =  90  oz.  =  5  lb.  10  oz. 

9  Nine  times  14  lb.  =  126  lb.,  to  which  "  carry  "  the  5  lb.  and  we 

131  ••  10  ••         get  131  lb. 


48  ONTAEIO  ARITHMETIC  MANUAL 

(2)  Divide  85  gal.  into  23  eqiial  parts. 

We  can  divide  85  gal.  by  23 ;  the  quotient  is  3  gal.  23)85  gal.  (3  gal.  2  qt.  1  pt 

and  there  are  16  gal.  left.    We  can  divide  further  by  re-  _ 

ducing  16  gal.  to  quarts.    The  problem  now  becomes  one  16  gal. 

of  dividing  64  qt.  by  23 ;  the  quotient  is  2  qt.  and  re-  ^^  ^}; 

mainder  18  qt.     We  can  divide  further  by  reducing  18  _ 

qt.  to  36  pt. ;  we  stop  after  the  36  pt.  have  been  divided  18  " 

Ijpcause  there  is  no  unit  less  than  pints.  23  ^ '  ' 

Review  work  by  getting  answers  from  pupils  to  the  — 

following  questions  relative  to  the  numbers  used  in  the  ^^ 
solutions,  namely: 

What  is  the  69  gal.?  What  is  the  46  qt.?  WTiere  was  64  qt.  obtained,  and 
what  therefore  is  it?  When  was  18  qt.  the  remainder?  What  is  the  nearest 
quantity  to  85  gal.,  and  less  than  it,  that  can  be  divided  exactly  by  23? 


BEDUCTION 


(1)  Reduction  of  yd.  to  rods,  and  the  converse. 

1  rod    =  514  yd. 

2  rods  =  twice  5i/^  yd. — that  is,  11  yd. 

3  rods  =  3  times  5%  yd.— that  is,  161^  yd. 

Reduce  2  miles  36  rods  5  yd.  2  ft.  to  feet. 

2  mi. 
820 

640 
86 

676  rods 
6i  Note.    In  this  reduction  we  are  to  think  of  the  operation  as  signify- 

^  ing  2  X  320  rods ;  or  by  the  laws  of  commutation  as  320  X  2  rods,  and 

mo  °ot  a«  representing  320  X  2  miles. 

----  2  miles  =  twice  320  rods  =  640  rods. 

'^  5  676  rods   =  676  X  51/2  yd.  =  676  half  yd.  +  676  times  6  yd. 

=8718  yd. 

8728  yd.  ' 

8 

1116(1 
2 

11171  feet 

Next  t€«ch  the  pupils  to  ettablish  this  table;  it  will  be  convenient  to  know  it: 
1^  yd.  =  1%  ft.  =  1  ft.  6  in.  =  18  in. 

(2)  Reduce  30  yd.  to  rods. 

To  reduce  30  yd.  to  rods  it  is  neoeesary  to  divide  30  into  group?,  each  contain- 
ing •%  7^-  This  is  more  eisily  done  by  changing  80  yd.  to  half-yd.  and  then 
dividing  it  into  groups  of  11  half-yd. 

80  yd.=  60  hilf-yd.=5  rods  and  5  half-yd.  or  6  rods  and  SVo  yd.=  5  rode. 
t  yd.  1  ft  6  in.  ^  j      ,  . 
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(3)  Reduce  242337  inches  to  miles,  etc. 

in. 

12)242337  in. 
ft. 
3)20194  times  .  • .  20194  ft.  and  9  in. 

5i  yd.  )6731  times  .  • .  6731  yd.  1  ft. 
or  11  half-yd.  )13462  half-yd. 


320  rd.  )  1223  times  .  • .  1223  rods  and  9  half-^d.  or  4^  yd. 
3      times  .  * .  3  miles  263  rods. 

242337  in.  =  20194  ft.  9  in. 

20194  ft.  ==  6731  yd.  1  ft. 

6731  yd.  =  1223  rd.  41/2  yd. 
1223  yd.  =         3  mi.  263  rd. 
242337  in.  =         3  mi.  263  rd.  4%  yd.  1  ft.  9  in., 
but  1/^  yd.  =         1  ft.  6  in., 
.*.  242337  in.  =  3  mi.  263  rd.  5  yd.  3  in. 

"We  reduce  a  quantity  expressed  in  terms  of  a  smaller  unit  to  larger  units  in 
order  to  get  a  more  definite  idea  of  its  value.  Thus,  we  form  no  definite  idea  of 
a  distance  between  two  points  when  we  are  told  that  it  is  242,337  inches;  but  we- 
have  a  more  definite  idea  of  the  same  distance  when  we  are  told  that  it  is  three- 
miles,  263  rods,  5  yards,  3  inches. 

Square  measure  and  cubic  measure 

A  Solid.  The  first  lesson  on  surface  should  be  begun  with  a  brief  considera-^ 
tion  of  solids.  Pupils  are  led  to  see  that  a  solid  is  anything  that  occupies  space. 
A  chalk-box  is  held  in  front  of  the  class,  then  removed  to  some  other  position,  and' 
pupils  led  to  see  that  the  space  occupied  by  it  in  the  first  instance  is  afterwards- 
occupied  by  air.  A  book,  a  ball,  a  piece  of  chalk  are  then  moved  from  position  to 
position  in  a  similar  way  to  illustrate  this  point.  Pupils  are  shown  that  objects 
are  of  various  shapes,  and  aie  told  that  the  one  under  consideration  on  the  par- 
ticular* occasion  has  the  shape  of  the  chalk-box.  Have  them  name  several  objects- 
in  the  sohool-room  that  are  of  this  shape.  A  sheet  of  paper,  the  slate  out  of  which 
the  black-board  is  made,  are  each  an  example  of  this  shape.  Point  out  that  the- 
sheet  of  paper  has  thickness,  although  its  thickness  is  small  compared  with  length 
and  width.  The  volume  of  a  solid  is  the  amount  of  space  occupied  by  it.  WheD 
we  speak  of  the  volume  of  a  solid  we  mean  its  "bigness,"  not  its  length,  or  its- 
width,  or  its  thickness,  but  its  size  as  a  whole. 

Surface.  Show  pupils  that  the  surface  of  a  solid  is  the  boundary  which- 
separates  the  solid  from  the  space  which  it  does  not  occupy;  that  the  surface  of 
the  black-board  is  the  boundary  between  the  slate  and  the  air  in  the  room;  that, 
the  surface  of  the  floor  is  the  boundary  between  it  and  the  mass  of  air  above  it^. 
that  the  surface  of  the  ball  is  the  boundary  between  it  and  the  air  around  it ;  that 
some  surfaces  are  flat  like  those  of  black-boards,  and  floors,  and  that  the  flat  ones- 
vdll  be  considered  first.  Have  pupils  mark  off  a  portion  of  the  black-board  surface- 
by  drawing,  (1)  curved  lines,  (2)  straight  lines,  (3)  four  straight  lines,  and 
(4)  four  straight  lines  that  meet  in  the  same  way  as  do  the  edges  of  a  picture- 
frame.  Show  pupils  that  the  boundaries  between  one  portion  of  space  and  another- 
are  lines;  that  the  school  grounds  are  separated  from  the  road  or  street  by  a  line;: 
that  lines  are  boundaries  between  portions  of  space  marked  off  on  the  black-boardi 
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and  the  rest  of  its  surface.     Show   them    that   the    surface   of   the  ohalk-box  is 
divided  into  six  portions,  and  that  each  of  these  is  bounded  by  four  straight  lines. 

Rectangles.  When  the  teacher  is  telling  the  pupils  what  is  meant  by  a  right 
angle  he  should  keep  strictly  in  mind  the  geometrical  definition  of  it. 

Lay  the  edge  of  a  rule  along  the  edge  of  a  piece  of 
cardboard  and  tell  the  pupils  that  if  the  corner  of  the  card 
is  of  the  same  size  as  the  corner  between  the  ruler  and  the 
edge  of  the  card  that  the  comers  are  right  angles.  lUus 
trate  furi;her  by  placing  the  ruler  similarly  on  the  upper 
edge  of  the  open  door.  Show  them  that,  if  a  carpenter 
cuts  a  board  in  two,  he  can  tell  whether  the  corners  arc- 
right  angles  or  not  by  placing  one  piece  on  top  of  the  other 
and  noticing  whether  or  not  the  corners  exactly  fit. 

A  portion  of  a  flat  surface  that  is  inclosed  by  four  straigaL  imes  and  has  its 
four  corners  right  angles  is  called  a  rectangle.  If  the  four  lines  are  of  equal 
length  the  rectangle  is  a  square,  if  only  the  opposite  sides  are  equal,  it  is  called 
an  oblong.     The  length  and  width  of  a  rectangle  are  called  its  dimensions. 

Area  is  the  measure  of  surface,  just  as  weight  is  the  measure  of  mass, — ^the 
measure  of  things  like  coal  and  butter,  etc. 

The  ordinary  unite  of  area  are  square  inch,  square  foot,  etc.,  just  as  ton,  lb., 
oz.,  are  the  units  of  weight.  A  square  inch  is  the  amount  of  surface  contained  in  a 
rectangle  each  of  whose  dimensions  is  one  inch;  a  square  foot  is  the  amount  of 
surface  contained  in  a  rectangle  each  of  whose  dimensions  is  one  foot;  a  square 
yard  is  the  amount  of  surface  contained  in  a  rectangle  each  of  whose  dimensions 
is  one  yard.  Draw  three  rectangles  of  these  sizes  very  accurately,  and  have  pupils 
re-ftate  the  dimensions  of  each  and  the  area  of  each. 

Divide  the  sides  of  the  second  rectangle  into 
twelve  equal  parts,  join  the  corresponding  points  and 
thus  divide  the  figure  into  a  number  of  little  squares. 
Have  the  children  count  the  number  of  squares,  and 
lead  them  to  see  how  they  might  have  computed  the 
number  (12  rows  of  12  each). 

Since  each  of  these  little  squares  is  a  square  inch 
in  area,  144  sq.  in.  equals  1  sq.  ft. 

Have  the  children  divide  the  square  yard  into 
square  feet,  and  ascertain  the  pumber  that  is  equiva- 
lent to  one  square  yard. 
Draw  a  reciaugle  a  rod  wide  and  a  rod  long  on  the  floor  of  the  class-room 
or  in  the  school  yard.  It  may  be  assumed  that  the  edges  of  the  boards  in  the 
floor  meet  the  walls  of  the  room  at  right  angles.  Draw  the  diagram  as  accurately 
•f  potiible,  the  pupils  assisting  in  the  work.  Divide  the  sides  of  the  rectangle 
into  sii  partly  five  of  a  yard  in  length,  and  one  of  half  a  yard  in  length ;  join  the 
oomfponding  points  of  the  sections  as  in  the  diagram  below. 
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In  the  ordinary  class-room  the  floor  space  underneath  the  desks  will  be  used 
for  the  diagram.  The  teacher 
should  plan  if  possible  to  have 
the  portion  X  Y  C  D  fall  on  an 
open  space  at  the  front  of  the 
room  and  the  portion  W  B  C  Z 
on  an  open  floor  space  at  the  side 
of  the  room.  A  diagram  on  the 
floor  showing  the  actual  size  of  a 
square  rod  is  preferable  to  a 
diagram  drawn  to  a  scale  on  a 
black-board.  When  the  diagram 
is  completed  compute  its  area  in 
square  yards.  Have  the  pupils 
give  dimensions  of  each  of  the 
thirty-six  rectangles  into  which 
the  whole  has  been  divided.  The 
area  of  each  of  the  largest  ones 
is  one  square  yard.  There  are 
25  of  these;  there  are  10  of  the  size  of  L  M  D  X.  Lead  pupils  to  see  that  two  of 
these  latter  placed  side  by  side  would  make  a  rectangle  equal  in  area  to  one  of  the 
former,  and  that  therefore  one  is  half  a  square  yard,  and  the  total  area  of  the  ten 
is  5  sq.  yd.  The  smallest  square  of  all  is  the  same  width  as  the  one  lying 
beside  it  and  half  as  long;  lead  the  pupils  to  see  that  the  area  of  the  one  is  half 
that  of  the  other  and  therefore  one  quarter  of  a  Square  yard. 

Finally  the  pupils  will  see  that  3014  sq.  yd.  is  equal  to  one  square  rod. 

Tell  the  pupils  that  we  use  another  unit  of  area,  namely  an  acre,  for  which 
there  is  no  corresponding  linear  unit;  tell  them  it  is  a  portion  of  surface  equal 
to  160  sq,  rd.     With  the  assistance  of  a  diagram  teach  pupils  to  compute:   ' 

(1)  The  number  of  sq,  rd.  in  a  sq,  mi, 

(2)  The  number  of  acres  in  a  sq,  mi. 

This  completes  the  teaching  of  the  table,  and  if  it  has  been  well  done  the 
pupils  have  incidentally  learned  the  first  step  in  finding  the  area  of  rectangles. 

The  reduction  of  square  yards  to  rods  and  the  converse  presents  little  more 
difficulty  than  the  reduction  of  linear  yards  to  rods.     Pupils  should  be  taught  to 
construct  the  following  table: 
.     1  sq,  yard=9  sq.  ft. 
y2  sq.  yard=4i/^  sq.  ft.=4  sq.  ft.  72  sq.  in. 
V4  sq-  yard=2i4  sq.  ft.=2  sq.  ft.  36  sq.  in. 
%  sq.  yard=63/4  sq.  ft.=6  sq.  ft.  108  sq.  in. 
Example:  Reduce  688147  sq.  in.  to  rods. 
144     6  8  8  1  4  7  sq.  in. 


304 
4 

121  quarter-yd. 


9  )  4  7  7  8  sq.  ft.  115  sq.  in. 
5  3  0  sq.  yd.     8  sq.  ft. 
4 


121)  2  1  2  0  quarter-yd. 

63  quarter-yd. 


17  sq.  rd.    63  quarter-yd.    or  15f  sq.  yd., 
.*.  688147  sq.  in.  =  17  sq.  rd,  15%  sq.  yd.  8  sq.  ft.    115  sq.  in., 

or       17  sq.  rd.  15  sq,  yd.  8  sq.  ft.  115  sq,  in,  -j-  6  sq.  ft.  108  sq.  in., 
or       17  sq.  rd.  16  sq.  yd.  6  sq.  ft.  79  sq.  in. 
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Tile  operation  of  dividing  by  144:  and  121  may  be  performed  by  the  long 
method  in  another  part  of  the  work  book  and  the  result  written  in  place  as  was  done 
above.  To  divide  by  factors  is  to  complicate  a  solution  that  is  already  somewhat 
involved. 

CUBIC  MEASUEE 

Apparattis.  A  cubical  block,  1  ft.  edge  and  a  number  of  cubes  of  1  in.  edge 
are  required  for  properly  teaching  this  table  as  well  as  for  teaching  the  estimated 
volume.  The  usefulness  of  the  large  block  is  increased  if  a  "  layer  "  1  ft.  X  1  ft. 
X  1  in.  can  be  detached  from  it. 

The  Volume  of  a  solid  is  the  amount  of  space  it  occupies. 
The  units  used  in  measuring  volume  are,  cubic  inch,  cubic  foot,  cubic  yard, 
cord. 

Solids  are  of  various  shapes;  those  that  the  class  will  consider  at  present  are 
of  the  shape  of  the  chalk-box;  solids  of  that  shape  are  called  rectangular  solids; 
when  the  length,  width,  and  thickness  are  equal,  the  solid  is  called  a  cube. 

Teach  pupils  the  definition  of  cubic  inch,  cubic  foot,  cubic  yard;  show  them 
fiolids  of  the  volume  of  the  first  two. 

Problem.    To  find  the  relation  between  cubic  inch  and  cubic  foot. 

1.  Have  pupils  construct  with  small  blocks  a  solid  1  ft.  long,  1  ft.  wide,  and 
1  in.  high. 

2.  Have  them  state  the  dimensions. 

3.  Have  them  tell  the  volume  in  cubic  inches, 

4.  Have  them  tell  how  many  such  solids  or  layers  would  be  required  to  make 
ft  pile  1  foot  high. 

5.  Have  them  tell  the  volume  of  this  pile  in  sq.  ft. 

6.  I-«ad  them  to  calculate  the  volume  in  cubic  inches — 12  "  layers,"  the 
Tolame  of  each  of  which  is  144  cubic  inches;  and  finally  the  relation  between  cubic 
feet  and  cubic  yards. 

RELATION   BETWEEN    CUBIC   FOOT   AND   CUBIC   YARD 

UnleM  the  teacher  bag  a  sufficient  number  of  suitable  blocks  for  this  purpose^ 
he  ihonid  draw  a  diagram  on  the  black-board.  ADNG  represents  a  solid  com- 
poaed  of  a'  number  of  amall  cubes  placed  side  by  side ;  the  dimensions  of  each  of  the 
enbea  is  1  ft,,  by  1  ft.,  by  1  ft.  Aak  the  pupils  to  tell  the  volume  of  each.  Apk 
them  to  tell  the  dimcDBions  of  ADNO,  and  then  its  volume. 

Lead  them  to  ascertain  the  number  of  blocks  like  ADNO  that 
would  be  required  to  nuike  a  pile  3  ft.  high,  3  ft,  long,  and  3: 
ft.  wide ;  have  them  compute  its  volume  in  cubic  feet.  TTnvc  them 
Htate  its  dimensions  in  yards,  then  its  volume  in  yards,  and 
finally  the  rejation  between  cubic  yard  and  cubic  foot. 

The  greatoft  unit  of  ▼olnTno  iho  rord,  is  equal  to  128  cu.  ft. 
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PROBLEMS  IN  MEASUREMENT 

(1)  Find  the  area  of  a  rectangle  5  in.  long 
and  3  in.  wide. 

Let  the  obiong  be  divided  into  3  strips  by  lines 
1  inch  apart  as  in  the  figure. 

The  area  of  one 'strip  =  5  sq.  in. 

The  area  of  the  rectangle  =  3  times  5  sq.  in. 
^=:  15  sq.  in. 

In  this  figure  there  are  two  units  of  measurement.  The  smaller,  a  primary 
unit  of  area,  is  1  sq.  in.  and  is  repeated  five  times  to  make  the  larger  unit  or  the 
strip;  the  larger  or  derived  unit  of  one  strip  is  5  sq.  in.,  and  is  repeated  three 
times  to  make  the  oblong  which  is  now  measured.  Make  a  rectangle  5  inches  long 
and  3  inches  wide.  Divide  it  as  in  the  figure  and  make  a  mental  picture  of  the 
resultant  figure. 

It  will  be  observed  that  the  number  of  units  in  the  area  is  the  product  of  the 
numbers  that  measure  the  length  and  width  respectively  in  the  corresponding  linear 
units.  Thus,  the  area  of  the  rectangle  just  considered  is  15  sq.  in.;  the  number 
15  was  obtained  by  multiplying  5  by  3,  the  numbers  that  measure  the  dimensions 
of  the  rectangle.  Similarly,  if  the  problem  were  to  find  the  area  of  a  rectangle 
8  miles  long  by  4  miles  wide,  one  would  suppose  the  figure  divided  into  4  strips 
by  lines  drawn  a  mile  apart,  and  one  of  the  strips  divided  into  8  equal  parts  by 
drawing  lines  across  it  at  a  distance  of  1  mile.  Each  of  the  small  rectangles  is 
1  mile  by  1  mile,  and  its  area  1  sq.  mile;  each  strip  contains  8  of  these  and,  there- 
fore, its  area  is  8  sq.  miles;  the  area  of  the  whole  rectangle  is  4  times  8  sq.  miles 
or  32  sq.  miles,  the  product  of  8  and  4,  the  numbers  that  measure  the  dimensions 
in  corresponding  linear  units. 

The  solution  may  be  written  thus: 

area  of  rectangle  =  1  sq.  mi.  X  8  X  4  ==  32  sq.  mi. 

(2)  To  find  the  length  of  a  rectangle  whose  area  is  36  sq.  in.  and  whose 
width  is  4  in. 


Draw  a  figure  like  this  one.  The  dimen- 
sions of  the  strip  are  1  inch  by  4  inches,  and 
its  area  4  sq.  inches.  Since  36  contains  4  nine 
times,  the  area  of  the  given  rectangle  is  9  times 
as  great  as  this  one.  Therefore,  it  would  take  9  rectangles  the  size  of  ABCD 
placed  side  by  side  to  make  one  equal  in  area  to  the  given  one;  and  9  placed  side 
by  side  would  make  a  rectangle  9  inches  long. 

The  problem  might  have  been  solved  by  remembering  that  since  the  area  of  a 
rectangle  is  obtained  by  finding  the  product  of  the  numbers  that  measure  the 
dimensions,  tlie  number  that  measures  one  dimension  can  be  found  by  obtaining 
its  co-factor  with  respect  to  the  number  that  represents  the  area;  for  example, 
if  the  area  of  a  rectangle  be  36  sq.  in.  and  the  measure  of  one  dimension  be  4, 
that  of  the  other  dimension  must  be  9. 
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(3)  To.  find  the  volume  of  a 
rectangular  solid  8  inches  long, 
5  inches  wide,  and  4  inches  high. 

Let  the  solid  be  divided  into  4 
slices  by  horizontal  planes  1  incih 
apart.  Let  the  right  hand  row  be 
divided  into  5  cubic  inches  by  verti- 
cal planes  1  inch  apart. 

The  volume  of  1  row  =  5  cubic  inches. 
The  volume  of  8  rows  or  1  slice  =8X5  cubic  inches. 

The  volume  of  3  slices  =  3X8X5  cubic  inches, 
=  120  cubic  inches. 
In  this  solid  the  three  units  of  volume,  in  order  of  size,  are  the  primary  unit 
or  1  cu.  in.,  the  divided  units  or  the  row  of  5  cu.  in.,  and  the  slice  of  40  cu.  in. 
The  solid  is  made  up  of  how  many  units  of  each  kind? 
Each  unit  is  made  up  of  how  many  of  the  next  smaller? 
It  may  be  observed  that  the  number  that  measures  the  volume  of  the  solid 
18  the  product  of  the  numbers  that  measure  its  dimensions.    The  number  of  cu.  in. 
in  the  solid,  120,  is  the  product  of  3,  8,  and  5,  the  measures  of  the  dimensions. 

(4)  Given  the  volume,  and  two  of  the  dimensions  of  a  rectangular  solid,  to 
find  the  third. 

The  volume  of  a  rectangular  solid  is  24  cu. 
ft.;  two  of  its  dimensions  are  2  ft.  and  3  ft.  re- 
spectively; find  the  third  dimension. 

The  volume  of  a  slice,  2  ft.  by  3  ft.  by  1  ft., 
is  6  cu.  ft.  The  volume  of  the  given  solid  is  24 
cu.  ft.  or  4  times  *6  cu.  ft.,  that  is,  it  is  equal  in 
Tolnme  to  that  of  4  such  slices.  A  pile  of  four  slices  would  make  a  solid  4  ft. 
high,  therefore,  4  ft.  is  the  third  dimension. 

The  problem  might  also  have  been  solved  by  remembering  that  the  number 
t^t  measures  the  volume  is  the  product  of  the  three  numbers  that  measure  the 
dimensions  in  corresponding  linear  units.  The  product  of  2,  3,  and  the  number 
that  measures  the  third  dimension  is  24,  and  therefore  the  third  dimension  is 
W  +  6,  or  4. 

OTHER  PROBLEMS 

(1)  Qncttion  No.  12,  page  117,  Ontario  Public  School  Arithmetic. 

The  first  step  in  the  solution  is  to 
determine  in  what  way  the  cards  can  be 
( ut  most  economically  from  the  sheet. 
Since  82  inches  is  an  exact  multiple  of 
2  inches,  and  27  inches  is  not,  it  is  plain 
that  there  will  be  no  waste  in  that  diriec- 
tion,  if  the  length  of  the  card  be  cut  along 
the  short  side  of  the  sheet. 

Since  22  inches  contains  2  in.  11  times, 
there  will  bo  11  cards  in  a  strip  of  bristol- 
board  IV2  inches  wide  and  22  inches  long; 
the  number  of  siifh  strips  that  can  bo  cut 
from  a  sheet  will  be  the  number  of  times 
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that  IV^  inolMt  it  contained  in  27  inches,  that  is  18. 
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In  1  sheet  there  are  11  cards  X  18. 

In  50  sheets  there  are  11  cards  X  18  X  50  or  198  cards. 

The  teacher  will  note  that  this  problem  is  not  solved  by  dividing  the  area  of  the 
broad  surface  of  the  card  into  the  area  of  the  broad  surface  of  a  sheet  of  the  bristol- 
board. 

(2)   Question  No.  13,  page  117,  Ontario  Public  School  Arithmetic. 

In  this  problem,  as  well  as  in  No.  12,  its  practical  application  must  be  con- 
sidered. There  must  be  a  post  at  each  comer  of  the  field.  The  dimensions  must 
be  found  as  a  first  step  in  the  solution;  they  are  16  rods  and  20  rods.  The  pupil 
must  first  find  the  number  of  posts  required  for  each  side  separately  and,  in 
totalling  the  numbers,  must  remember  that  the  post  at  the  comers  belongs  to  each 
of  the  adjacent  sides. 

Since  16  rods  and  20  rods  are  both  multiples  of  22  ft.,  this  particular  problem 
might  have  been  solved  by  simply  dividing  the  perimeter  by  22  ft. 

If  a  dimension  of  the  rectangular  field  were  not  a  multiple  of  the  distance 
between  the  posts,  what  would  be  the  number  of  posts  required? 

(3)  Question  No.  26,  page  118,  Ontario  Public  School  Arithmetic. 

The  problem  here  is  to  find  the  area  of  the  larger  plot  in  terms  of  the  area  of 
the  smaller,  or  to  find  how  many  times  the  area  of  the  small  plot  is  contained  in 
the  area  of  the  large  plot.    This  is  easily  done  by  drawing  a  diagram. 

Let  A  B  C  D  represent  the  smaller  plot ;  produce  each 
of  its  sides  the  "length  of  itself  and  complete  the  square  D  X; 
then  produce  the  sides  D  A  and  C  B  until  they  meet  the  sides 
of  the  large  square.  The  larger  square,  D  X,  represents  the 
large  plot,  since  each  of  its  sides  is  double  the  length  of  the 
sides  of  A  C.  It  is  seen  from  a  glance  at  the  diagram,  that 
the  large  square  is  four  times  as  great  as  the  small  one  and 
that,  therefore,  the  cost  of  sodding  it  will  be  four  times  $20. 

The  pupils  should  be  led  to  draw  the  diagram  and  make  the  observation. 

(4)  Question  No.  6,  page, 
117,  Ontario  Public  School 
Arithmetic. 

Draw  a  diagram  to  scale 
and  show  the  walk  consists  of 
two  rectangles  668  ft.  by  4  ft. 
and  two  rectangles  330  ft.  by 
4  ft.  Have  the  pupils  draw  all 
diagrams  if  possible. 

The  principle  taught  in  this  problem  is  useful  in  solving  a  number  of  other 
problems;  for  example,  finding  the  volume  of  the  walls  of  a  rectangular  house; 
finding  the  dimensions  of  the  panes  of  glass  in  a  window-sash  when  the  outside 
dimensions  of  the  sash  and  the  thickness  of  the  wood  are  given. 

In  solving  problems  in  measurement  it  will  be  found  helpful  to  draw  diagrams 
to  a  scale. 

In  solving  several  of  the  problems  on  pages  117  and  118,  Ontario  Public 
School  Arithmetic,  it  will  be  necessary  to  divide  one  denominate  number  by 
another.  The  pupils  should  be  made  to  distinguish  clearly  between  dividing  27 
inches  into  3  equal  parts  and  dividing  27  inches  into  groups  of  3  inches  each. 
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Shingles  are  put  up  in  bunches  about  22  inches  wide  and  containing  25  layers 
at  each  end  or  50  layers  in  all.  Four  bunches  are  called  a  thousand,  although  the 
number  of  shingles  in  four  bunches  may  not  be  exactly  a  thousand. 

It  will  be  seen  that  if  shingles  be  laid  4  in.  to  the  weather  that  one  bunch  will 
cover 


/4X  22X60  \ 

^ 144 ,  or  son  sq.  ft. 


It  should  be  made  clear  to  the  pupil  that  if  the  solution  were  written  in  all 
its  minute  details,  it  would  run  thus: 

Area  covered  by  one  bunch  of  sliingles  =  4  sq.  in.  X  22  X  50, 

=  4400  sq.  in. 
Dividing  4400  sq.  in.  into  groups  of  144  sq.  in.  each,  we  get  30  groups  of  that 
size  and  another  |  of  one  of  them. 

Since  1  sq.  ft.  is  the  name  given  to  a  portion  of  area  containing  144  sq.  in., 
we  call  the  area  covered  by  a  bunch  of  shingles  30  f  sq.  ft. 

In  order  to  make  allowance  for  defective  shingles  and  for  the  fact  that 
shingles  are  placed  more  closely  together  on  a  roof  than  in  the  bunoh,  builders 
usually  estimate  a  bunch  to  cover  25  sq.  ft.  of  roof  or  a  thousand  to  cover  100  sq.  ft. 
of  roof. 

If  shingles  are  placed  5  inches  to  the  weather,  an  inch  more  of  the  length  of 
each  shingle  will  be  exposed  than  if  it  were  laid  4  inches  to  the  weather,  therefore 
it  will  cover  one  fourth  more  surface;  so  that  a  thousand  shingles  laid  5  in.  to 
the  weather  will  cover  100  sq.  ft.  of  roof  and  one  fourth  of  100  sq.  ft.,  or  125  sq.  ft. 

Similarly  it  may  be  shown  that  if  shingles  are  laid  4^  inches  to  the  weathei 
a  thousand  will  cover  100  sq.  ft.  +  ^^^  eighth  of  100  sq.  ft.,  or  II214  sq.  ft. 

In  problems  17  and  19,  page  118,  Ontario  Public  School  Arithmetic,  the 
•hingles  referred  to  are  of  particular  sizes,  such  as  one  may  sometimes  see  on  rail- 
way stations  or  on  fancy  roofs. 

These  questions  simply  ask  us  to  find  how  many  times  a  large  rectangular 
area  (a  side  of  the  roof)  contains  a  smaller  rectangular  area  (the  flat  side  of  a 
ahlngle). 

(5)  Question  No.  16,  page  123,  Ontario  Public  School  Arithmetic. 
The  area  of  a  sidewalk  is  1  sq.  ft.  X  4  X  Vr  X  5280. 

The  number  of  board  ft.  is  IV^  times  the  number  expressing  the  area  in  sq.  ft. 
See  page  121  of  Ontario  Public  School  Arithmetic. 

No.  of  board  ft.  =  II/2  X   (4  X  Vg  X  6280), 
=  4  X  4  X  Vs  X  5280, 
=  3960   • 
The    area   of    one    side    of    a    scantling    the    length    of    the    sidewalk    is 
(A  ^  k  ^  5280)  sq.  ft.      The  number  of  board  ft.  is  4  times  the  number  of  sq. 
ft  in  the  area  of  the  side  of  the  scantling. 

Total  number  of  board  ft.  in  scantlings  =  8X4XAXiX  6280, 

=2640. 
Amount  of  lumber  in  all  =  (2640  +  3960)  =  6600  ft. 

(6)  Qoattion  No.  18,  page  128,  Ontario  Public  School  Arithmetic. 

Tba  nnfflber  of  board  feet  of  lumber  required  is  the  same  as  the  number  of 
square  feet  in  the  area. 

H«rdwood  flooring  is  usually  either  %  inches  or  %  inches  in  thickness,  is 
always  tongued  and  groored,  and  cut  into  strips  or  boards  of  uniform  width.    The 
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lumber  is  cut  in  the  saw-mill  into  boards  2^  inches  or  3  inches  wide,  and  then 
taken  to  the  planing-mill  -and  dressed — that  is,  planed,  tongued,  and  grooved; 
about  Yg  inch  is  taken  off  the  thickness  in  planing  and  i/^  inch  off  the  width  by 
the  tongue,  so  that  a  board  that  was  3  inches  wide  originally  will  cover  a  strip  of 
floor  2y2  inches  wide. 

What  will  be  the  cost  of  hardwood  flooring  %  i^-  thick,  cut  in  boards  3  in. 
wide  and  tongued  and  grooved,  for  a  room  25  ft.  by  20  ft.  at  $65  per  M  ? 

A  board  3  inches  wide  will  cover  a  strip  of  floor  2i/^  inches  wide;  in  other 
words,  2y2  inches  of  the  board's  width  is  used  as  a  walking  surface  and  ^  inch 
runs  into  the  groove  in  the  next  board.  When  the  floor  is  laid  yi  of  the  width  of 
"  walkable  "  surface  of  a  board  is  hidden  from  view.  The  buyer  pays  for  the  whole 
board. 

The  number  of  board  ft.  required  is  Ys  more  than  the  number  of  sq.  ft.  in 
the  surface  of  the  floor. 

The  solution  may  be  written  this  way: 
$65  X  25  X  20  X  6 
1000X5      ^"^^  ^^  ^^°'^''- 

FRACTIONS 

Definition.  Give  to  each  member  of  the  class  5  strips  of  thin  cardboard  or 
cover  paper  one  inch  wide  and  4  inches  long.  The  teacher  may  use  5  strips 
16  inches  long.    Let  each  pupil  note  that  the  strips  he  has  are  all  the  same  length. 

Let  each  pupil  put  one  strip  on  the  table.  Take  the  second  strip  and,  after 
folding  into  two  equal  parts,  cut  the  strip  at  the  crease  and  set  down  parallel  to 
the  first  strip.  Take  the  third  strip,  fold  twice  and  cut  into  4  equal  parts,  and  set 
down  parallel  to  the  second.  Similarly,  by  folding,  divide  the  fourth  strip  into 
8  equal  parts,  and  the  fifth  into  16  equal  parts,  and  set  down  as  before. 

The  following  diagram  will  represent  the  division  and  disposition  of  the 
strips : 


A  whole 


Halves 


Fourths 


Eighths 


n 


Sixteenths 


Two.    What  shall  we 


In  the  first  strip  we  have  a  whole  or  a  unit. 

In  the  second  strip  how  many  equal  parts  have  we? 
call  these  parts?    Halves. 

In  the  third  strip  how  many  equal  parts  have  we?    Four.    What  shall  we  call 
these  parts?    Fourths. 

In  the  fourth  and  fifth  strips  respectively  how  many  equal  parts  have  we? 
Eight  and  sixteen.  What  shall  we  call  these  parts  respectively?  Eighths  and  six- 
teenths. 
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Now  any  one  or  more  of  the  equal  part8  into  which  the  -whole  or  unit  is 
divided  is  a  fraction. 

Thus,  in  the  fourth  strip,  one  part,  or  one  eighth,  is  a  fraction;  two  parts — 
that  is,  two  eighths,  is  a  fraction;  three  parts — that  is,  three  eighths,  is  a  fraction; 
etc.,  etc. 

In  the  fourth  strip  what  is  one  of  the  equal  parts  called?  One  eighth.  What 
are  seven  of  these  equal  pari;8  called?  Seven  eighths  or  7  times  one  eighth.  The 
fraction  "  seven  eighths  "  may  be  regarded  as  a  quantity  got  by  repeating  a  unit 
of  measurement,  "  one  eighth,"  7  times,  just  as  7  feet  is  a  quantity  got  by  repeat- 
ing the  unit  of  measurement,  "  1  foot,"  7  times. 

Notation.  Take  7  of  the  equal  parts  of  the  fourth  strip  and  we  have  the 
fraction  "  seven  -eighths,"  which  might  be  written  7  eighths  or  7  times  one  eighth, 
but  is  generally  written  |. 

In  the  fifth  strip  what  shall  we  call  nine  of  the  equal  parts?  Nine  sixteenths. 
How  shall  we  write  this?    9  times  one  sixteenth,  or  j^ 

What  is  it  that  determines  the  unit  of  measurement — 'that  is,  the  name  of  the 
parts  in  the  case  of  each  of  the  strips  which  are  divided?  Where,  for  example,  in 
Yw,  does  this  number  appear?  Under  the  line.  Because  this  number  determines 
the  name  or  denomination  of  the  fraction  it  is  called  the  denominator  or  "  name 
teller"  of  the  fraction. 

And  because  the  number  above  the  line  tells  the  number  of  the  equal  parts 
taken,  or  the  number  of  times  the  unit  of  measurement  (in  this  case,  one  six- 
teenth) is  repeated,  it  is  called  the  numerator  or  "number  teller"  of  the  fraction. 

The  denominator  and  numerator  are  the  terms  of  a  fraction.  (See  Ontario 
Public  School  Arithmetic,  pages  92-4.) 

Numeration.  Take  strips  of  paper,  say  6  inches  long,  and  show  the  meaning  of 
i»  l»  i  tV'  i'  2-    See  Ontario  Public  School  Arithmetic,  page  87.  Examples  6,  7,  8. 


lieduciion.    1.  To  change  a  whole  number  to  a  fraction. 


one  inch 

one  incn 

one  inch 

i 

i 

i 

2. 

t 

i 

(1)  Reduce  3  inches  to  half  inches. 
Analysis:     1  in.  =  2  half-inches, 

3  in.  =  3  X  2  half-inches, 
=  6  half -inches, 
»  I  inch. 

(2)  Reduce  4  inches  to  thirds  of  an  inch. 


3  inches 
6  half-inclies 
j6  inches 


one  inch 

one   inch 

one  inch 

one  inch 

i|i 

i 

i      i  1  ^ 

i     i      A 

i  1  i      .V 

Analysis:    1  in. 
4  in. 


4in  =      12.  one-third  in 

>3  ihiiils  uf  an  inch, 
i4  X  3  thirds  of  an  inch, 
12  thirds  of  an  inch, 


■■  V    inches. 
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(3)   Reduce  7  inches  to  sixths  of  an  inch. 

Brief  analysis :     1  in.  =  6  sixths  of  an  inch  =  f  in., 

7  in.  =  7  X  6  sixths  of  an  inch  =  42  sixths  in,  :=^^ 
2.  To  change  a  whole  number  and  a  fraction  to  a  fraction. 

9 Fourths  inches 
finches  and  |  in 

Example:  Reduce  2^  inches  to  quarter-inches. 

Analys^:     1  in.  =  4  quarter-inches, 

2  in.  =  2  X  4  quarter-inches  =  f  in., 
2  in.  -}-  1  quarter-in.  =  8  quarter-in.  -f- 1  quarter-in. 
=  «in. 


m. 


1  1   i.       1       1 

1     J     1    1 

1 

4    1     4          4         4 

4         4        4        4 

4 

one  inch 

one  incH 

1 
4 

Or  briefly,  thus  :  2i  in. 


2X4+1 


m. 


=T  m. 


3.  To  change  a  fraction  to  a  whole  number. 


lin 

lin 

lin 

lin 

1  : 

i       1       JL       i 
4        T       4         4 

JL        1        1        i 
4         4         4.4 

X          1          1         i 
4         4         4         4 

1111 

4         4         4         4 

1  1 

4     1 

4   in.  and 

I  in  or  4i 

in.  V-  in 


Example : 
Analysis : 


Change  V  i"-  to  in. 


4  in.  and    ^  in.  or  H  ill.  =  y  in. 


4  fourth-inches  =  1  inch, 


17  fourth-inches  = 


17  fourths 


m.. 


4  fourths 
.=  4  times  and  1  fourth-in., 
=  4  in.  and  1  fourth-in., 
=  4]- inches, 
or  briefly:  V^in.  =  (17-^4)  in.  =  4|  in. 

4.  Reduction  of  fractions  to  equivalent  fractions. 

Outline  on  the  black-board    a    rectangle    48    in.    long  and  10  in.  wide,  and 
divide  as  in  the  following  diagram: 


6 


;j;II  isritStsS 


8 


6 


8 


6 


6S 


6 


6 


9-6     IS 

nTTTnnmi 

7 
8 

1-^ 

1-1 

l-i 

I-* 

h 
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Write  down  therefrom  equivalents  for 


f  =  i  f. 


i  =  lh 
i  =  i,  I. 

By  comparing  any  pair  of  equivalent  fractions,  lead  the  class  to  observe  that 
if  both  numerator  and  denominator  of  a  fraction  be  multiplied  or  divided  by  the 
same  number  the  fraction  is  not  altered  in  value. 

By  comparing  the  eighths  and  the  quarters  in  the  diagram  above  we  see: 

(1)  That  in  the  whole  line  there  are  1^  or  8  times  the  unit  of  measure- 
ment, i.  ' 

(2)  That  in  the  whole  line  there  are  t,  or  4  times  the  unit  of  measure- 
ment, J. 

(3)  That  the  unit  of  measurement  i  =  twice  the  unit  of  measurement  i. 

(4)  That  2  times  i  =  4  times  i,  that  is,  that  when  the  unit  of  measurement 
is  made  one  half  as  great  it  must  be  taken  twice  as  many  times.  See  Ontario 
Public  School  Arithmetic,  pages  92,  93,  94. 

Addition  and  Subtraction  of  Fractions 


Add  (1)     6  ft.                 (2)     2  bu. 
8  in.                          3  gal. 

Here  we  change  (1)  from  6  ft.    to 

8  in. 

72  in. 
8  in. 

or    72  (1  in.) 
8  (1  in.) 

80  (1  in.) 

and  (2)  from  2  bu.    to 
3  gal. 

16  gal. 
3  gal. 

or    16  (1  gal.) 
3  (1  gal.) 

-  (1  gal.) 
19  (1  gal.) 

Before  adding  whole  numbers  we  must  reduce  the  addends  to  the  same 
deDoroiiiAtion,  or  express  each  as  a  certain  number  of  times  the  same  unit  of 
memremtnt  So  also  fractions  can  be  added  only  when  they  are  of  the  same 
denomination  or  are  expressed  as  so  many  times  the  same  unit  of  measurement. 
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Add  f  and  f. 

In  the  diagram  MO,  MN  and  NO,  each  equals  one  whole. 

Let  the  pupils  note: 

(1)  That  f  =  ^\  =  8  twelfths. 

(2)  That  I  =  ^Sj  =  9  twelfths, 
and  that  •"•  I  +  f  =  A  +  A  =  \h 

(3)  That  12  is  the  smallest  number  that  will  contain  3  and  4  exactly,  and 
therefore  the  smallest  denominator  that  may  be  used  for  equivalent  fractions,  and 
that  therefore  yV  is  the  greatest  unit  of  measurement  that  can  be  used. 

This  may  be  shown  thus : 


2_4  6     _       8       _     10     _     12     _ 

3^  — TT    —    T    "~    Ta"    ~    T5    ~    TS   — 


14 


^  =  etc. 


3     _ 


T^ 


_     12     _     16 


=  if  =  etc. 

Hence  f  and  |  may  be  expressed  as  j%  and  y\,  or  as  |f  and  || ;  that  ig,  as  8{^^) 
and  9(^1^),  or  as  16(^V)  ^^^  18(^). 

The  greatest  unit  of    measurement    (tV)    is   the    one  generally  used', 
denominator  12  is,  of  course,  the  L.C.M.  of  3  and  4. 


The 


y^ 


'h 


y^ 


y^ 


M 


h  1 1 1  i  1 1 1 1 II II  ii 


j   ^    i    ^  i    ^  i    yi 


N 


^A 


Oral  Exercise. 

1.  How  many  are  there  of  the  smallest  parts  of  MN?    Each  of  them  is  what 
part  of  the  line? 

2.  i^  =  how  many  twentieths?     i/4  =  how  many  twentieths? 

To  what  may  we  change  fourths  and  fifths,  or,  in  other  words,  what  unit  of 
measurement  may  we  use  in  order  to  find  their  sum? 

3.  4X5=?,  20  =  5  X  ?,  20  -^  4  =  ?     What  is  20  of  4  and  5  ? 


1  = 


T"(5^, 


f  —  ■i~^\  t  —  TT7 ;  I  — 


TTj 


—  TTT. 


4. 
5. 
6. 
7. 
8. 
9. 

i  +  iV 

i  +  isV 

f +  -^ 

f +  iV 

i  +  \ 

i  +  i 

=   ? 
=   ? 
=   ? 

10. 

11. 

12. 
13. 
14. 
15. 

i  +  f  = 
f +  i  = 
l  +  i  = 
1  +  1  = 
f +  f  = 
1  +  1  = 

? 

? 
? 
? 

] 

vfk 

y3 

Mill 

1      y^ 

Mill 

i 

1 

1 

-1 

|N 


\%\yi\%\  '%\'h 


Oral  Exercise. 

1.  The  line  MN  is  divided  into  how  many  equal  parts?    What  is  each  of  these 

parts  ? 

2.  \  =how  many  fifteenths?    \  =liow  many  fifteenths? 

3.  f  =  IT ;  f  ^^  TT ;  f  =^  T? ' 


f 
-\^' 


4.  3X5=?  15  -^-  3  =  ?  15  -^  5  =  ?     15  is  what  of  3  and  6  ? 
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5.  To  what  shall  we  change  thirds  and  fifths  so  that  we  may  add  them  or 
subtract  them? 


6. 


54H-A  =  ? 


7.  yi-\-H='^ 

8.  ^  +  >^=? 

9.  1^  +  ^=? 

11.  H-^y3=? 


12.  y3-{-^=? 

13.  ^4-^  =  ? 

14.  ^  +  ^i=? 

15.  j4-^yi=? 

16.    H+TT=? 

17.  y3  +  ys=? 


MCLTlPLICAXrox   AND   DIVISION    OF   FRACTIONS. 


Ys 


'A 


% 


I.  To  multiply  a  fraction  by  a  whole  number. 


% 


% 


% 


% 


% 


/a 


%     % 


Example:    ?  X  4  =  |. 

This  is  easily  seen  from  the  diagram. 

It  may  be  represented  thus: 

2  fifths  X  4  =  8  fifths. 


%=% 


%      73 

4  TIMES 

From  this  and  other  examples  derive  the  rule:  To  multiply  a  fraction  hy  a 
whole  number  multiply  the  numerator  of  the  fraction  by  that  number  and  retain 
the  denominator.    See  Ontario  Public  School  Arithmetic,  pages  99-100. 


II.  To  divide  a  fraction  by  a  wliolc  number. 


■Ml 


■"biiyiiiiiiiiiii'^ 


3     3 

I  I 


S   =)4-OFy3  0R%-5-  4=ygo 


Eiample:      8  -<-  4. 

Thii  means  to  divide  }  into  4  equal  parts  and  take  one  of  these  parts.  In 
the  diagmiD  the  line  MN  is  first  divided  into  fifths;  then  each  of  these  fifths  is 
divided  into  four  equal  parts;  next,  one  of  these  equal  parts  of  each  of  the  three 
fifthf  is  taken.  It  is  evident  that  {  of  S>  *^**  ^^>  S  **"  ^»  i*  ^^"^^  ^  20  since  the 
■mall  psrts  are  twentieths. 


Again :  |  »  hH  ™  if  &>  ahown  in  a  foregoing  exerciae. 

Hence,  to  divide  f  by  4  Is  to  divide  if|  by  4, 
and  12  twentieths  -4-  4  is  8  twentieths  =  {„ 

From  this  and  similar  examples  we  infer  the  rule  that  a  fraction  is  divided 
hf  a  whole  number  when  its  denominator  is  multiplied  by  that  number. 


MULTIPLICATION  OF  FRACTIONS 
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III.  To  find  the  value  of  a  fraction  of  a  fraction,  that  is,  of  a  compound  fraction, 
(a)   See  Ontario  Public  School  Arithmetic,  page  101. 
(6)   See  following  diagram  to  show  |  of  t  =  i^. 


•/5 


/5 


/s 


Vs 


wUpmI   yh/h>4    k^^^^    MmU 


Ys 


^'''^  i%°^>i|  \%°^^\  |%->^| 

"Mo        'Yzo        'Vzo        ^Yzo 

.-.  j4  o^  y*  -  •>^o 


o 


■ 

1 

Bb 

I 

(c)  In  figure  M,  what  part  of  M  is  A?  i^  of  A.  What  part  of  A  is  B? 
^2  of  B.  Then  what  part  of  M  is  B  ?  1/2  of  1/2  of  M.  Looking  only  at  B  and  M, 
what  part  of  M  is  B  ?    i^.    Then  ^2  of  Vz  =  V\- 

Again,  C  is  what  part  of  B  ?  1/2.  And  B  is  what  part  of  M  ?  l^.  Then  C 
is  what  part  of  M?  i/^  of  i/4.  Looking  only  at  C  and  M,  what  part  of  M  is  C? 
%.    Then  1/2  of  %  =  Vs. 

In  figure  N  say  in  two  ways  what  part  E  is  of  N. 

(«)  h  of  h  (b)  i, 
.'.  h  of  h  =  h 
Show  by  figure  0  that  J  of  ^  of  J  =  tV- 

See  now  diagram,  Ontario  Public  School  Arithmetic,  page  lOL 


IV.  To  multiply  a  fraction  by  a  fraction. 

Example:  Ys  X  %.    In  this  operation  three  steps  are  necessary; 
(1)  To  show  that  the  multiplier  %  =  y^^  of  3. 


ONE 


THREE 


Va.  = 


14   OF  ONE  +  J4  OF  ONE   +    >i  OF    ONE 
'/^    OF  THREE 

J4    OF     3 
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(2)  To  multiply   |  by  3. 


Ml 


•/«    .  V% 


/s     .    /s 


N         i 


Vs  Vs  Vs 

Vs  X  3  =  %. 

(3)  Here  we  have  multiplied  by  3  instead  of  i  of  3  and  we  must  therefore 
take  4   of  the  result  |. 


ONE 


Vs 


Vs 


Vs 

\y-. 

■  1  1 

'/Aor^U 

:.    Ya  or    e/5    =    6/ 


ao. 


MN  is  1  and  MO  =  f  of  1. 

MN  is  divided  into  20  equal  parts, 

\  of  each  of  the  6  fifths  =  ^, 

•        2    V    3    6 


From  this  and  similar  examples  we  infer  the  rule  for  the  multiplication  of  two 
fractions :  The  product  of  two  fractions  is  equal  to  the  fraction  whose  numerator 
u  the  product  of  the  numerators  of  the  given  fractions  and  whose  denominator  is 
the  product  of  the  denominators  of  the  given  fractions. 

V.  To  divide  a  fraction  by  another  fraction. 

Example:  Divide  ^  by  %. 

Since  %  =  ^4  of  3,  if  we  divide  ^  by  3  instead  of  by  %  of  3  we  must  multiply 
our  result  by  4. 


'/s 

/5 

y. 

'A 

'A 

■  xlxpxix 

xlxl 

1      1 

1      1 

t    ^ 

•I* 

..73" 

-3-SHA 
=  2    F 

DED    PAR 
IFTEEN 

TS 
THS 

In  the  diigram  we  have  shown  ^  -*  3  jw  giving  two  of  the  small  parts  called 
flfteorith^  and  thene  two  partn  are  taken  4  linieH,  making  H  (iftieiillis. 

Therefore  f  -♦-  f  =  A'=  H^  =  f  X  diviaor  inverted. 
Or  otherwige.  thus:  I  -*-  f  =  I  -^  (i  of  3), 

=  f  -♦-  8  and  the  reHult  multiplied  by  4, 
—  j«iOrAtobe  multiplied  by  4, 
^  ^r*  *=  A  ^  ft « HI 
=  f  X  (    inverted). 

Prom  thif  and  similar  examplee  we  infer  the  rule:  To  divide  one  fraction  by 
another  we  invert  the  divisor  and  proceed  ojf  in  the  mnliipJ iration  of  fractions. 
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Otherwise :  f  -^  I  ==  ifo  -^  i§, 

=  8  twentieths  -h  15  twentieths  =  8  -^  15, 
=  Ts  =  JiTa.     Hence  the  rule. 


DivisoES  OR  Units  of  Measurement 

1.  Unit  of  Measurement 

Let  the  class  find  all  the  lengths  which  may  be  used  to  measure  exactly  12  in., 

15  in.,  18  in.,  20  in. 

Thus  for  18  in.  we  have  1  in.,  2  in.,  3  in.,  6  in.,  9  in.,  18  in. 
12     "  "       1  in..  2  in.,  3  in.,  6  in.,  12  in. 

"        15     "  "       1  in.,  3  in.,  5  in.,  15  in. 

"         20     "  "       1  in.,  2  in.,  4  in.,  5  in.,  10  in.,  20  in. ; 

and  1  in.,  2  in.,  4  in.,  5  in.,  10  in.,  20  in.,  are  each  Units  of  Measurement  by 
which  20  in.  may  be  exactly  measured. 

A  Unit  of  Measurement,  then,  is  a  quantity  by  which  another  like  qtMntiiy 
may  he  exactly  measured. 

2.  Common  Unit  of  Measurement 

In  1  above,  the  units  of  measurement  of  18  in.,  and  12  in.,  are  given  thus: 
for  18  in.,  we  have  1  in.,  2  in.,  3  in.,  6  in.,  9  in.,  18  in.;  and  for  12  in.  we  have 
1  in.,  2  in.,  3  in.,  6  in.,  12  in.  Of  these  1  in.,  2  in.,  3  in.,  6  in.,  are  common, 
therefore  each  is  a  common  unit  of  measurement  of  12  in.  and  18  in. 

A  Common  Unit  of  Measurement  of  two  quantities  is  such  a  quantity  as  may 
be  used  to  measure  exactly  each  of  the  two  given  quantities. 

3.  The  Greatest  Common  Unit  of  Measurement 

From  2  above,  the  common  units  of  measurement  of  12  in.,  and  18  in.  are 
1  in.,  2  in.,  3  in.,  and  6  in. 

Of  these  6  in.  is  the  greatest,  and  it  is  therefore  the  Greatest  Common  Unit 
of  Measurement  of  12  in.,  and  18  in. 

The  Greatest  Common  Unit  of  Measurement  of  two  or  more  quantities  i$ 
the  greatest  quantity  of  the  same  kind  hy  which  each  of  these  quantities  may  ht 
exactly  measured. 

The  Greatest  Common  Unit  of  Measurement  may  be  called  the  Greatest  Com- 
mon Measure.  If  the  quantities  are  abstract,  or  numbers,  the  Greatest  Comanon 
Measure  may  be  called  the  Highest  Common  Factor. 

To  find  the  Greatest  Common  Measure  of  24  and  90. 

Factor  each  into  its  prime  factors  and  set  down  thus: 
24  =  2X2X2X3 
90  =  2X3X3X5 

Now,  by  inspection,  it  is  seen  that  2  and  3  are  common  divisors,  and,  there- 
fore, 2  X  3,  or  6  is  the  Greatest  Common  Measure. 


5    A 
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To  find  the  Greatest  Common  Unit  of  Measurement  of  18  in.,  and  30  in. 


12 


immmmimmmmmmmmmmMiiiimum 


i^iiiiimimiimmiuiiiiimiiiiiiumwmiim/iim 


16 

16 

2  6 


iMii/iiiHiiiiiiuiHiiiiiimwmt'HUimiiiiiim 


12 


! 


!8J30Q_ 


(12  mmmmmmmmmi 


[e  mmmM* 


12JI6li_ 
12 


12 
O 


Greatest  Com- 
mon  Unit    of 
Measurement 
of  18  in.  and 
30  in.  is  6  in. 


(1)  Since  the  unit  of  measurement  must  measure  18  in.  exactly,  that  is,  turn 
over  on  18  in.  an  exact  number  of  times,  and  also  measure  30  in.  exactly,  that  is, 
turn  over  on  30  in.  an  exact  number  of  times,  (otherwise  it  would  not  be  a  unit 
of  measurement)  therefore  it  must  turn  over  on  the  difference  between  30  in.  and 
18  in.,  that  is,  on  12  in.  an  exact  number  of  times,  or  measure  it  exactly. 

(2)  Again,  since  it  measures  18  in.  exactly  and  12  in.  exactly  it  must  measure 
their  diflFerence,  namely  6  in.  exactly. 

(3)  And  since  it  measures  12  in.  exactly  and  6  in.  exactly  it  must  measure 
their  difference,  namely  6  in.,  and  the  Greatest  Common  Unit  of  Measurement  of 
6  in.  and  6  in.  is  clearly  6  in.  t 

Therefore  the  Greatest  Common  Unit  of  Measurement  for  30  in.  and  18  ih. 
u  6  in. 

The  principle  illustrated  above  may  be  stated  as  follows:  Tlie  Greatest  Com- 
mon Unit  of  Measurement  of  any  two  numbers  is  a  unit  of  measurement  of  their 
difference,  or  of  the  difference  betv;een  any  multiples  of  these  numbers. 

Example:  Find  the  G.  C.  U.  of  M.  of  1643  and  6107. 

(1)  1643)'6107(3      (1)  The     Greatest     Common     Unit     of     Measurement 

4929      of    6107    and     16i3     is    a    unit    of    measurement    of 

6107  —   (3  X   1643),  or  1178.       The  Greatest  Common 

1178      Unit  of  Measurement  is  therefore  to  be  found  in  1643  and 

1178. 

(2)  1178)1643(1      (2)  If  found  in   1643  and  1178,  it  is  found  in  their 

1178      difference,  which  in  465,  and  therefore  to  be  found  in  1178 

and  465. 

465 

(8)     486)1178(2      (8)  If    found     in     1178    and    466,  it    is    found    in 
980      1178  —  (2  X  465),  that  ia  248,  and  therefore  to  be  found 

in  465  and  248. 

248 

(4)  248)468(1        (4)  If  found  in  466  and  248  it  is  found  in  their  diflfer- 

248     enre,  which  is  217,  and  therefore  to  he  found  in  248  nud  217. 


217 
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(5)     217)248(1        (5)   Similarly,  it  is  found  in  248—217,  that  is,  31. 

217 


31 

(6)       31)217(7        (6)   It  is  found  in  31  and  217  or  7  X  31,  therefore  the 
217        Greatest  Common  Unit  of  Measurement  is  31. 


1643 

3 

6107 
4929 

1178 

1 

1178 

465 

2 

930 

248 

1 

248 

217 

1 

217 

217 

7 

31 

The  work  may  be  formally  set  down  as  follows 


Therefore,  the  Greatest  Common  Unit  of  Measurement  of 
1643  and  6107  is  31. 

If  there  be  more  than  two  quantities  whose  Greatest  Common 
Unit  of  Measurement  is  required,  find  the  Greatest  Common  Unit 
of  Measurement  of  two,  then  of  the  result  and  the  third,  and  so  on. 


Multiples' 

I.  Multiple 

Since  4  ft.  X  1  =  4  ft.;  4  ft.  X  2  =  8  ft.;  4  ft.  X  3  =  12  ft.;  4  fi 
X  4  =  16  ft. 

Therefore  4  ft.,  8  ft.,  12  ft..  16  ft.  contain  4  ft.  an  exact  number  of  times, 
and  are  therefore  said  to  be  multiples  of  4  ft. 

Similarly  21,  28,  35,  etc.,  are  multiples  of  7.  Thus,  a  multiple  of  a  given 
number,  or  quantity,  is  such  a  number,  or  quantity  as  contains  the  given  number, 
or  quantity,  a  whole  number  of  times. 

II.  Common  Multiple 

3,  6,  9,  12,  15,  18,  21,  24,  are  multiples  of  3;  4,  8,  12,  16,  20,  24,  are  multiples 
of  4. 

Examining  the  multiples  we  find  that  12  and  24  are  multiples  of  both  3  and 
4  and  are,  therefore,  Common  Multiples  of  3  and  4. 

Also  2  ft.,  4  ft..  6  ft.,  10  ft.,  12  ft.,  are  multiples  of  2  ft.;  and  3  ft.,  6  ft., 
9  ft.,  12  ft.  are  multiples  of  3  ft. 

Therefore,  either  6  ft.  or  12  ft.  is  seen  to  be  a  Common  Multiple  of  2  ft. 
and  3  ft. 

Hence,  a  Common  Multiple  of  two  or  more  numbers,  or  quantities,  is  such  a 
number,  or  quantity  as  contains  each  of  the  given  numbers,  or  quantities,  a  whole 
number  of  times. 

III.  Tlie  Least  Common  Multiple 

In  II  above,  12  and  24  are  common  multiples  of  3  and  4;  and  6  ft.  and  12  ft. 
are  common  multiples  of  2  ft.  and  3  ft. 

Of  these  1?  is  the  least  common  multiple  of  3  and  4,  and  6  ft.  is  the  least 
common  multiple  of  2  ft.  and  3  ft. 
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The  Least  Common  Multiple  (L.C.M.)  of  two  or  more  given  numbers,  or 
quantities,  is  the  least  number,  or  quantity,  which  contains  each  of  these  numbers, 
or  quantities,  a  whole  number  of  times. 

To  FIND  THE  L.C.M.  OF  TWO  OR  MORE   NUMBERS 

1.  Find  the  L.  C.  M.  of  2-4,  35,  90. 

Resolving  24,  35,  and  90  into  their  prime  factors  we  have  24  =  2  X  2  X  2X  3; 
35  =  5  X  7;  90  =  2  X  3  X  3  X  5. 

To  contain  24  the  L.  C.  M.  must  have  the  prime  factors  2,  2,  2,  3 ;  to  contain 
35  it  must  have  the  factors  5,  7;  to  contain  90,  it  must  have  the  factors 
2X3X3X5. 

Thus  to  contain  24  the  L.C.M.  must  have  2,  2,  2,  3,  as  factors. 

"        24  and  35  the  L.C.M.  must  have  2,  2,  2,  3,  5,  7,  as  factors. 
"        "        24,  35,  and  90,  there  must  be  only  the  additional  factor  3, 
since  the  other  factors,  2,  3,  5,  are  already  found. 

Thua  2X2X2X  3X5X7X3,  that  is  2520,  is  the  L.C.M.  of  24,  35,  and 
90.  The  L.C.M.  may  be  written  2^  X  3^  X  5  X  7,  which  shows  that  the  L.C.M.  of 
two  or  more  numbers  is  the  product  of  all  the  prime  factors  of  the  numbers,  each 
factor  being  taken  the  greatest  number  of  times  it  is  found  as  a  factor  in  any  of 
the  given  numbers. 

The  following  method  is  often  used: 


2)  24, 

35, 

90 

(d) 

3)  12, 

35. 

45 

(c) 

5)     4, 

35. 

15 

(b) 

4.  7,^         3     (o) 

L.C.M.  =  2X3X5X4X7X3  =  2520. 

The  divisors  used  are  prime  factors  common  to  any  two  or  more  numbers. 
Dirision  is  carried  on  until  there  is  found  no  factor  common  to  any  two  numbers. 

Since  4,  7,  3  are  prime  to  one  another  their  L.C.M.  =  4X7X3,  and  since 
the  numbers  in  line  (6)  are  either  the  same  ae  those  in  line  (a),  or  just  5  times 
those  numlHjrs,  the  L.C.M.  of  nuinbere  in  (6)  is  4  X  7  X  3  X  5;  so  the  L.C.M.  of 
nnmbera  in  (c)  is  4X7X3X6X3;  and  the  L.C.M.  of  numbers  in  (d)  is 
4X7X8X6X3X2,  thai  i>.  •.'•'.•ii. 

This  method  consJKts  in  pri-iitjrvincr  from  nil  tlie  numbers  the  factors  that 
will  be  required  in  the  L.C.M. 

Sometimes  the  L.C.M.  of  numbers  not  ciinly  resolved  into  their  prinio  fnctorB 
b  required. 

Example:     Fiml  the  L.C.M.  of  5141  and  9991. 

ViTA  find  the  II.C.F.,  which  i»  97. 

Then  6141  =  97  X  63,  and  9991  =  97  X  103. 

Sow  ii  is  clear  that  (97  X  63)  X  (97  X  103)  is  a  common  multiph\  hut  not 
the  L.C.M,;  the  factor  which  is  common,  namely  97,  l)eing  uimccc'SBiirily  repeated. 

(97  X  53)  X  (97  >  103) 
Tlierefore  the  L.C.M.  is  (97  X  53)  X  (97  X  103)  -?-  97  or  ^^       — 

..   .  ,    the  product  of  the  nombert 

tbfttii,  ,   .  =r;r= 

thpir  Tl.C.T. 
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DECIMALS 

Review  the  notation  of  whole  numbers,  using  the  example  111.  IIow  many 
times  the  number  represented  by  the  "  one  "  to  the  right  is  the  number  represented 
by  the  "  one  "  in  the  middle  position  ?    Ten  times. 

How  many  times  the  number  represented  by  the  middle  "  one  "  is  that  repre- 
sented by  the  "  one  "  to  the  left  ?    Ten  times. 

How  does  moving  a  digit  one  place  to  the  left  affect  its  value?  It  gives  it  a 
value  ten  times  as  great. 

How  does  moving  a  digit  one  place  to  the  right,  say  from  the  third  place  to 
the  second  place,  or  from  the  second  place  to  the  first  place,  affect  its  value?  It 
gives  it  a  value  -^o  of  what  it  had. 

If  this  rule  were  applied  further,  what  would  be  the  value  of  the  digit  "  one  " 
when  put  one  place  to  the  right  of  the  unit's  place?  ^V  o^  1-  What  would  be  the 
value  of  "one''  when  put  two  places  to  the  right  of  the  unit's  place?  -^^  of  ^ 
that  is,  y^^.  "What  would  be  the  value  of  "  one  "  when  put  three  places  to  the 
right  of  the  unit's  place?    \-^  of  ^  of  tV,  that  is  -nsViy- 

Here  present  to  the  class  a  cube  (a  cubic  decimeter  is  very  suitable  for  the 
purpose),  a  slab  which  is  ^  of  the  cube,  a  rod  which  is  ^  of  the  slab,  a  cubic 
centimeter  which  is  ^-^  of  tlie  rod. 


/\o      Vm     Yv 


1000 


Place  the  pieces  as  in  the  diagram,  and  lead  the  class  to  observe  that  : 

(1)  The  cube  is  10  times  the  size  of  the  slab; 

(2)  The  slab  is  10  times  the  size  of  the  rod; 

(3)  The  rod  is  10  times  the  size  of  the  small  cube. 
Observe  also  that: 

(1)  The  slab  is  ^^  of  the  size  of  the  large  cube; 

(2)  The  rod  is  ^\  of  the  size  of  the  slab,  and   /^  of  I'o,  or  t^t  of  the  cube; 

(3)  The  small  cube  is  ^^  of  the  size  of  the  rod  and  ^  of  iV  of  iV,  or  toVif 
of  the  cube. 

If  then  the  large  cube  is  called  me  and  is  represented  by  the  figure  1  the 
values  of  the  set  may  be  written  as  in  the  figure,  but  since  the  positions  give  the 
denominations  we  may  drop  the  denominators  and  write  the  result  thus,  1-111. 
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The  point  is  called  a  decimal  point  and  is  used  to  divide  the  whole  number  from 
the  fractional  part. 

Considerable  practice  should  now  be  given  in  reading,  in  different  ways,  num- 
bers expressed  in  the  decimal  system. 

The  questions  given  on  pages  144  and  145  of  the  Ontario  Public  School 
Arithmetic  should  be  thoroughly  understood. 

Other  examples: 

(1)  Read  28-56  as  a  mixed  number;  as  tetiths;  as  tens;  as  hundredths. 

(2)  Express  -3,  7-5,  -08  as  fractions. 

(3)  Express  3  tw,  Mis,  10800  as  decimals. 

(4)  When  a  fraction  may  be  expressed  by  giving  only  its  numerator  and  the 
position  of  the  numerator,  what  kind  of  fraction  is  it?  How  is  the  denominator 
of  the  fraction  known  in  this  case  ? 

(5)  How  is  it  that  9,  9-0,  and  9  GO  have  the  same  value? 
Write  them  as  fractions  and  reduce  them  to  their  lowest  terms. 

ADDITION  AND  SUBTRACTION   OF  DECIMALS 

Neither  of  these  operations  will  give  any  difiBculty  if  the  addends  in  addition 
and  the  minuend  and  subtrahend  in  subtraction  are  written  so  as  to  bring  the 
anits  of  the  same  order  in  the  same  vertical  columns. 

Whatever  method  of  subtraction  has  been  used  with  integers  should  be  used 
in  subtraction  of  decimals. 

For  Exercises,  see  Ontario  Public  School  Arithmetic,  pages  147  and  148. 


MULTIPLICATION    OF  1 

DECIMALS 

1. 

Multiply 

•6  by  7. 

.6=« 
10 

•6X7=-^ 
10 

10 

4-2 

2. 

Multiply 

•031 

by 

6. 

•031  = 

31 

1000 

•031  X  6 

-31     y. 

-fooo  ^\ 

186 
1000 

K  Multiply 

2-31 

by 

7. 

=  .186. 


2-31  =  ^  .  • .  2-81  X  7  =  ^  X  7  =  1^  =  1617. 
100  10(f  100 

4.  Multiply  -86  by  •«. 

85=-?^ and    6  =  ^ 
100  10 

•     •35X.6=,^xl  =  ^  -.-210. 
100      10      1000 

6.  Multiply  3-6  by  -9. 

a-6=?5and    9  =  1 
10  10 
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6.  Multiply  2-5  by  3-7. 
25  =  1  and  3-7  =  1 

...,.5X3.7=|xfI  =  §|=9.36. 

Examine  the  products  and  lead  the  class  to  observe : 

(1)  That  the  figures  are  the  same  as  those  got  by  multiplying  the  multipliei 
and  multiplicand  as  if  they  were  whole  numbers. 

(2)  That  the  number  of  places  to  the  right  of  the  decimal  point  in  the  pro- 
duct is  equal  to  the  sum  of  the  places  to  the  right  of  the  decimal  point  in  the 
multiplier  and  multiplicand. 

Example:  Multiply  2-37  by  8-6. 

The  lowest  digit  in  the  multiplier  is  -r?  and  in  the  multiplicand  is  y-J-ff.  There- 
fore the  lowest  result  in  the  product  will  be  a  number  of  thousandths ;  that  is,  will 
stand  in  the  third  place  to  the  right  of  the  decimal  point. 

Exercises  in  multiplication  of  decimals  are  given  in  the  Ontario  Public 
School  Arithmetic,  pages  149  and  150. 

The  following  may  be  added: 

(1)  Multiply  the  following  decimals  by  10, 

1-6,   -6,  1-3,  82-7,  1023-6. 

(2)  Multiply  the  following  decimals  by  100, 

508,  1-37,  805-63. 

(3)  By  what  must  the  following  be  multiplied  to  convert  them  into  whole 
numbers  ? 

•8,  1-732,  -05,  -0765,  -37856. 

DIVISION   OF   DECIMALS 

In  the  division  of  decimals  considerable  diflficulty  is  experienced  from  inability 
to  put  the  decimal  point  in  its  proper  place  in  the  quotient.  This  may  be  over- 
come by: 

(1)  Making  the  divisor  a  whole  number. 

(2)  Setting  the  partial  quotients  in  their  proper  place  ahove  the  correspond- 
ing figures  in  the  dividend. 

This  will  at  once  fix  the  decimal  point  for  the  quotient.  Establish  the  fact 
that  if  divisor  and  dividend  be  multiplied  by  the  same  number,  the  quotient  is 
unaltered. 

Thus  18-^-3  gives  quotient  6, 

(18  X  5)  -^  (3  X  5)  gives  quotient  6. 

1.  Example:     Divide  8-46  by  5. 
1-692 
■^^5''^^  The  quotient  is  yi  of  the  dividend;  ys  of  8  units  is  1  unit.  ^ 

—  Set  this  down  above  8  units.    This  alone  determines  the  decimal 
30                   point  for  the  quotient. 

—  From  the  first  step  of  division  three  units  are  left  over  and  these 
II                read  with  the  4  tenths  =  34  tenths. 

—  ^  of  34  tenths  =  6  tenths. 

10  Set  this  down  over  the  4  tenths  and  proceed  as  before. 
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2.  Example:     Divide  -00123  by    04. 
•04)-00123  By  multiplying  both  divisor  and  dividend  by  100  to  bring  the 

divisor  to  an  integer,  we  get  •  123  -^  4,  and  we  then  proceed  as  follows : 


30 

28 


*^'j|^  Using  two  figures  of  the  dividend  we  have  12  hundredths,  and 

14  of  12  hundredths   gives    3    hundredths.     Place    this    above    the 
hundredths  and  place  the  decimal  above  the  decimal  in  the  dividend 
and  fill  in  the  nought  thus    03. 
20 

3.  Example:     Divide  1-73546  by  466-7. 

By  multiplying  both  terms  by  10  to  make  the  divisor  an  integer, 
4567)17*3546      ^«  S^^  17-3546.-^4567.     Use  5   figures  of  the  dividend  and  read 

thus,    17354    thousandths.      ^^  of    17354    thousandths    gives    3 

thousandths.     Place  the  3  thousandths  above  the  4  thousandths  of  the  dividend 
and  we  have  for  quotient  -003. 

The  method  of  making  the  divisor  a  whole  number  before  dividing  is  the  one 
usually  adopted  for  the  division  of  decimals  and  is  the  method  perhaps  least  liable 
to  error  in  placing  the  decimal  point  in  the  quotient,  but  it  is  open  to  the  objection 
that  the  question  from  which  the  quotient  is  obtained  is  not  the  question  actually 
Msigned,  but  is  only  an  equivalent  question  giving  the  same  answer. 

Without  interfering  with  the  decimal  point  in  either  divisor  or  dividend  the 
position  of  the  decimal  point  in  the  quotient  may  be  determined  from  a  consider- 
ation of  the  following: 

What  is  the  value  of  $6  -^  $2?  of  8  tens  -^  4  tens?  of  9  units  -5-  3  units?  of 
6  tenths  -r-  3  tenths?  of  8  thousandths  -r-  4  thousandths? 

In  each  caee  what  is  the  place  value  of  the  digit  in  the  quotient? 

If  the  divisor  is  tenths,  what  will  be  the  place  value  of  the  digit  which  must 
oc  included  in  the  dividend  in  order  to  get,  in  the  quotient,  the  digit  of  the  units' 
order? 

If,  then,  the  diviaor  is  hundredths,  or  thousandths,  or  millionths,  what  in 
etch  case  will  be  the  place  value  of  the  dividend  digit  which  will  give  the  quotient 
digit  of  the  units*  order? 

In  the  followiiig  examples  point  out  how  many  digits  of  the  dividend  have 
been  included  in  the  division  when  the  units'  digit  in  the  quotient  is  obtained,  and 
gi?e  re«eon«  for  your  answer: 

4»-i- 7;  884  +  24;  6-3-^3;  4-26 -5-85;  -42-^6;  -3178-^73;  34-25-^6-5; 
7-189 -H  4-33;  94-1426 -»- 3-014;  46-32 -f- .614;  2-8163 -5-  00416;  55  ->    003;  etc. 

When  the  units'  digit  in  the  quotient  is  obtained,  the  decimal  point  is,  of 
eoune,  looated.    Wlij? 

EzAmple  1.    Divide  668-79  by  63. 

Here  the  divisor  is  t/nt^.  Hence  when  the  units  of  the  dividend  have  been 
divided,  the  units*  digit  of  the  quotient  is  obtained  and  the  dooimal  point  immo- 
dittely  follows;  that  w,  when  668  in  divided,  the  unitH*  digit  in.  the  quotient  is 
VMched  and  the  decimal  point  is  placed  before  the  quotient  digit  which  is  ob- 
tained from  includin^r  the  7  in  the  dividend. 

Example  2.     Divide  00-3494  by  -26. 

Here  the  divinor  ifl  hiindrcdlh«.  Hence  the  units  of  the  quotient  arc  reached 
wlien  90-84  Hm  been  divided,  and  the  decimal  point  is  placed  before  the  quotient 
digit  which  is  obtained  from  taking  the  9  thousands  into  the  dividend. 
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Example  3.    Divide  3-7  by  -042. 

Here  the  divisor  is  thousandths  and  so  when  3-700  is  divided,  the  units*  digit 
in  the  quotient  is  obtained  and  the  decimal  point  immediately  follows. 

Tables  for  Bapid  Calculations 

An  interesting  exercise  in  division  and  multiplication  of  decimals  will  be  fur- 
nished by  the  construction  of  what  we  may  call  "Profit  Sharing  Tables." 

For  example,  take  the  following  problem:     .. 

The  Alexandra  Cheese  Company  divides  its  net  receipts  among  the  patrons 
according  to  the  amount  of  milk  each  supplies  to  the  factory  during  the 
season.  In  1909,  the  total  milk  supplied  was  1757087  lb.  The  total  receipts 
from  the  sale  of  cheese  were  $18657-08  and  the  total  expenses  were  $2387-49. 
Find  the  amount  which  should  be  paid  to  each  of  four  patrons  who  supplied,  re- 
spectively, 82959  lb.,  78040  lb.,  72065  lb.,  and  65457  lb.  of  milk. 

Here  the  profits  were  $18657-08  —  $2387-49  =  $16269-59. 

Hence  for  1757087  lb.  milk  there  was  paid  $16269-59 


1  lb. 


$16269-59 

1757087 


=  -925935c. 


A  table  may  now  be  constructed  to  show  what  was  paid  for  1,  2,  3,  4,  5,  6,  7, 
8,  and  9  lb.  respectively,  thus : 


Lb. 

Payments 

Lb. 

Payments 

•Lb. 

Payments 

1 
2 
3 

•925935c. 
1- 851870c. 
2 -777805c. 

4  3-703740O. 

5  4-6296750. 

6  j          5 -555610c. 

7 
8 
9 

6 -481 545c. 
7 -407480c. 
8-3334150. 

To  find  what  was  paid  to  the  patron  who  supplied  8259  lb.  it  is  only  neoes- 
sary  to  multiply  the  amount  paid  on  8  lb.  by  10,000,  the  amount  paid  on  2  lb.  by 
1000,  the  amount  paid  on  9  lb.  by  100,  the  amount  paid  on  5  lb.  by  10,  and  the 
amount  paid  on  9  lb.  by  1  and  add  the  products.  The  multiplication  in  each  case 
is  effected  by  shifting  the  decimal  point,  and  the  product  can,  therefore,  be  set  down 
at  once  thus : 

The  amount  paid  on  80000  lb.  =     $740-748 
2000  "  =         18-518 
900  "  =  8-333 

50  "  =  -462 

9  «  =  083 


82959  "  =      $768-144. 
The  amounts  paid  to  the  other  patrons  can  be  determined  similarly.     H«t« 
the  pupils  find  them. 

COMMERCIAL  ARITHMETIC 

PERCENTAGE 

If  fractions  are  properly  taught  and  understood,  percentage  will  present  ta 
the  pupil  nothing  new  except  the  terms  used.  The  process  involved,  as  well  as 
the  underlying  principles,  should  be  so  explained  and  applied'  in  the  theory  and 
practice  of  fractions  that  the  pupils  will  be  led   to    see  that  they  have,  in  per- 
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centage,  but  a  new  name  for  a  fraction  with  which  they  are  already  familiar,  and 
that  fiiere  is  really  nothing  to  wan-ant  its  treatment  as  a  separate  department  of 
aritlimetic  except  its  application  to  a  wide  range  of  problems  usually  classified 
under  the  name  of  Commercial  Arithmetic. 

Aj3  a  preparation  for  percentage  special  attention  must  be  given  to  the  two 
following  operations  in  fractions : 

(1)  The  comparison  of  one  quantity  with  another  so  as  to  be  able  to  express 
the  measure  of  the  one  in  terms  of  that  of  the  other ;  that  is,  to  express  the  measure 
of  the  one  when  that  of  the  other *is  taken  as  the  unit  of  measurement  or,  in  other 
words,  to  express  one  as  a  fraction  of  the  other. 

(2)  The  reduction  of  fractions  to  equivalent  fractions  of  different  denomin- 
ations. 

These  two  are  the  fundamental  operations  involved  in  all  problems  in  per- 
centage and  its  applications,  and  it  remains  for  the  pupil  but  to  select  the  quantity 
to  be  measured  and  the  quantity  which  is  to  be  used  as  the  unit  of  measurement. 
This  he  can  do  only  by  having  a  clear  understanding  of  the  nature  of  the  trans- 
action with  which  the  particular  problem  under  consideration  deals. 

I.  The  pupil  already  knows  that  there  is  necessarily  no  fixed  unit  for  the 
measurement  of  quantities,  and  that  when  the  unit  is  changed  the  measure  likewise 
changes.  For  instance,  the  measure  of  the  quantity,  6  inches,  is  6  when  1  inch  is 
the  unit  of  measurement;  but  it  is  y^  when  12  inches,  or  1  foot,  is  the  unit:  and 
it  is  Yd  when  36  inches,  or  1  yard,  is  the  unit.  When,  therefore,  we  say  that  6 
inches  is  V^  of  1  foot  or  J/^  of  1  yard  we  are  really  measuring  6  inches  by  using 
12  inches  and  36  inches,  respectively,  as  the  unit  of  measurement,  or  we  are,  in 
other  words,  expressing  6  inches  as  a  fraction  of,  or  in  terms  of,  12  inches  and  36 
inches  respectively.  But  6  inches  can,  in  a  similar  manner,  be  measured  by  or 
compared  with,  other  lengths  besides  12  and  36  inches;  such,  for  example,  as  24 
inches,  9  inches,  11  inches,  3  inches,  71/^  inches,  etc.,  for  which  there  are  no  cor- 
responding names  like  one  foot  and  one  yard ;  and  when  so  measured  it  is  neces- 
•ary  to  specifically  state  these  lengths.    Thus: 

6  inche«=TS  o^  on©  foot,  that  is,  of  12  inches. 
=iPe  of  one  yard,  that  is,  of  36  inches. 
=V^  of  24  inches. 
=f  of  9  inches. 
s= A  of  1 1  inches, 
=f  of  3  inches. 
=^»  of  7i  inches. 

So  too,  6  pint8=4  of  a  quart,  that  is,  of  2  pints. 
sf  of  a  gallon  that  is,  of  8  pints. 
==VSr  of  12  pints,  or  of  6  quarts,  or  of  Ij  gallons. 
»|  of  3  pints. 
=f  J  of  ij  pints. 

Likewise,  10=4»  of  20  ;=iW  of  100  ;=-V  of  6. 

And.  i=|of  2;=|  of  \\^^  of  100. 

Prom  wch  illnttrations  tlie  pnpil  easily  leama  how  to  compare  one  quantity 
with  another,  and  to  perceive  that  such  comparison  can  he  made  only  between  quan- 
tities of  the  tame  Icind  and  denomination.  So  important,  however,  is  this  exercise 
that  the  teacher  will  do  well  to  give  much  ajid  varied  practice  in  it. 
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II.  The  pupil  has  already  discovered  that  a  fraction  is  changed  to  an  equiva- 
lent one  by  multiplying  or  dividing  each  of  its  terms  by  the  same  number. 
He  can  now  be  shown  that  this  is  true  no  matter  what  that  "same  number"  is, 
that  is,  whether  it  is  an  integer,  a  fraction,  or  a  mixed  number.  For  instance,  he 
has  learned  that  %  =  3  -r-  4 ;  giving  this  meaning  to  a  fraction  let  him  find  th« 
value  of  such  fractions  as : 

(a)  2X1  (b)  3  X  2j  ^^^ 

3X1  7  X  2f       ■ 

Here  (a)  is  equal  to  (f ^ V~)=i\==t  and  (6)=(¥-^¥)=ff=4,  which  with 
similar  illustrations  will  show  that  the  value  of  the  fraction  is  unchanged 
when  each  of  its  terms  is  multiplied  by  the  same  fraction  or  the  same 
mired  number.  It  is,  therefore,  possible  to  change  fractions  to  equivalent 
ones  having  any  numbers  whatever  for  denominators,  as  it  is  evidently  not  neces- 
sary that  the  new  denominators  should  always  be  exact  multiples  of  the  original 
denominators. 

For  instance,  §  can  be  changed  to  an  equivalent  fraction  having  7  for  its 
denominator  (a)  by  finding  what  3  must  be  multiplied  by  to  give  7,  and  then  (6) 
multiplying  the  numerator  2  by  that  "  same  number."    It  is  evident  that  3  muat 

be  multiplied  by  ^  to  give  7,  and  hence,  ^=^T7^=^=if'  Let  the  pupil  prove  this 

o  X  "ff       I         I 

by  dividing  4|  by  7. 

The  pupil  should  now  be  given  practice  in  changing  fractions  to  equivalent 
ones  whose  denominators  are  not  exact  multiples  of  the  denominators  of  the 
original  fractions.  He  should  be  required  to  prove  these  results  by  converting  the 
new  fractions  into  the  original  ones. 

Finally,  he  will  be  asked  to  change  fractions  to  equivalent  ones  having  100 
for  their  denominator. 

Change  ty  to  hundredths. 

By  what  must  11  be  multiplied  to  give  100?  How  do  we  find  this?  By  what 
then  must  3  be  multiplied  if  the  value  of  the  fractions  is  not  to  be  changed? 

»  ^  3  X  W_W_27A 
"    11  X  Vt*^    100      100 ' 

After  sufficient  drill  has  been  given  in  exercises  of  this  kind  the  pupil  may  be 
told  that  hundredths  are  such  convenient  fractions  to  work  with  that  a  special 
name  and  a  special  symbol  are  given  to  them.  The  name  is  per  cent.,  which 
means  hundredths,  and  the  symbol  is  % .  Thus  ^  is  sometimes  written  10  iper 
cent,  and  sometimes  10%.  Have  the  pupil  find  out  wherein  lies  the  convenience 
of  hundredths. 

Exercises  will  now  follow  in  expressing  fractions  in  per  cent.,  and  per  cent, 
in  fractions;  and  the  pupil  should  memorize  the  fraction  equivalents  of  some  of 
the  most  commonly  used  per  cents. 

Problems  in  percentage  group  themselves  into  three  general  classes  and,  no 
matter  how  complicated  the  problem,  its  solution  may  be  found  by  applying  the 
principles  involved  in  the  solutions  required  in  these  three  classes  taken  singly  or 
in  combination.  Here,  as  elsewhere,  the  teacher  should  impress  the  fact  that  all 
problems,  however  difficult,  can  be  resolved  into  a  series  of  very  simple  ones  that 
require  for  their  solution  but  one  step  at  a  time. 
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The  classes  are: 

1.  Given  a  number,  or  quantity,  and  a  rate  per  cent.,  to  find  the  amount  of 
the  percentage. 

2.  Given  a  number,  or  quantity,  and  the  amount  of  the  percentage,  to  find 
the  rate  per  cent. 

3.  Given  the  amount  of  the  percentage  and  the  rate  per  cent.,'  to  find  the 
number,  or  quantity. 

As  an  example  of  the  first  class  take  the  problem : 

A  man  is  able  to  save  16  |  %  of  his  income.      How  much  will  he  save  in  five 
years  out  of  an  annual  income  of  $1200? 

Solution  secured  through  analysis  by  question  and  answer. 

He  saves  16f  %  or  -Hr  or  i  of  his  income. 

His  income  in  five  years  will,  be  $6000. 
Therefore  he  will  save    of  $6000,  or  $1000. 

As  an  example  of  the  second  class  take  the  problem: 

In  1910  a  town  had  a  population  of  2500.    In  1911  the  population  was  2820. 
What  per  cent,  is  the  increase  of  the  population  in  1910? 
What  is  the  increase  in  population?    320. 
With  what  is  this  to  be  compared?    With  2500. 
What  fraction  is  320  of  2500?     -^^0%  o^  ^500. 

What  is  the  fraction  when  reduced  to  hundredths?  -7^ or  — ^ 

What  then  is  the  rate  per  cent.?     12  ^  %. 

-    As  an  example  of  the  third  class  take  the  problem  : 

A  merchant  failing  in  business  is  able  to  pay  but  35%  of  his  debts.  What  does 
he  owe  a  bank  to  which  he  is  able  to  pay  $175? 

What  quantities  are  here  compared?    The  man's  payments  and  his  debts. 

What  is  the  relation  between  these  ?    His  payments  are  35%  or  ^^  of  his  debts. 

What  Bum  is  mentioned  in  the  problem?    $175. 

It  this  a  payment  or  a  debt?    A  payment. 

Is  the  sum  to  be  found  a  payment  or  a  debt?    A  debt. 

How  then  is  the  debt  required  connected  with  the  payment  made?  -^^  of 
the  debt  to  the  bank  =  $176. 

Therefore,  the  debt  to  the  bank  =  1^  of  $175,  or  $500. 

To  express  the  per  cent.,  detrima!  fractions  may  be  used  as  well  as  vulgar 
fractions,  and  they  will  sometimes  be  found  more  convenient. 

For  tnetance,  in  the  first  example,  if  the  man  had  saved  12%  of  his  income, 
bis  total  saringi  would  be  ^^9  of  $6000,  that  is,  $6000  X  .12  =  $720. 

In  the  second  example  -^g  =    128  =  12-8%. 

In  the  third  example    36  times  the  debt  =  $176; 

Therefore  the  debt  =  ~P  =  $600. 

A  fraction  may  also  be  converted  into  per  cent,  by  considering  the  fraction  tia 
a  fraction  of  the  whole  of  some  number,  or  quantity,  that  is,  as  a  fraction  of  100% 
of  that  number,  or  quantity.  For  instance,  in  the  sorond  example  ai)ove,  the  in- 
ersaae  was  found  to  l»c  /^  or  ^^n  of  the  1910  population.  Therefore  it  was  jV^  of 
100%  o(  that  population.    That  is,  it  was  (W^-  or  12;!)  ^^  of  the  population. 


] 
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To  make  Ihe  pupils  realize  the  practical  importance  of  percentage  the  teacher 
should  set  before  them,  and  get  them  to  construct  for  themselves,  problems  which 
are  constantly  arising  in  actual  experiences,  such  as  calculating  the  per  cent. 
which  the  average  daily  attendance  is  of  the  total  school  enrolment;  the  per  cent, 
that  the  total  marks  ohtained  by  the  pupil  at  an  examination  are  of  the  total 
marks  obtainable;  the  per  cent,  of  the  pupils  in  a  class  having  the  correct  answer 
to  any  particular  question ;  the  per  cent,  of  the  boys  that  are  correct ;  the  per  cent, 
of  the  girls;  and  many  other  problems  which  will  be  suggested  in  connection  with 
school  experiments  and  investigations.  From  such  exercises  the  pupil  will  see  how 
percentage  assists  us  in  making  comparisons. 

Having  now  a  thorough  understanding  of  percentage,  of  its  nature,  under- 
lying principles,  and  fundamental  operations,  the  pupil  may  proceed  to  its  appli- 
cation in  various  business  and  commercial  transactions.  In  doing  so  his  one 
difficulty  is  likely  to  result  from  his  inability,  through  lack  of  actual  business  ex- 
perience, to  properly  grasp  the  nature  of  the  transactions  involved  and  the  meaning 
of  the  special  terms  employed  in  the  problems  with  which  he  may  have  to  deal. 
Consequently,  it  will  now  become  the  teacher^s  one  care  to  remove  that  inability  by 
supplying  what  the  pupil  lacks. 

PROFIT  AND  LOSS 

There  is  nothing  characteristic  enough  about  problems  in  Profit  and  Loss  to 
warrant  special  treatment  of  them.-  The  pupils  must  be  told  that  the  quantity 
with  which  the  loss  or  gain  is  compared  or  in  terms  of  which  it  is  expressed  (that 
is,  by  which  it  is  measured)  is  the  cost,  unless  specific  statement  is  made,  in  the 
problem,  to  the  contrary.  The  selling  price,  it  is  evident,  can  also  be  expressed 
in  terms  of  the  cost.  With  this  information  and  with  a  clear  understanding  of 
the  nature  of  the  transactions  involved  the  pupil  should  require  little  further 
assistance  from  the  teacher. 

There  are  certain  special  terms  used  in  these  problems,  the  meanings  of  which 
the  pupils  must  know.  The  terms  are:  Cost  price,  selling  price,  marked  price, 
list  price,  net  price,  profit,  loss,  and  discount. 

To  make  clear  the  nature  of  a  profit  and  loss  transaction  as  well  as  the  mean- 
ing of  the  terms  used,  the  teacher  will  find  it  exceedingly  helpful  to  have  a  prac- 
tical illustration  given  to  the  class  as  follows : 

Select  a  pupil  to  act  the  part  of  a  merchant  buying  goods  and  selling  them. 
Let  a  book  represent  the  goods.  The  first  thing  which  the  merchant  will  do  is  to 
write  on  the  book  the  amount  it  cost  him,  that  is  the  cost  price.  Thi^  he  usually 
does  in  private  marks  or  letters  instead  of  the  ordinary  figures.  For  instance,  he 
may  take  the  letters  of  the  words  "  r-e-d  c-u-s-h-i-o-n,"  and  instead  of  writing  the 
figure  1  he  writes  r;  for  3  he  writes  e;  d  stands  for  3;  c  for  4;  n  for  0,  etc.  If 
the  cost  is  $105  the  merchant  will  write  on  the  book  r  n  n.  He  then  decides 
to  sell  it  at  a  profit  of  say  33>^%.  The  gain  or  profit  would  then  bo  35c.  On 
the  book  will  then  be  written,  usually  in  ordinary  figures,  $8-40,  which  is  called 
the  marked  price,  or  list  price,  and  is  intended  also  to  bo  the  selling  price.  A 
favoured  customer,  however,  buys  the  book  and  the  merchant  "throws  off,"  that 
is,  gives  a  discount  of  10%  from  the  marked  price.  This  discount  amounts  to  14c. 
and  the  book  is  then  sold  for  $1.26,  which  is  the  net  selling  price. 

In  carrj'ing  out  the  illustration  the  boy  selected  will,  assisted  by  the"  other 
pupils,  proceed  as  directed  in  the  above  explanations,  suggest  the  cost,  and  th« 
rates  of  profit  and  discount,  and  make  all  the  necessary  calculations. 

This  exemplification  of  the  transaction  should  be  followed  by  oral  exercises 
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to  establish  the  main  underlying  principles,  after  which  written  exercises  may 
be  given. 

The  problems  group  themselves  into  three  given  classes: 

1.  Given  the  cost  and  the  rate,  to  find  the  gain,  loss,  or  selling  price. 

2.  Given  any  two  of  the  gain  or  loss,  cost,  and  selling  price,  to  find  the  rate. 

3.  Given  the  gain  or  loss,  or  given  the  selling  price,  and  given  the  rate,  to 
find  the  cost. 

When  the  problem  can  be  immediately  placed  in  one  or  other  of  the  above 
classes,  its  solution  will  be  readily  obtained,  but  the  classification  is  sometimes 
complicated  and  the  problem  will  tlien  require  more  careful  analysis. 

EXAMPLES 

1.  A  merchant  sells  carpet  at  75c.  a  yard  and  gains  20%.  What  will  be  his 
gain  per  cent,  if  he  raises  the  price  to  85c.  a  yard? 

This  problem  may  be  divided  into  simpler  problems,  one  of  which  will  belong 
to  the  third  general  class  and  the  other  to  the  second  class. 

Have  the  pupils  construct  these  two  problems  separately,  and  solve  them,  and 
compare  this  method  with  the  following: 

75c.  =  120%  of  the  cost. 

85c.  =  f  J  of  120%  of  the  cost  =  136%  of  the  cost. 

Gain  =   (136-100)%  of  the  cost  =  36%  of  the  cost. 

2.  At  what  price  must  goods  costing  $40  be  marked  (or  listed)  so  that  a  dis- 
count of  16|  %  may  be  allowed  and  a  profit  of  20%  may  still  be  realized? 

This  problem  can  be  divided  into  two  separate  problems,  one  of  which  is  in 
the  first  general  class,  and  the  other  is  a  modification  of  the  third  general  class. 

Have  the  pupils  state  and  solve  these  problems  separately,  and  compare  their 
•olntion  with  the  following: 

161%  =i;  20%  =1 
i  of  the  marked  or  list  price  =    f   of  the  cost  (why?).  , 

The  marked  or  list  price  =   f  of  |  of  the  cost, 
The  marked  or  list  price  =  ^J   of  the  cost. 
The  marked  or  list  price  =  ^^   of  $40, 
The  marked  or  list  price  =  $57.60. 

3.  A  railway  niesseDger  boy  buys  10  doz.  oranges  at  the  rate  of  4  for  10  cents 
and  sells  them  at  tlie  rate  of  3  for  10  cents.  Find  his  gain  per  cent,  if  10%  of 
the  oranges  are  unf>aleahlc. 

This  problem  belongs  to  the  second  general  class.     Have  the  pupils  solve  it 
and  compare  with  the  following: 
Cost  =  Vc.  or  2ic.  an  orange, 
Selling  price  =  f^  of  V  c.  or  3c.  an  orange. 
Gain  =  ic.  an  orange, 

=  J[   of  cost  (why?), 

=  20%  of  cost. 

OOMMIUION 

TranMctions  in  Commitaion  may  be  ezemplifled  in  the  class-room  in  a  manner 
iimilar  to  that  detailed  under  Profit  and  Loss.  Let  one  pupil  act  as  agent,  broker, 
OT  collfrtor,  to  buy,  wll.  or  collcc-t  fur  nnotluT  piipij  wli(»  will  then  !»•  his  cmiiloycT 
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or  principal,  and  who  will  be  required  to  pay  him  a  commission  instead  of  a  salary 
or  wages.  The  pupils  should  suggest  the  commodities  to  be  dealt  in,  the  prices  to 
be  received  or  paid  therefor,  as  well  as  the  rate  of  commission  to  be  allowed,  and 
they  should  make  the  necessary  calculations  demanded  by  the  problems  which  will 
arise  in  connection  with  the  transactions  illustrated. 

The  pupils  must  know  that  commission  is  expressed  in  terms  of  the  total 
amount  for  which  the  agent  sold  in  the  case  of  sales,  and  in  terms  of  the  ajnount 
which  the  agent  paid  or  collected  in  case  of  purchases  or  collections. 

The  special  terms,  the  meanings  of  which  must  be  clearly  understood,  are: 
Agent,  broker,  commission  merchant,  principal,  consignor,  investment,  proceeds, 
commission,  and  net  proceeds. 

The  problems  will  again  group  themselves  into  three  general  classes: 

1.  Given  the  total  amount  for  which  the  agent  sold  or  the  amount  for  which 
the  agent  bought,  and  the  rate,  to  find  the  commission. 

2.  Given  the  commission  and  the  amount  for  which  the  agent  sold  or  the 
amount  for  which  he  bought,  to  find  the  rate. 

3.  Given  the  commission  and  the  rate,  to  find  the  amount  for  which  the  agent 
sold  or  the  amount  for  which  he  bought. 

The  principles  underlying  these  three  classes  should  be  illustrated  and  ex- 
plained by  oral  problems,  and  followed  by  those  requiring  written  work. 

Of  the  two  transactions,  buying  and  selling,  pupils  appear  to  experience  most 
difficulty  in  understanding  the  former.  But  this  is  due  chiefly  to  their  losing 
sight  of  the  fact  that  the  commission  for  buying  is  expressed  in  terms  of,  or 
measured  by,  the  amount  paid  by  the  agent  for  the  goods  he  buys. 

1.  Example :  I  send  a  real  estate  agent  in  Calgary  $5,040  with  which  to  pur- 
chase land  at  $15  an  acre. 

He  charges  5%  commission.     How  many  acres  can  he  buy  and  what  will  be  his 

commission  ? 

First  Solution  by  question  and  answer. 

$5040  js  made  up  of  what  two  amounts  ?  The  amount  paid  for  the  land  by 
the  agent  and  the  agent's  commission. 

Make  that  statement  in  the  form  of  an  equation. 

1.  Amount  paid  for  land  by  agent  +  agent's  commission  =  $5040. 

What  is  the  agent's  commission  ?  5%  of  the  amount  paid  by  him  for  the  land. 
Then  re-write  the  first  statement  expressing  the  agent's  commission  in  terms 
of  the  amount  paid  for  the  land. 

2.  Amount  paid  for  land  -f  ^^^  of  amount  paid  for  land  =  $5040. 
Combine  these  two  amounts  and  express  the  whole  in  terms  of  the  amount 

paid  for  the  land. 

3.  |8 1  of  amount  paid  for  land  =  $5040. 

What  then  is  the  amount  paid  for  the  land?  \^^  of  $5040  or  $4800.  How 
many  acres  will  this  amount  buy?    $4800  -^  $15,  or  320. 

What  now  is  the  agent's  commission?    $5040— $4800,  or  $240. 

Look  again  at  statement  3  and  give  another  way  by  which  the  commission 
could  be  found. 

4.  1^  of  the  amount  paid  for  the  land  =  $5040, 

^^         "         -         -         "         "         =^o^of$5040, 

=  commission. 
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Second  Solution. 

This  problem  might  have  been  worked  more  directly,  thus: 

Cost  of  land  to  agent  =  $15  an  acre. 

Commission  =Tfi^  ^^  ^1^  ^^  acre, 

=  $15-75.      "       " 

.".  total  cost  =  75c.  "      " 

No.  of  acres  bought     =  ^Hf^o- 
What  then  is  the  commission  ? 

The  first  solution  is  the  more  general  of  the  two,  and  when  properly  under- 
stood may  be  applied  to  a  wider  range  of  problems  than  can  the  second  solution. 

2.  Example:     An  agent  received  $3060  with  which  to  buy  goods  after  retain- 
ing a  commission  of  2%.    What  was  the  agent's  commission? 

The  cost  of  the  goods  +  tiie  agent's  commission    =  $3060, 
"  "  "  4-  rb  of  the  cost  of  goods    =$3060, 

.•.fH  "  "  =$3060. 

Hence  commission  or     j^  "  *"'  =j2^of  $3060, 


TAXES 

The  teacher  will  introduce  this  topic  by  a  talk  with  the  pupils  on  the  need  of 
taxes,  the  various  purposes  for  which  they  are  used,  the  authority  by  which  they 
are  levied  and  collected,  how  the  amount  of  the  taxes  required  is  arrived  at,  how 
this  amount  is  proportioned  among  the  ratepayers,  the  duties  of  the  assessor  and 
of  the  collector,  the  difference  between  the  value  and  the  assessment  of  property, 
the  form  and  use  of  an  assessment  notice,  of  a  tax  bill,  and  of  an  assessor's  and 
collector's  roll.  Copies  of  these  forms  should  be  procured,  if  possible.  The  illustra- 
tions used  in  this  talk  should  be  taken  from  the  locality  in  which  the  school  is 
tituated,  so  that  the  pupils  may  be  able  to  supply  most  of  the  information  in  re- 
•p<nue  to  the  teacher's  questions. 

The  meaning  of  the  following  terms  must  be  made  clear:  Tax,  income-tax, 
poll-tax,  total  and  individual  assessment,  ratable  property,  assessable  property, 
exemption,  ratepayer,  rate,  levy,  assessor,  collector. 

The  pupil  must  also  be  informed  that  the  tax  is  usually  levied  in  mills — a  cer- 
tain number  of  mills  being  collected  for  every  dollar  for  which  a  ratepayer  is 
ttsteutd.  A  man's  property  may  or  may  not  be  assessed  for  its  aettuU  value,  but 
in  any  case  it  is  on  the  assessment  that  the  tax  is  levied. 

The  claaf,  for  the  purpose  of  more  clearly  demonstrating  the  procedure  to  be 
followed  in  taxation,  may  he  made  to  reprcHcnt  ratepayers;  an  assessor  or  collector 
may  be  appointed  from  among  the  pupils.  A  total  tax  to  be  collected  may  bo 
named  and  the  other  steps  can  then  be  exempli  fled.  The  pupils  should  make  the 
necCMary  ctkmlations,  each  pupil  flnding  the  general  rate  and  the  amount  of  the 
individual  taxes  by  using  a  tax-table.  (Sec  Ontario  Public  School  Aritlmiotic, 
PM»  170.) 

T^e  problems  in  taxes  may  also  be  grouped  into  throe  ^'cncral  olnsses: 

(a)  Given  the  assessment  and  the  tax  to  And  tho  rate. 

(h)  Q-iren  the  assessment  and  the  rate  to  find  tho  tax. 

(e)  Given  the  tax  and  the  rate  to  find  tho  assessment. 

Their  solutions  demand  little  more  than  a  knowledge  of  the  application  of 
■avliiplicatton  and  division. 
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CUSTOMS-DUTIES 

These  are  taxes  and  the  teacher  will  be  expected  to  point  out  wherein  they 
differ  from  those  with  which  the  pupils  are  already  familiar.  This  he  will  do  by 
giving  the  information  which  will  enable  the  pupils  to  answer  such  questions  as: 
For  what  purpose  are  these  taxes  used?  On  what  are  they  levied?  By  what 
authority  are  they  levied  and  collected?  Where  and  by  whom  are  they  collected? 
Who  pays  them  and  when  are  they  paid  ?  What  was  the  total  amount  of  these 
duties  in  Canada  for  the  past  year  ?  What  is  the  rate  of  duty  paid  on  some 
articles  found  in  general  use  in  the  locality  in  which  the  pupils  live,  etc.  ? 

A  copy  of  the  Canadian  tariff  would  prove  useful,  as  would' also  clippings 
from  the  newspapers  in  which  are  published,  from  time  to  time,  the  customs 
returns  for  the  Dominion  of  Canada  as  well  as  for  districts  in  which  custom-houses 
are  situated. 

The  meanings  of  the  following  terras  must  be  made  clear.  Customs,  duties, 
revenue,  exports,  imports,  excise,  custom-house,  port  of  entry,  invoice,  tariff,  pre- 
ferential tariff,  rate  of  duty. 

The  pupil  must  now  know  that  there  are  two  kinds  of  duties:  (1)  Specific, 
and  (2,)  Ad  Valorem. 

The  specific  duty  is  a  specified  amount  levied  on  stated  quantities  of  the  goods 
taxed,  such  as :  5  cents  on  a  pound,  20  cents  on  a  gallon,  50  cents  on  each  article, 
etc. 

Problems  involving  specific  duties  are,  therefore,  problems  in  multiplication. 

The  ad  valorem  duty  is  expressed  in  terms  of  the  invoiced  value  of  the  goods, 
that  is,  it  is  usually  stated  as  a  certain  per  cent,  of  that  value. 

Keeping  this  in  mind,  the  pupils  will  readily  see  that  the  problems  involving 
ad  valorem  duty  can  be  grouped  again  into  three  general  classes  and  can  be  solved 
by  the  application  of  principles  already  established  in  farmer  exercises. 

It  will  he  a  profitablje  exercise  to  have  the  pupils  make  out  invoices  for  them- 
selves for  goods  ordered  from  a  foreign  country,  and  calculate  the  duty  whicli 
would  be  paid  thereon. 

Simple  Interest 

A  little  consideration  will  show  that  in  the  preceding  sections  there  has  been 
employed  one  general  method  which  has  only  to  be  slightly  modified  to  make  it 
applicable  to  the  particular  section  which  may  be  under  discussion.  This  method 
may  now  be  summarized  as  follows  : 

1.  Make  clear  the  nature  of  the  transactions  which  give  rise  to  the  problems 
to  be  solved. 

2.  Make  clear  the  meanings  of  the  special  terms  peculiar  to  the  varioue  classes 
of  transactions. 

3.  Make  clear  that  all  problems,  in  so  far  as  they  are  percentage  problems, 
may  be  grouped  into  the  same  three  general  classes,  and  are,  therefore,  solved  by 
the  application  of  the  same  general  principles  underlying  this  classification. 

It  Avill  be  noted  further  that  the  division  of  commercial  arithmetic  into 
sections  is  caused  by  giving  a  particular  name  to  a  special  percentage.  Some- 
times it  is  called  gain  or  loss,  sometimes  commission,  sometimes  discount,  some- 
times duty,  etc.  So,  too,  there  is  in  each  section  a  particular  quantity  with 
which  the  percentage  is  compared,  or  by  which  it  is  measured.  Sometimes  it  is 
the  cost,  sometimes  the  value  of  the  sales,  sometimes  the  value  of  the  purchases, 
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sometimes  the  invoiced  value,  etc.  And  while  the  names  given  to  the  percentages 
create  divisions  among  the  problems  in  commercial  arithmetic  the  selection  of  the 
particular  quantity  to  be  used  in  any  case  as  the  basis  of  comparison  unifies  their 
solutions. 

It  will  no  longer  be  necessary  to  give  the  erplicit  details  of  the  general  method, 
but  it  will  be  sufficient  to  point  out  the  modifications  which  may  be  demanded  for 
the  problems  in  the  several  sections  yet  to  be  discussed. 

It  will  not  be  difficult  to  give  a  practical  exemplification  in  the  school-room  of 
a  transaction  giving  rise  to  interest  problems.  Here,  it  will  be  learned  that  the 
new  name  for  the  percentage  is  interest,  and  that  the  quantity,  in  terms  of  which 
.the  interest  is  expressed,  is  the  sum  borrowed,  also  called  the  principal  sum,  oi- 
briefly,  the  principal.  It  will  be  seen  also  that  there  is  now  introduced  into  the 
problems  an  entirely  new  element,  that  of  Ume,  but  that  so  long  as  the  time  is 
constant  the  problems  may  be  grouped  into  the  three  general  classes.  It  is  ap- 
parent, therefore,  that  every  interest  problem  may  really  be  broken  up  into  two 
minor  problems,  one  a  percentage  problem,  and  the  other  a  problem  arising  out 
of  the  introduction  of  the  time  element,  and  tbis  would  naturally  suggest  that 
practice  should  be  given  on  these  two  problems,  first  separately  and  then  in  com- 
bination. 

The  first  exercise  in  interest  will,  therefore,  consist  of  problems  for  oral  and 
written  solution,  in  which  the  time  will  be  kept  constant,  that  is,  kept  at  one 
interest  period,  usually  one  year.    The  problems  will  then  be  grouped  as  follows: 

1.  Given  the  principal  and  rate,  find  the  interest. 

2.  Given  any  two  of  the  amount,  principal,  and  interest,  find  the  rate. 

3.  Given  the  amount,  or  the  interest,  and  the  rate,  find  the  principal. 
Between  the  solution  of  these  problems  and  of  those  on  Profit  and  Loss  the 

pupil  will  not  fail  to  mark  the  similarity. 

The  second  exercise  will  consist  of  problems  into  which  the  element  of  time 
is  introduced,  but  the  rate  and  principal  remain  constant.  These  may  be  grouped 
tbuB: 

(a)  Given  the  interest  for  one  year,  find  the  interest  for  two  years,  for  1% 
years,  for  4  months,  for  65  days,  etc. 

(b)  Given  the  interest  for  114  years,  or  4  months,  or  96  days,  etc.,  find  the 
interest  for  one  year. 

(e)  Giyen  the  interest  for  one  year,  find  the  time  in  years,  or  months,  or  days, 
in  which  a  certain  other  sum  would  be  the  interest. 

The  third  exercise  will  consist  of  problems  combining  the  principles  involved  in 
the  two  preceding  exercises. 

I.  Combining  (1)  of  the  first  exercise  with  (a)  of  the  second  wo  get  a  problem 
in  which  the  principal,  rate,  and  time,  are  given  and  the  interest  or  amount  is  to 
be  found. 

TI,  Combining  (2)  of  the  first  with  (h)  of  the  f*wond  we  get  a  problem  in 
which  th«  principal,  or  the  amount  and  the  interest,  and  time,  are  given  and  the 
raU  is  to  he  found. 

TIT.  Combining  (1)  of  the  the  first  with  (c)  of  the  second  we  get  a  problem 
in  irhich  the  principal,  rate,  and  interest  or  amount,  are  given  and  the  time  is 
to  be  found. 

IV.  Combining  (3)  of  the  first  with  (b)  of  the  second  we  get  a  problom  in 
which  the  amount  or  interest,  tiic  rate,  and  the  time,  uru  givun  hihI  ihe  principal 
if  to  be  found 
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A  fourth  exercise  containing  problems  of  the  following  type  will  be  found 
useful: 

I.  Given  the  fraction  of  the  principal  which  represents  the  interest,  or  the 
amount,  for  one  year,  find  the  fraction  of  the  principal  which  would  represent  the 
interest,  or  the  amount  for  a  specified  number  of  years,  months,  or  days. 

II.  Given  the  fraction  of  the  principal  which  represents  the  interest,  or  the 
amount  for  any  specified  time,  find  the  fraction  of  the  principal  which  would  re- 
present the  interest  for  one  year ;  them  find  the  rate. 

III.  Given  the  fraction  of  the  principal  which  represents  the  interest  for  one 
year,  fimd  the  time  in  which  some  other  fraction  of  the  principal  would  represent 
the  interest,  or  the  amount. 

It  may  be  added  that,  in  actual  business,  it  is  seldom  that  simple  interest  is 
calculated  for  periods  extending  beyond  one  year. 

While  studying  interest  the  pupil  should  be  taught  the  use  and  form  of  com- 
mercial papers,  such  as :  Promissory  notes;  demand  notes;  receipts;  cheques;  deposit 
slips;  bank  hooks  showing  deposits,  withdrawals,  balances,  and  interest.  He 
should  be  taught  how  to  calculate  the  interest  on  a  note,  the  interest  on  a  savings' 
account  according  to  the  daily  balance  plan  and  the  minimum  monthly  balance 
plan,  and  the  interest  on  a  note  on  which  partial  payments  have  been  made  and 
endorsed  thereon  at  irregular  periods.  ' 

(See  Ontario  Public  School  Arithmetic,  Exercise  83,  Questions  16  and  18; 
also  Exercise  99,  Questions  66,  67,  110,  137.) 

In  computing  the  monthly  interest  due  on  savings'  accounts,  banks  reckon 

the  time  in  days.     For  instance,  if  the  smallest  balance  for  February  was  $260 

and  the  rate  of  interest  3% ,  the  February  interest  would  be  i^^^  of  T§f)  of  $260.    If 

the  smallest  balance  for  March  was  $826,  the  interest  for  March  at  3%  would  be 

iih  of  tI ir  of  $826. 

Trade  Discount 

In  connection  with  the  transactions  involving  Trade  Discount  the  infor- 
mation will  be  given  that  most  goods  which  are  offered  for  sale  in  the  ordinary 
stores  pass  from  the  producer  or  manufacturer  to  the  wholesale  merchant,  and 
then  to  the  retail  merchant,  who  sells  them  to  those  who  finally  use  the  goods.  The 
difference  between  the  business  of  a  wholesale  merchant  and  that  of  a  retail  mer- 
chant might  be  emphasized,  as  well  as  the  part  performed  by  the  commercial 
traveller  in  the  sale  of  goods.  It  will  be  noted,  of  course,  that  some  manufac- 
turers or  producers  sell  directly  to  the  retail  merchants. 

The  manufacturer  and  wholesale  merchant  usually  issue  a  catalogue  or  list 
of  goods  which  they  have  for  sale,  and  in  this  list  the  goods  are  marked  or  quoted 
at  prices  which  are  as  a  general  rule  equal  to,  if  not  actually  higher  than,  those 
for  which  the  consumer  buys  the  goods  from  the  retail  merchant.     (What  object 

is  there  in  this?)  v     .     j     • 

This  catalogue  is  sent  to  the  trade,  that  is,  to  the  merchants  who  trade  in 
these  goods,  and  these  merchants  are  notified  that  to  the  trade  there  will  be 
allowed  a  discount  of  a  certain  percentage  of  the  list  price.  The  price  of  the 
goods  may  be  further  reduced  by  offering  a  seoond  discount  and  sometimes  by  a 
third  or  a  fourth.  Each  discount  is  a  percentage  of  what  remains  after  the  pre- 
vious discounts  have  been  deducted. 

In  these  transactions  the  name  for  the  percentage  of  the  list,  or  marked,  price 
is  trade  or  mercantile  or  commercial  discount.  After  all  discounts  are  allowed  the 
part  of  the  price  left  is  called  the  net  price. 
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sometimes  the  invoiced  value,  etc.  And  while  the  names  given  to  the  percentages 
create  divisions  among  the  problems  in  commercial  aritlimetic  the  selection  of  the 
particular  quantity  to  be  used  in  any  case  as  the  basis  of  comparison  unifies  their 
solutions. 

It  win  no  longer  be  necessary  to  give  the  erplicit  details  of  the  general  method, 
but  it  will  be  suflfident  to  point  out  the  modifications  which  may  be  demanded  for 
the  problems  in  the  several  sections  yet  to  be  discussed. 

It  will  not  be  difficult  to  give  a  practical  exemplification  in  the  school-room  of 
a  transaction  giving  rise  to  interest  problems.  Here,  it  will  be  learned  that  the 
new  name  for  the  percentage  is  interest,  and  that  the  quantity,  in  terms  of  which 
.the  interest  is  expressed,  is  the  sum  borrowed,  also  called  the  principal  sum,  oir 
briefly,  the  principal.  It  will  be  seen  also  that  there  is  now  introduced  into  the 
problems  an  entirely  new  element,  that  of  Ume,  but  that  so  long  as  the  time  is 
constant  the  problems  may  be  grouped  into  the  three  general  classes.  It  is  ap- 
parent, therefore,  that  every  interest  problem  may  really  be  broken  up  into  two 
minor  problems,  one  a  percentage  problem,  and  the  other  a  problem  arising  out 
of  the  introduction  of  the  time  element,  and  tbis  would  naturally  suggest  that 
practice  should  be  given  on  these  two  problems,  first  separately  and  then  in  com- 
bination. 

The  first  exercise  in  interest  will,  therefore,  consist  of  problems  for  oral  and 
written  solution,  in  which  the  time  will  be  kept  constant,  that  is,  kept  at  one 
interest  period,  usually  one  year.    The  problems  will  then  be  grouped  as  follows: 

1.  Given  the  principal  and  rate,  find  the  interest. 

2.  Given  any  two  of  the  amount,  principal,  and  interest,  find  the  rate. 

3.  Given  the  amount,  or  the  interest,  and  the  rate,  find  the  principal. 
Between  the  solution  of  these  problems  and  of  those  on  Profit  and  Loss  the 

pupil  will  not  fail  to  mark  the  similarity. 

The  second  exercise  will  consist  of  problems  into  which  the  element  of  time 
is  introduced,  but  the  rate  and  principal  remain  constant.  These  may  be  grouped 
thuB: 

(a)  Given  the  interest  for  one  year,  find  the  interest  for  two  years,  for  1% 
years,  for  4  months,  for  65  days,  etc. 

(6)  Given  the  interest  for  V/2  years,  or  4  months,  or  96  days,  etc.,  find  the 
intereet  for  one  year. 

(c)  Given  the  interest  for  one  year,  find  the  time  in  years,  or  months,  or  days, 
in  which  a  certain  other  sum  would  be  the  interest. 

The  third  exerclM  will  consist  of  problems  combining  the  principles  involved  in 
the  two  preceding  exercises. 

I.  Combining  (1)  of  the  first  exercise  with  (a)  of  the  second  wo  get  a  problem 
in  which  the  principal,  rate,  and  time,  are  given  and  the  interest  or  amount  is  to 
be  found. 

II.  Combining  (2)  of  the  first  with  (h)  of  the  second  we  get  a  problom  in 
which  the  principal,  or  the  amount  and  the  interest,  and  time,  are  given  and  the 
raU  is  to  he  found. 

III.  Combining  (1)  of  the  the  first  with  (c)  of  the  second  we  f^t  n.  problem 
in  which  the  principal,  rate,  and  interest  or  amount,  are  given  and  the  time  is 
to  be  found. 

IV.  Combining  (3)  of  the  first  with  (b)  of  the  second  we  get  a  problom  in 
which  the  amount  or  interest,  the  rate,  and  the  time,  arc  given  hih)  (Ik;  principal 
it  to  be  found 


TRADE  DISCOUNT  83 


A  fourth  exercise  containing  problems  of  the  following  type  will  be  fouaid 
useful: 

I.  Given  the  fraction  of  the  principal  which  represents  the  interest,  or  the 
amount,  for  one  year,  find  the  fraction  of  the  principal  which  would  represent  the 
interest,  or  the  amount  for  a  specified  number  of  years,  months,  or  days. 

II.  Given  the  fraction  of  the  principal  which  represents  the  interest,  or  the 
amount  for  any  specified  time,  find  the  fraction  of  the  principal  which  would  re- 
present the  interest  for  one  year;  them  find  the  rate. 

III.  Given  the  fraction  of  the  principal  which  represents  the  interest  for  one 
year,  fimd  the  time  in  which  some  other  fraction  of  the  principal  would  represent 
the  interest,  or  the  amount. 

It  may  be  added  that,  in  actual  business,  it  is  seldom  that  simple  interest  is 
calculated  for  periods  extending  beyond  one  year. 

While  studying  interest  the  pupil  should  be  taught  the  use  and  form  of  com- 
mercial papers,  such  as :  Promissory  notes;  demand  notes;  receipts;  cheques;  deposit 
slips;  bank  hooks  showing  deposits,  withdrawals,  balances,  and  interest.  He 
should  be  taught  how  to  calculate  the  interest  on  a  note,  the  interest  on  a  savings' 
account  according  to  the  daily  balance  plan  and  the  minimum  monthly  balance 
plan,  and  the  interest  on  a  note  on  which  partial  payments  have  been  made  and 
endorsed  thereon  at  irregular  periods.  ' 

(See  Ontario  Public  Schogl  Arithmetic,  Exercise  82,  Questions  16  and  18; 
also  Exercise  99,  Questions  66,  67,  110,  137.) 

In  computing  the  monthly  interest  due  on  savings'  accounts,  banks  reckon 

the  time  in  days.     For  instance,  if  the  smallest  b^ance  for  February  was  $360 

and  the  rate  of  interest  3% ,  the  February  interest  would  be  s^ih  of  T§f)  of  $260.    If 

the  smallest  balance  for  March  was  $826,  the  interest  for  March  at  3%  would  be 

ijh  of  tI TT  of  $826. 

Trade  Discount 

In  connection  with  the  transactions  involving  Trade  Discount  the  infor- 
mation will  be  given  that  most  goods  which  are  offered  for  sale  in  the  ordinary 
stores  pass  from  the  producer  or  manufacturer  to  the  wholesale  merchant,  and 
then  to  the  retail  merchant,  who  sells  them  to  those  who  finally  use  the  goods.  The 
difference  between  the  business  of  a  wholesale  merchant  and  that  of  a  retail  mer- 
chant might  be  emphasized,  as  well  as  the  part  performed  by  the  commerciaJ 
traveller  in  the  sale  of  goods.  It  will  be  noted,  of  course,  that  some  manufac- 
turers or  producers  sell  directly  to  the  retail  merchants. 

The  manufacturer  and  wholesale  merchant  usually  issue  a  catalogue  or  list 
of  goods  which  they  have  for  sale,  and  in  this  list  the  goods  are  marked  or  quoted 
at  prices  which  are  as  a  general  rule  equal  to,  if  not  actually  higher  than,  those 
for  which  the  consumer  buys  the  goods  from  the  retail  merchant.     (What  object 

is  there  in  this?)  i      i.    j     • 

This  catalogue  is  sent  to  the  trade,  that  is,  to  the  merchants  who  trade  in 
these  goods,  and  these  merchants  are  notified  that  to  the  trade  there  will  be 
allowed  a  discount  of  a  certain  percentage  of  the  list  price.  The  pnce  of  the 
goods  may  be  further  reduced  by  offering  a  second  discount  and  sometimes  by  a 
third  or  a  fourth.  Each  discount  is  a  percentage  of  what  rernams  after  the  pre- 
vious discounts  have  been  deducted. 

In  these  transactions  the  name  for  the  percentage  of  the  list,  or  marked,  price 
is  trade  or  mercantile  or  commercial  discount.  After  all  discounts  are  allowed  the 
part  of  the  price  left  is  called  the  net  price. 
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When  the  goods  are  fonvarded  to  the  retail  merchant,  the  wholesale  merchant 
sends  him  an  invoice  giving  the  quantities  of  the  goods  purchased,  their  list 
prices,  the  discounts  allowed,  and  the  net  amount  to  be  paid. 

The  pupils  should  be  taught  the  form  of  such  invoices  and  given  practice  in 
making  them  up.     For  this,  trade  catalogues  may  be  easily  secured. 

In  Trade  Discount  there  are  the  usual  three  general  classes  of  problems.  State 
them. 

Illustrative  solutions 

Example  1.  A  discount  of  20,  10,  and  10  off  is  equivalent  to  what  single 
diecount  ? 

The  net  price  =  t^i^  of  A  of  80%  of  list  price, 
=   (-6jV  or  64-8)%  of  list  price. 
Therefore  Actual  Discount  =  (100 — 64-8)%  of  list  price, 

=  35-2%. 

Example  2.  At  what  per  cent,  above  cost  must  a  merchant  mark  goods  so 
that  he  can  give  a  discount  of  25  and  10  off  and  still  make  a  profit  of  35%? 
The  net  price  =  ^  of  f  of  the  marked  price, 

--=  11  of  the  marked  price. 
But  net  price  also  =  135%  of  the  cost  price. 
Hence  |J  of  marked  price  =  135%  of  the  cost,  price. 
Therefore  the  marked  price  =  1^  of  135%  of  the  price  =200%. 
That  is,  the  goods  must  be  marked  at  a  profit  of  100%. 

Insurance 

Beyond  the  explanation  of  the  nature  of  the  transaction  involved  and  of  the 
technical  terms  used,  insurance  demands  no  special  treatment.  The  new  name  for 
the  percentage  is  the  premium,  or  the  cost  of  insurance ;  and  the  quantity  in  terms 
of  which  the  percentage  is  expressed  is  the  amount  of  the  risl',  that  is,  the  amount 
which,  in  accordance  with  the  conditions  of  the  policy,  will  be  paid  to  the  insured 
by  the  insurer  as  a  compensation  for  the  loss  of  the  property  insured. 

Example:  For  what  must  a  building  worth  $3000  be  insured  at  li  %  in 
order  to  cover  in  case  of  loss  the  value  of  the  building  and  the  premium  paid? 
Here  the  risk  =  value  of  the  building  -|-  the  premium, 
that  is  the  risk  =  value  of  the  building -|- ^g„     of  the  risk. 
HeBcef^^  of  the  risk  =  value  of  the  building, 

^fi  of  the  risk  =  $3000, 
.'.  the  risk  =  %yi  of  $3000. 

BANK  DISOOUKT 

Perhaps  in  no  other  deportment  of  commercial  nrithmotic  will  the  teacher 
find  a  practical  illustration  more  helpful  than  in  connection  with  Bank  Discount. 
ITave  the  pupilg  draw  a  note,  first  without  interest,  for  a  specified  sum  and  for  a 
ftated  time.  Then  suppose  the  note  cashed,  that  is.  converted  into  cash,  at  an  imag- 
inary school  bank  over  which  a  selected  pupil  mny  preside  as  banker,  and  at  which 
the  rate  of  discount  is,  say,  7%.  At  first  let  the  note  he  cnshod  on  the  day  on  whirh 
it  was  drawn.  Then  suppose  it  cashed  several  days  after  it  wa/j  drawn.  Tho 
pupils  will  sec  the  difference  between  the  proceeds  from  the  two  transactions  and 
will  understand  the  reason. 


BANK  DISCOUN'T  85 


Now  have  the  pupils  draw  a  second  note,  this  time  bearing  interest  at  6%, 
but  for  the  same  sum  and  time  as  before.  Once  more  suppose  it  converted  into 
cash,  or  sold  to  the  bank,  first  on  the  day  it  was  drawn,  and  then  several  days  after 
it  was  drawm,  and  let  the  bank's  rate  of  discount  be  again  7%.  The  pupils  vsdll 
see  that  the  proceeds  are  different  in  these  two  transactions  and  also  differ  from 
those  obtained  in  either  of  the  former  transactions. 

In  the  course  of  this  illustration  the  teacher  will  explain  how  money  is  obtained 
from  banks  by  means  of  notes,  and  bring  out  the  fact  that  the  transaction  involves 
two  problems,  first,  one  in  interest,  and  secondly,  one  in  discount. 

In  the  interest  problem  we  Ifearn :  The  date  on  which  the  note  was  drawn ;  the 
interest  period,  that  is,  the  time  for  which  the  note  is  given;  the  dates  on  which 
the  note  becomes  (a)  nominally,  and  (h)  legally  due,  the  latter  date  being  three 
days,  known  as  days  of  grace,  later  than  the  former ;  the  day  of  maturity ;  the  rate 
of  interest ;  the  face  value  of  the  note ;  the  value  of  the  note  when  it  matures,  that 
is,  on  the  day  of  maturity. 

With  perhaps  the  one  exception,  that  of  days  of  grace,  all  these  points  in  con- 
nection with  a  note  fall  under  transactions  in  simple  interest,  and  require  only 
reviewing  in  order  to  emphasize  their  special  bearing  on  Bank  Discount. 

It  is  in  the  second  problem  that  the  new  features  of  discount  enter.  It  must 
be  noted  that  Bank  Discount  is  not  Interest  but  a  discount,  differing  from  ordinary 
discounts  only  in  the  fact  that  its  amount  is  conditioned  on  a  time  element  just  as 
the  amount  of  interest  is  also  dependent  on  time.  Here  then  the  new  name  for  the 
percentage  is  Banh  Discount,  and  the  quantity  on  which  that  percentage  is  ex- 
pressed is  the  value  of  the  note  on  the  day  of  maturity.  This  percentage  is  one 
year's  discount,  and  the  amount  of  it  for  any  portion  of  a  year  can  then  be  easily 
determined.  The  time  for  which  the  discount  is  to  be  found  is  called  the  term  of 
discount  and  is  the  time  between  the  day  on  which  the  bank  cashes  the  note  and 
the  day  on  which  the  note  becomes  legally  due.  This  period  is  sometimes  called  the 
unexpired  time  of  the  note. 

Hence  in  our  second  problem,  that  is.  the  problem  directly  involving  Bank 
Discount,  we  learn :  The  day  of  discount,  that  is,  the  day  the  bank  cashes  or  buys 
the  note;  the  term  of  discount;  the  rate  of  discount;  the  value  of  the  note  at 
maturity ;  one  year's  discount  off  that  value ;  the  discount  for  the  term  of  discount ; 
and  finally  the  proceeds,  that  is,  the  amount  of  cash  the  bank  pays  for  the  note, 
which  proceeds  will  be  equal  to  the  value  of  the  note  at  maturity,  less  the  discount. 

Bach  item  of  information  secured  from  both  the  interest  and  discount  phases 
of  the  problems  is  so  important  that  it  is  suggested  that  practice  should  be  given 
in  finding  each  item  separately,  before  attempting  the  whole  process  involved  in 
finding  the  proceeds  obtained  from  discounting  a  note. 

For  instance,  it  would  be  well  to  write  on  the  black-board  a  set  of,  say,  six 
notes,  and  have  the  pupils  give  for  each  of  these,  first,  their  dates;  then,  their 
interest  periods;  then,  their  dates  of  maturity;  then,  their  face  values;  etc. 

To  assist  in  making  rapid  calculations  banks  are  supplied  with  numerous 
tables.  The  following,  by  which  the  number  of  days  between  any  two  specified 
dates  is  found,  may  prove  helpful  to  the  teacher. 
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TABLE  OF  DAYS  INTERVENING  BETWEEN  DATES 


Jan. 

Feb. 

Mar. 

Apr. 

May 

June 

July 

Aug. 

Sept. 

Oct. 

Nov. 

Dec. 

January . . 

365 

31 

59 

90 

120 

151 

181 

212 

243 

273 

304 

334 

February 

334 

365 

28 

59 

89 

120 

150 

181 

212 

242 

273 

303 

March,... 

306 

337 

365 

31 

61 

92 

122 

153 

184 

214 

245 

275 

April  .... 

k75 

306 

334 

365 

30 

61 

91 

122 

153 

183 

214 

244 

May 

245 

276 

304 

335 

365 

31 

61 

92 

123 

153 

184 

214 

June 

214 

245 

273 

304 

333 

365 

30 

61 

92 

122 

153 

183 

July 

184 

215 

243 

274 

304 

335 

365 

31 

62 

92 

123 

153 

August  .. 

153 

184 

212 

243 

273 

304 

334 

365 

31 

61 

92 

122 

Sept 

122 

153 

181 

212 

242 

273 

303 

334 

365 

30 

61 

91 

October  . . 

92 

123 

151 

182 

212 

243 

273 

304 

335 

365 

31 

61 

November 

61 

92 

120 

151 

181 

212 

242 

273 

304 

334 

365 

30 

December. 

31, 

62 

90 

121 

151 

182 

212 

243 

274 

304 

335 

365 

The  number  of  days  from  any  day  in  one  month  to  the  same  day  of  another 
month  is  found  by  starting  at  the  name  of  the  first  (in  the  left-hand  column)  and 
following  across  to  the  column  headed  with  the  name  of  the  second. 

Suppose  it  is  required  to  find  the  number  of  days  from  March  3  to  August  10. 
From  the  table  we  find  that  it  is  153  days  from  March  3  to  August  3;  adding 
7  days,  we  find  the  required  time  to  be  160  days. 

Should  February  29  of  a  leap  year  intervene  between  dates,  add  one  day. 

Square  Root 

Since  1X1  =  1;  2X2  =  4;  3X3  =  9;  4X4=i  16;  5X5  =  25;  6X6 
=  36;  7  X  7  =  49;  8  X  8  =  64;  9  X  9  =  81;  10  X  10  =  100;  1,  4,  9,  16,  25, 
36,  49,  84,  81,  and  100  are  said  to  be  the  squares  of  1,  2,  3,  4,  5,  6,  7,  8,  9,  and  10 
respectively.. 

That  81  is  the  square  of  9  is  sometimes  expressed  thus:  81  =  the  square  of 
9;  and  sometimes,  81  =  9';  where  the  2  shows  that  the  9  is  to  be  used  as  a  factor 
16,  25,  36,  49,  81,  and  100  respectively. 

Also  1,  2,  3,  4,  5,  6,  7,  8,  9,  10  are  said  to  be  the  square  roots  of  1,  4,  9, 
twice. 

That  7  is  the  square  root  of  49  is  expressed  thus :  7  =  v'49  or  7  =  \/49 
with  the  2  omitted. 

A  8f|uare  number  like  49  ie  seen  to  be  the  product  of  two  equal  factors^  and 
the  square  root  of  49  is  seen  to  be  one  of  these  two  equal  factors. 

If,  then,  wejcan  resolve  a  number  into  its  two  equal  factors,  one  of  these 
factors  will  be  its  square  root. 

Example;  Find  the  square  root  of  1764.    The  work  may  be  shown  thus: 
2)1764 

2)882 

«\77i  Thus  1764  =  2X2X8X7X7X3, 
^'**^  =  (2  X  3  X  7)  X  (2  X  S  X  7), 

7)147  =42X42, 

7)81  .*.  the  square  root  of  1764  is  42. 

3 

The  nqnarr  root  of  a  number  is  one.  of  the.  two  equal  factors  of  that  numhp.r. 
For  cxnin[)If*  »w  Ontario  Public  School  Arithmetic,  page  199. 
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To  find  by  inspection  the  number  of  digits  in  the  integral  part  of  the  square 
root  of  a  number  examine  the  following: 

(1)  V  =  1,  and  92  =:  81,  Now  since  1  and  9  are  the  smallest  and  largest 
numbers  of  one  digit  it  will  be  seen  that  (a)  the  square  of  a  number  one  digit 
is  a  number  of  one  or  two  digits;  and  (6)  the  square  root  of  a  number  of  one  or 
two  digits  is  a  number  of  one  digit. 

(2)  102  _  100  and  99=  =  9801.  Hence,  since  10  and  99  are  the  smallest 
and  largest  numbers  of  two  digits,  it  is  clear  that  (a)  the  square  of  a  number  of 
two  digits  is  a  number  of  three  or  four  digits;  and  (h)  the  square  root  of  a  num- 
ber of  three  or  four  digits  is  a  number  of  two  digits. 

(3)  1002  z=  10000  and  999"  =  998001.  Hence,  since  100  and  999  are  the 
smallest  and  largest  numbers  of  three  digits,  it  is  evident  that  (a)  the  square  of 
a  number  of  three  digits  is  a  number  of  five  or  six  digits;  and  (&)  the  square  root 
of  a  number  of  five  or  six  digits  is  a  number  of  three  digits. 

Hence,  to  find  how  many  digits  there  are  in  the  integral  part  of  the  square 
root  of  a  number,  begin  at  the  decimal  point  and  mark  ofE  the  digits  into  groups 
of  two  digits  each,  and  there  will  be  as  many  figures  in  the  integral  part  of  the 
square  root  as  there  are  groups  of  two  figures.  If  there  is  but  one  digit  in  the 
last  group,  this  is  to  count  as  a  group.  Thus,  in  the  integral  part  of  the  square 
root  of  1728  there  will  be  two  digits.  In  the  integral  part  of  the  root  of  14641 
there  will  be  three  digits  because  there  are  three  groups  or  what  is  counted  as  such. 

To  find  the  square  root  of  numbers  not  easily  resolved  into  two  equal  factors. 
Example :  Find  the  square  root  of  1849. 

(1)  By  dividing  into  groups  of  two  figures  each  we  see  there  will  be  two 
digits  in  the  integral  part  of  the  square  root,  that  is,  there  will  be  tens  and  units. 

(2)  By  inspection  the  number  is  greater  than  (4  tens)^  or  40'  and  less 
than  50'  and  is  therefore  40  +  some  other  digit. 

Represent  the  number  1849  by  a  square 

ABCD.     Mark  off  a  part  NKLM,  40  by  40. 

^       This  will  take  up   1600  and  we  shall  have 

W      remaining      1849—1600  =  249.       The     two 

strips  on  the  sides  will  each  be  40  long  and 

therefore  together  80  long.     The  problem  is 

to  find  their  width,  which  added  to  40  will 

^       give  the  number  which  is  the  square  root. 

It  will  be  seen  that  these  strips  added  to 
the  square  already  found  will  not  make  the 
large  square,  but  need  to  be  supplemented  by 
a  small  square  whose  side  is  the  width  of  the 
strips.  If  we  call  this  width  a  we  have, 
to  make  up  the  large  square,  a  strip 
(2  X  40  -f-  a)  long  and  a  wide.  But  this 
amounts  to  249.  From  this,  since  the  length  of  a  Strip  is  approximately  80,  we 
see  that  a,  or  the  width,  must  be  3;  and  the  square  root  of  the  number  1S49,  or 
the  side  of  the  square  is  40  -f-  3  ^  43. 

The  work  may  be  set  down  as  foDowe : 
1849   (  40     3 
40  X  40,  40*  =  1600  used  up  in  square  NKLM 

249  remain  for  strips  and  small  square. 


<& 


40X3=  120 


40X40=1600 


M 


40 
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/  2   X   40  +  3,  length  of  |  ^  f  3,  width  of  small  |  ^  r249;  used  up  in  strips  240, 
I  strips  and  small  square  /       I  square  J       land  in  small  square  9, 

.  * .  the  square  root  of  1849  =  43. 
This  may  be  abbreviated  thus: 

1849  (  43 

16 

83      249 
249 

.'.  the  square  root  of  1849  =  43. 
The  operation  employed  above  may  also  be  suggested  by  analysing  the  pro- 
duct got  by  multiplying  43  by  43.    Thus: 

43  =    40  +  3 

43  =    40  +  3 

129  =   40  X  3  +  3« 

1720  =   40^  +  40  X  3 

1849  =   40*  +  2  X  49  X  3  +  3» 

=   40*+  (2  X  40  +   3)3. 

Using  this  form  of  the  product  43  X  43,  or  1849,  we  see : 

(1)  That  40',  or  1600,  is  the  pert  corresponding  to  40  or  4  tens  of  our 
square  root; 

(2)  That  when  this  is  taken  we  have  (2  X  40  X  3)  X  3  or  249  left; 

(3)  That  2  X  40  gives  us  part  of  our  divisor,  and  that  the  quotient  of  240 
by  2  X  40  suggests  tiie  other  figure  of  the  answer  and  the  other  term  of  the 
divisor. 

Hence  we  have  the  different  steps  given  in  the  Ontario  Public  School  Arith- 
metic, pages  202  and  203. 

Note: — Care  most  be  taken  to  begin  at  the  decimal  point  when  marking  a 
nnmber  into  groups  or  periods  before  finding  the  square  root.  Thus  to  find  the 
square  root  of  -04  we  mark  off  thus  -04,  and  -2  is  seen  to  be  the  square  root. 

To  find  the  square  root  of  -4  we  mark  off  thus  -4,  and  add  a  cipher  thus  -40, 
and  the  first  figure  of  the  result  is  seen  to  be  -6,  since  the  6  is  the  highest  integer 
which  when  squared  is  lees  than  40. 

For  Exercises  see  Ontario  Public  School  Arithmetic,  page  203. 

MENSURATION 

Olre  to  each  memlber  of  the  class  a  square  and  a  roctnnglc  out  out  of  card- 
board. Draw  attention  to  (1)  the  relative  lengths  of  adjacent  sides  in  each, 
and  (2)  the  character  of  the  angles.  Give  the  names  square  and  rectangle,  and 
have  tlic  pupils  define  each.  Let  the  pupils  draw  otiier  squares  and  roclajif^lcs  on 
the  black-board  and  in  their  exercise  books,  and  give  dimensions  after  measuring. 
Take  ttrings  op  rulers  and  find  the  perimeter  of  the  figures  drawn. 

Alto  find  the  perimeter  of  book,  desk,  table,  scliool-room,  etc.,  using  gtringi 
when  the  iides  are  not  an  integral  iiuinbcr  of  in<'hos  or  feet. 

Give  the  pupils  circular  cardboard  discs  or  ofclicr  circular  objects  such  as 
wheels,  cylindrical  c^ns,  covon*,  etc.,  of  different  diameters.  Define  the  terms 
circumference,  diameter,  radtun. 
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Elace  a  mark  on  the  circumference  of  a  disc 
and  roll  the  disc  on  a  table,,  or  on  the  floor,  or  the 
black-board.  Mark  the  points  on  the  table  touched 
by  the  mark  on  the  circumference  and  measure  the  ^ 

distance    between    these    points.      This    gives    the         AB  _circumperence    2  2 
length    of   the    circumference    AB,      Now    measure  D  "    diameter      "  "t" 

carefully  the  diameter  of  the  disc  used,  D. 

Divide  the  length  of  the  circumference  by  the  length  of  the  diameter  and 
carry  the  quotient  to  two  places  of  decimals. 
.    The  circumference  =3-14  times  the  diameter. 

=    V"  times  the  diameter  (approximately). 

This  is  often  written  thus:  circumference  =  V*  where  d  is  diameter. 

or  circumference  =  V"  X  2  r  =  -V*^  where  r  is  radius. 

Exercises 

1.  A  metal  disc  is  7  in.  in  diameter;  what  is  its  circumference? 

2.  A  cart  wheel  is  5  ft,  in  diameter;  how  long  is  its  tire? 

3.  The  front  wheel  of  a  wagon  is  3  ft.  6  in.  in  diameter,  and  the  hifld  wheel  is 
4  ft.  in  diameter.  How  often  will  each  turn  in  going  a  mile?  Which  axle  will 
wear  faster?    Why? 

4.  A  circular  race-couree  is  80  rods  in  diameter?  What  is  the  distance  round 
it? 

6.  The  tire  of  a  wheel  is  11  ft.  long.  What  is  the  diameter  of  the  wheel? 
About  how  long  is  a  spoke? 

6.  You  want  a  circular  race-oourse  just  one  mile  long,  what  should  be  the 
radius  of  the  circle? 

7,  Two  circles  have  the  same  centre;  the  inner  one  has  a  diameter  of  35  ft, 
and  the  outer  a  diameter  of  70  ft.  How  much  farther  is  it  round  the  outer  circle 
than  round  the  inner? 

8.  A  large  window  5  ft.  10  in.  wide  and  8  ft.  high  has  a  semicircular  top 
above  the  rectangular  part.  Make  a  drawing  of  the  whole  window  and  find  it« 
perimeter, 

9,  A  belt  runs  between  two  wheels  whose  diametors  are  35  in,  and  7 
in,  respectively.  If  the  large  one  turns  vlOO  times  a  minute,  how  many  turns  does 
the  small  wheel  make  a  minuie? 

For  other  questions  see  Ontario  Public  School  Arithmetic,  pages  206  and  207. 

Areas 

Rectangles.     (See  page  204.) 

Give  to  each  member  of  the  class  a  square  inch.  Those  used  in  the  primary 
class  answer  the  purpose  well.  Have  the  pupils  pass  their  fingers  over  the  surface 
and  note  the  area. 

Give  strips  of  paper  or  cardboard  to  each.  Let  the  strips  be  one  inch  wide 
and  10  inches,  say,  in  length.  Have  the  pupils  mark  off  the  surface  into  square 
inches,  thus: 


<^ 

'.)0 
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Make  a  drawing  on  the  black-board  and  reckon  its  area  thus :  Area  =  1  sq. 
in.  X  10. 

Next  give  to  each  pupil  a  strip  10  inches  by  2  inches,  and  have  it  marked  off 
as  before  into  square  inches.  Next  cut  the  strip  into  two  parts  along  the  length. 
Make  drawings  on  the  board  thus: 


m 

m 

Area  =  1  sq.  in.  X  10  X  2  =  20  sq.  in. 
Give  the  meaning  of  the  word  "  dimensions,"  and  ask  for  the  area  of  rectangles 
4  inches  wide  by  10  inches  long,  etc.,  etc. 

Encourage  the  making  of  diagrams  with  dimensions  marked  thereon,  thus: 


Area  =  1  sq.  in.  X  4  X  10  =  40  sq.  in. 
For  Exercises  see  Ontario  Public  School  Arithmetic,  pages  114,  115,  116,  117. 

Triangles. 


Make  a  square  and  a  rectangle  out  of  cardboard.  Note  the  altitudes  AD,  FE, 
BC,  or  GL,  NM,  HK,  and  the  bases  DC,  and  LK.  The  class  will  know  the  area 
of  the  square. 

Measure  of  area  of  square  =  measure  of  base  X  measure  of  altitude, 

or,  briefly,  area  =  h  X  a. 
Similarly,  measure  of  area  of  rectaDgle  GLKH  =  measure  of  LK  X  measure 
of  NM,  or  area  =  base  X  altitude. 

Note,  al«o,  triangle  FDC  and  square  ADCB  have  the  same  base  and  altitude; 
also  triangle  NLK  and  rectangle  GLEH  have  the  same  base  and  altitude; 
asd  alao  that  triangle  FEC  =  triangle  FBC 
"        FED=      "         FDA 
"       NMK=      "        NHK 
"        NML=      "        NGL 
Now  score  GLKH  along  the  lines  NK  and  NL  so  that  the  triangles  NGL 
and  NHK  may  be  turned  back,  leaving  the  triangle  NTjK,  which  is  thus  seen  to 
be  V^  the  area  of  the  rectangle. 

That  is,  triangle  NLK  =  i/g  recUngle  GLKH 
=  Yz  base  X  altitude 

=  1/2  &  X  «  • 
State  the  resnlt  generally  thus: 
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The  measure  of  the  area  of  a  triangle  =  i^  the  measure  of  its  base  X  the 
measure  of  its  altitude; 

or  briefly,  area  of  triangle  =  i/^  &  X  a. 

Exercises 

1.  The  base  di  a  triangle  is  4  ft.  and  its  altitude  is  1^  ft.    Find  its  area. 

2.  The  base  of  a  triangle  is  4  ft.  and  its  altitude  6  ft.    Find  its  area. 

3.  Find  the  sum  of  the  areas  of  two  triangles  whose  bases  are  4  ft.  and  6  ft. 
respectively,  and  whose  altitudes  are  each  2  ft. 

Show  the  solutions  worked  separately.     Show  the  solution  of  both  as  forming 
one  question. 

Thus :     Measure  of  area  of  the  first  =  y^  measure  of  base  X  measure  of  height, 

=  1/2  of-  4  X  2  =r  4, 
.*.  area  =  4  sq.  ft. 
Similarly  area  of  second  =  6  sq.  ft., 
.'.  area  of  both  =  10  sq.  ft. 
Or,  working  the  two  parts  together,  since  the  altitude  is  the  same  we  have : 
Measure  of  area  of  both  =  y^  measure  of  sum  of  bases  X  measure  of  altitude, 

=  1/2   (4  +  6)  X2  =  10, 
.".  area  of  both  =  10  sq.  ft. 

4.  Find  the  sum  of  the  areas  of  these  four  triangles: 

a  triangle  whose  base  is  6  ft.  and  altitude  4  ft.; 
a  triangle  whose  base  is  8  ft.  and  altitude  4  ft.; 
a  triangle  whose  base  is  9  ft.  and  altitude  4  ft.; 
a  triangle  whose  base  is,  7  ft.  and  altitude  4  ft. 

Measure  of  sum  of  areas  =  %  measure  of  sum  of  bases  X  measure 

of  altitude, 
=1/2  (6  +  8  +  9+7)X4, 
=  1/2  of  30  X  4  =  60, 
.'.  sum  of  areas  =  60  sq.  ft. 

TJie  Right-angled  triangle. 

Have  the  pupils  draw  right-angled  triangles,  and  point  out  in  each  the  hypo- 
tenuse and  the  sides  containing  the  right  angle. 

(1)  Have  them  draw  a  right-angled  triangle  with  sides  about  the  right  angle 
3  units  and  4  units  in  length,  and  by  actual  measurement  the  length  of  the  hypo- 
tenuse. /- 

(2)  Have  them  draw  a  right-angled  triangle  with  sides  about  the  right  angle 
6  units  and  8  units  in  length,  and  measure  the  hypotenuse. 

(3)  Have  them  find  the  hypotenuse  of  a  right-angled  triangle  whose  sides 
about  the  right  angle  are  5  units  and  12  units  in  length. 

Next  let  them  make  these  same  triangles  again,  and,  on  the  sides  of  each 
triangle,  construct  squares  outwardly  and  divide  the  squares  thus  drawn  into  small 
squares  where  the  length  of  the  side  of  a  small  square  would  be  the  length  of  a  unit 
in  the  sides  of  the  triangle. 
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3: 


6    wQ%s 

A        X 

' 

In  the  first  figure   8^  +  42=    25    and     5^.  =:  25. 
In  the  second  figure  6^  4-  8^  =  100  and  10^  =  100. 
From  these  and   other  similar  illustrations  it  will  be  seen:    (a)    That  the 
square  on  the  hypotenuse  is  equal  to  the  sum  of  the  squares  on  the  other  two  sides; 

(b)  That,  in  consequence,  if  the  two  sides  are  given  in  length,  the  squares  on 
these  sides  can  be  calculated  and  added,  and  thus  the  square  on  the  hypotenuse 
may  be  found. 

(c)  That  if  the  area  of  the  square  on  the  hypotenuse  is  known,  the  length 
of  one  side  may  be  found  by  extracting  the  square  root  of  the  measure  of  this 
area; 

(d)  And,  therefore,  that  when  the  two  sides  of  a  right-angled  triangle  are 
known,  the  third  side,  or  hypotenuse,  may  be  calculated. 

It  was  found  that  if  the  two  sides  of  a  right-angled  triangle  were  5  units  and 
12  units  of  length  respectively,  the  third  side  was  13  units  in  length.  But  the 
length  13  units  was  found  by  moasnrcnicnt.  Tt  is  now  seen  that  it  may  be  obtained 
by  calculation,  thus  : 

I^ength  of  other  side  =12  units,  therefore  sq.  on  this  side  contains  144  units. 
r.<ength  of  other  side  =  12  units,  therefore  sq.  on  this  side  contains  144  units, 
.*.  the  square  on  the  hypotenuse  contains  (144  -|-  25)  or  169  units  of  area, 
.*.  the  length  of  one  side  =:\/169  =  13  units. 

If  the  sides  are  denoted  by  6  and  p  and  the  hypotenuse  by  h  we  may  express 
<rar  restilts  thus: 


(1)    6'  H-p'  =/i' 
or  (2) 
also  we  have  (3) 

(4) 

The  fact  tlint  the  »f|unre  on  the  hypotenuse  is  equal  to  the  sum  of  the  sciuares 
on  the  pidcfl  containing  the  right  angle  of  a  right-angled  triangle  may  be  shown 
experimentally  for  any  right-angled  triangle  by  a  method  suggested  by  the  follow- 
ing diagram. 


h- 

=  \/6' 

-hp' 

6» 

-p> 

b- 

-p» 

P' 

=  h'' 

-6» 

MENSUEATION:  CIECLES. 
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ABC  is  any  right-angled  triangle. 

GDEF  and  LEHK  are  equal  to  the  squares  on  AB  and  BC  of  the  triangle  ABC. 

MH  is  taken  =  AB,  and  therefore  DM  =:  BC. 

Join  MG  and  MK.  Now  if  figure  II  be  cut  out  of  stifE  paper  or  cardboard 
and  cut  into  three  pieces  marked  1,  2,  3,  these  pieces  may  be  put  together  as  in 
figure  III  to  form  the  large  square,  which  is  the  square  on  the  hypotenuse  GM 
or  AC. 

Therefore  the  square  RSPQ  is  equal  to  the  sum  of  the  squares  GDEF  and 
LEHK. 

That  is,  the  square  on  the  hypotenuse  is  equal  to  the  sum  of  the  squares  on 
the  other  two  sides.  Or  if  cardboard  be  used,  the  square  on  the  hypotenuse  is 
found  to  weigh  as  much  as  the  sum  of  the  weights  of  the  squares  on  the  other  two 
sides.  And  since  the  thickness  is  uniform,  the  area  of  the  large  square  on  the 
hypotenuse  must  be  equal  to  the  sum  of  the  areas  of  the  other  two  squares. 

Area  of  a  Circle. 

Cut  out  of  wood  a  circular  disc  ^^  inch  thick.  Cut  ft  into  two  equal  parts, 
and  afterwards  cut  from  centre  to  circumference  along  many  radii  with  a  fine  saw, 
thus  dividing  the  disc  into  many  small  sectors.  Place  all  the  sectors  together 
again  as  before,  and  tack  round  the  circumference  a  flexible  leather  strap. 

To  find  the  area  of  the  surface  of  the  disc  open  out  as  shown  in  the  figure, 
when  it  will  appear  that  the  area  of  the  circle  is  equal  to  the  sum  of  the  areas  of 
all  the  triangles  standing  on  the  strap.  ' 


Lead  the  pupils  to  observe : 

(1)  That  the  area  of  the  circle  is  equal  to  the  combined  areas  of  all  the 
triangles ; 

(2)  That  the  altitude  of  the  triangles  are  the  same,  namely  the  radius  of  the 
circle ; 

(3)  That  the  bases  of  all  the  triangles  when  added  make  up  the  circu inference 
of  the  circle,  that  is,  V  '^- 
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Set  down  thus: 
Measure  of  area  of  circle  =  measure  of  area  of  all  the  triangles, 

=  i  of  sum  of  measure  of  bases  X  measure  of  altitude, 
=  J  measure  of  circumference  of  circle  X  measure  of 
radius  of  circle, 

=  iX^XrXr, 

=  V^  X  4,  that  is,  -^  (measure  of  radius).^ 
For  Exercises  on  the  areas  of  circles  see  Ontario  Public  School  Arithmetic, 
pages  "208,  209. 

The  Surface  of  a  Cylinder. 

Take  any  cylindrical  solid.  One  of  the  cylindrical  blocks  used  for  notation 
will  do.  ' 

Note: — (1)  Its  ends.    What  are  they?     (2)  Its  curved  surface. 

Cover  the  curved  surface  neatly  with  paper,  and  while  the  paper  remains  on 
the  cylinder  write  on  that  edge  corresponding  with  the  circumference  of  the  end 
of  the  cylinder  the  words — "  circumference  of  end  of  cylinder  "  and  along  the  edge 
of  the  paper  corresponding  to  the  lieight,  the  words  "  lieight  of  cylinder."  Now 
unroll  the  paper.    Note  that  it  forms  a  rectangle. 

The  measure  of  the  area  of  the  curved  surface  of  the  cylinder  is  the  measure 
of  the  circumference  of  the  end  multiplied  hy  the  measure  of  the  height. 

Note  also  that  the  ends  of  the  cylinder  are  circles,  and  that  therefore  the 
measure  of  the  area  of  each=  y  (measure  of  radius)'. 

For  E-xercises,  see  Ontario  Public  School  Arithmetic,  page  209. 

The  Surface  of  a:  Cone. 


To  make  a  cone,  cut  out  of  a  circular  piece  of  stiff  paper  a  sector  a.'"  shown  in 
die  accompanyiDg  diagrams.  Bring  the  edges  OA,  OH  together  as  in  figure  3, 
and  by  means  of  a  thin  strip  of  paper,  paste  them  in  this  position.  Let  the  pupils 
note: 

(1)  That  the  arc  AB  ha«  become  the  circumference  of  the  base  of  the  cone; 

(2)  That  the  radius  of  the  sector  has  become  the  slant  height  of  the  cone; 
(8)  That  the  area  of  the  sector  is  the  same  as  the  area  of  the  curved  surface 

•f  the  cone. 

Just  as,  above,  the  circle  wan  the  Hum  of  nil  the  Hmall  trinnglcH,  ho  here  the 
sector  is  the  sum  of  the  areas  of  a  number  of  triangles  into  which  it  may  be 
'divided,  the  sum  of  whose  bates  is  AB  and  whose  height  is  OA  or  the  radius  cA 
the  sector. 


J 
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Therefore  the  measure  of  the  area  of  the  sector  =  i/^  the  measure  of  AB  mul- 
tiplied by  the  measure  OA, 

=  ^  the  measure  of  the  circumference  of  the  base  of  the  cone  X  the 
measure  of  the  slant  height  of  the  cone, 

.  * .  the  measure  of  the  area  of  the  curved  surface  of  the  cone 

=  ^2  ^^6  measure  of  the  circumference  of  its  base  multiplied  by  the 
measure  of  the  slant  height. 
Note  also,  if  the  cone  is  solid,  its  base  will  be  circular  and  therefore  its  area  is 
easily  found. 

1.  Find  the  surface  of  a  conical  tent  the  diameter  of  whose  base  is  14  ft.  and 
whose  slant  height  is  15  ft. 

2.  A  silo  is  14  ft.  in  diameter.  It  is  cylindrical  to  a  height  of  24  ft.  Its 
roof  is  conical  and  its  slant  height  is  16  ft.  Find  the  entire  outer  surface  of  the 
silo. 

Area  of  a  Trapezium. 


^  Cut  out  of  paper  a  quadrilateral  having  two  sides  parallel.  Mark  on  it  a  line 
such  as  BE  to  show  the  perpendicular  distance  between  its  parallel  sides.  Cut 
it  into  two  triangles  as  shown  in  the  figure,  and  place  AB,  one  parallel  side,  in 
line  with  DC,  the  other  parallel  side. 

Note: — (1)  That  the  altitude  of  each  triangle  is  BE, 

(2)  That  the  trapezium  =  the  sum  of  the  triangles. 
. ' .  the  measure  of  the  trapezium  =  the  measure  of  the  sum  of  the  areas  of 

the  triangles. 
=  %  of  the  measure  of  the  sum  of  the  bases 

X  the  measure  of  the  altitude, 
=  1/2  (DC  +  AB)  X  BE, 
=  y^  the  measure  of  the  sum  of  the  parallel 
sides  of  the  trapezium  X  the  measure 
of  the  perpendicular  distance  between 
them. 

Volumes 

Reciangular  Solids.  (See  page  74).  Give  the  members  of  the  class  a' 
number  of  cubes,  each  a  cubic  inch. 

Have  them  note:  (1)  Length  of  edges.     (2)  Number  and  character  of  faces. 

The  amount  of  space  occupied  by  this  cube  is  1  cu.  in.  and  its  volume  is 
said  to  be  1  cu.  in. 

Next  present  a  block  12  in.  long,  1  in.  wide,  1  in.  thick.  How  many  cu.  in. 
are  found  in  it?     12, 

Then  what  is  its  volume  ?    12  cu.  in. 

If  the  block  were  12  in.  long,  2  in.  wide,  1  in.  thick,  what  would  be  its  volume? 
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Next  take  the  slab  off  the  cubic  foot  found  in  schools,  and  let  the  pupils  com- 
pare its  volume  with  the  volume  of  the  rod  taken  first.  Now  present  the  cubic 
foot  and  let  them  compare  its  volume  with  that  of  the  slab.  Then  give  the 
pro'blem:  How  many  times  must  the  cu.  in.  be  taken  to  make  up  the  cubic  foot? 
What  is  the  volume  in  cubic  inches  of  a  block  12  in.  long,  12  in.  wide,  and  12  in. 
thick? 


0  itf(i(f(in-H\ 

12 


12 


The  result  may  be  set  down  thus: 
Unit  of  measurement  =:  1  cu.  in. 
Vol.  of  rod  =r  1  cu.  in.  X  12. 
Vol.  of  slab  =  vol.  of  rod  X  12  X  1  cu.  in. 

=  12  X  12  X  1  cu.  in. 
\'ol.  of  large  cube  =  vol.  of  slab  X  12  X  1  cu.  in. 
=i  12  X  12  X  12  X  1  cu.  in. 
=  1728  cu.  in. 
Or  briefly  thus: 
■."olume  of  cu.  =  1  cu.  in.  X  12  X  12  X  12 
==  1728  cu.  in. 


12 

A  cubic  yard  may  be  represented  on  the  black-board,  and  its  volume  found 
similarly  and  expressed  thus: 

Volume  =  1  cu.  ft.  X  3  X  3  X  3  =  27  cu.  ft. 
After  the  dimensions  of  a  cord  are  given,  as  8  ft.  long,  4  ft.  wide,  4  ft.  high, 
its  yolume  may  be  found  thus: 

Volume  of  cord  =  1  cu.  ft.  X  4  X  4  X  8  =  128  cu.  ft. 


EXERCrSKS 


1.  A  block  of  wood  is  36  in.  long,  12  in.  wide,  and  8  in.  deep.  How  many 
ca.  in.  are  in  it? 

(Encourage  the  class  to  make  diagrams  placing  thereon  the  dimensions. 
Volume  =  1  cu.  in.  X  8  X  12  X  36  =  3456  cu.  in.) 

2.  What  is  the  volume  of  a  rectangular  solid  (prism)  with  a  bn.sc  G  incheft 
M]uare  if  it«  altitude  is  4  in.? 

3.  TTow  many  bushels  will  a  bin  8  ft.  square  and  9  ft.  high  hold?  (2218  vm. 
in.  =  1  bu.) 

4.  Find  the  value  at  66c.  per  bu.  of  the  wheat  that  would  All  a  bin  15  ft. 
square  and  12  ft.  deep. 

To  find  the  length  of  a  rcctangnl"'*  «'>li'l.  if^^  vnliiriw  Iwic^iii,  iirul  width  being 
given. 

Example:  A  pile  of  wood  contninH  10  ((iil-  IN  tiMl  dinwnHiong  are  G  ft. 
Hiffh.  and  8  ft.  wide;  find  its  length. 


MENSURATION:  CYLINDER  AND  PRISM. 
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6FT. 


8  FT.     IFT. 


Represent  the  pile  as  in  the  diagram. 

Find  the  number  of  cu.  ft.  in  16  cords.     This  is  16  X  128  cu.  ft.  =  2048 
cu.  ft. 

Wlien  1  ft.  of  len^h  of  pile  is  used,  ]  on.  ft.X6X8,  or  48  cu.  ft.  is  accounted  for. 

Since  48  cu.  ft.  gives  1  ft.  in  length,  2048  cu.  ft.  will  give  m^  times  1  ft.  in 
length, 

.  ■ .  the  pile  is  42f  ft.  in  length. 

Volume  of  Cylinder  and  Prisms 


6FT. 


6FT. 


5FT. 


6FT 


4fT. 


Represent  on  the  black-board  as  in  the  accompanying  diagram : 
(a)  A  rectangular  prism  with  base  4  ft.  by  '3  ft.  and  height  «>  ft ; 

(&)  A  cylinder  with  the  same  base  area,  namely,  12  sq.  ft.,  and  the  same 
height ; 

(c)  A  triangular  prism  with  base  area  12  sq.  ft.  and  height  6  ft 
If  a  slice  1  ft.  thick  be  cut  ofE  the  base  of  each,  the  part  cut  off  will  be  such 
that  : 

(a)  In  the  case  of  the  rectangular  prism  the  volume  will  be  1  cu.  ft. 
X  4  X  3  =  12  cu.    ft. 

(&)  In  the  case  of  the  others,  since  the  area  of  their  bases  is  12  sq.  ft.  each, 
sq.  ft.  may  be  regarded  as  the  end  of  a  cu.  ft.  and  the  number  of  cu.  ft.  in  the 
slice  will  be  the  same  as  the  number  of  sq.  ft.  in  the  end  and  therefore  will  be  12 
cu.  ft. 

And  since  there  are  in  each  of  the  solids  6  such  slices  the  total  volume  of  each  is 
6  X  12  cu.  ft.  =  72  cu.  ft. 

The  measure  of  the  volume  of  either  a  prism  or  a  cylinder  is  thus  seen  to  be, 
the  measure  of  the  area  of  the  end  multiplied  by  the  measure  of  the  height. 


7   A 
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Volume  of  Pyramid 


Take  a  piece  of  stiff  cardboard.  Mark  ofE  on  it  a  centre  6  inches  square  and 
wings  whose  points  are  414  inches  from  the  sides  of  the  square  centre.  Score  the 
paper  on  the  lines  of  the  square  and  turn  up  the  points  to  meet,  as  shown  in 
figure  B. 

Place  six  of  these  together  and  they  form  a  6  in.  cube  as  s^hown  in  figure  A. 

Each  pyramid  will  be  3  in.  high,  that  is,  1^  the  height  of  the  cube,  and  will 
have  a  base  whose  area  is  36  sq.  in. 

Now  the  volume  of  the  cube  is  6  X  6  X  6  cu.  in.  =  216  cu.  in.,  therefore  the 
voltune  of  one  pyn^nid  is  yi  of  216  cu.  in.  ^  36  cu.  in. 

Thus  the  measure  of  the  volume  of  the  pyramid  is  equal  to 

the  measure  of  the  area  of  the  base  X  the  measure  of  the  height 

_ . —  =  36  cu.  m. 

3 

Thu«  if  volume  =  measure  of  volume  of  pyramid, 

and  b  =  measure  of  base  of  pyramid, 

and  h  =  measure  of  height  of  pyramid, 

volume  =  ^  of  6  X  fe. 


Volume  op  Right  Cone 


VCYLINDtR-BxH 
V«»CONE-  •^B'<H 

If  a  hollow  cylinder  and  cone  be  obtuincd  having  equal  bases  and  of  the  same 
height,  it  will  !«  found  that  if  the  cone  be  filled  with  water  and  the  water  be 
emptied  into  the  cylinder,  this  may  be  done  three  times  before  the  cylinder  is 
filled,  that  is,  the  volume  of  the  cylinder  is  three  times  that  of  the  cone. 

The  measure  of  the  volume  of  the  rylinder  equals  the  measure  of  the  base  multi- 
plied by  the  meatwe  of  the  heufhl 

.«             .     .          .              incaiiure  of  base  X  measure  of  height. 
McMDre  of  volume  of  cone  =  


or  briefly  V=J^  of  bXh. 
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PROBLEMS  FOR  PRIMARY  CLASSES 
Section  A. 

1.  Use  apparatus  described  on  page  10  : 

(a)  1.  Put  2  groups  each  of  2  splints  In  2  hole*. 

2.  Put  3  groups  each  of  3  splints  In  3  holes. 

3.  Put  4  groups  each  of  4  splints  In  4  holes. 

4.  Put  5  groups  each  of  5  splints  in  5  holes. 

5.  Put  6  groups  each  of  6  splints  In  6  holes. 

6.  Put  7  groups  each  of  7  splints  in  7  holes. 

7.  Put  8  groups  each  of  8  splints  in  8  holes. 

8.  Put  9  groups  each  of  9  splints  In  9  holes. 

(Note: — Each  arrangement  is  to  be  shown  to  the  teacher.) 

(b)  1.  Put  1  splint  into  1st  hole,  2  splints  into  2nd  hole. 
Put  3  splints  into  3rd  hole,  4  splints  Into  4th  hole. 
Put  5  splints  into  5th  hole,  6  splints  Into  6th  hole. 
Put  7  splints  into  7th  hole,  8  splints  Into  8th  hole. 
Put  9  splints  Into  9th  hole. 

(Note: — This  is  to  be  kept  to  show  the  teacher.) 


each: 


II.  Make  the  following  groups  of  dots  and  set  down  the  proper  Ifure  oppoilte 


III.  Make  dots  opposite  the  following  figures: 

1,        3.        4.        2,        7,        6.        9,        8,        5. 

IV.  Make  first  one  dot,  then  a  group  made  by  adding  two  dots,  then  another  by 
adding  two  more,  etc.,  and  set  down  the  proper  figure  for  each  group. 

V.  Make  a  group  of  2  dots,  then  another  greater  by  two  doti,  etc.,  and  tet  down 
the  proper  figure  opposite  each  group. 

VI.  Count  to  nine  and  set  down  the  figures  as  you  count 

VII.  Arrange  the  following  figures:     2,    6,    1,    5.    3.    4,    7,    9,    8, 

(1)  So  that  the  smallest  comes  first,  the  next  to  the  smallest,  next,  and  to  on. 

(2)  So  that  the  largest  comes  first,  the  next  to  the  largest,  next,  and  so  on. 

VIII.  Set  down  6  three  times  in  a  vertical  line,  and  to  the  right  of  each  figure  set 

down  6  dots.    Then  divide  each  group  into  two  groups  by  a  straight  line,  and  set  down 
in  figures  the  number  found  In  each  part,  thus: 

for  5: — 

t 
5  .  2  and  3. 

5  1  and  4. 

IX.  Deal  with  7.  8.  9,  as  with  6. 

X.  Set  down  all  the  pairs  of  numbers  which  make,  B.  fi.  7.  J?,  n 

XI.  Make  2  lines,  each  2  Inches  long. 
Make  3  lines,  each  3  Inches  long. 
Make  4  lines,  each  4  inches  long. 
Make  5  lines,  each  5  inches  long. 
Make  «  lines,  each  6  Inches  long. 
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XII.  Make  a  pyramid  of  lineg  so  that  the  top  one  Is  1  inch,  the  next  2  inches, 
6  inches. 


XIII.  Take  only  7  splints  and  set  them  into  the  holes  in  the  number  board  in  any 
way,  at  the  same  time  setting  down  in  figures  the  numbers  in  the  holes,  for  example: 

2,        2,        2,        1. 
Now  take  out  and  set  them  into  holes  in  another  way,  and  set  down  in  figures 

the  numbers  in  the  holes  as  before,  etc. 
Keep  all  your  figures. 

XIV.  Before  going  on  to  the  questions  in  addition  where  the  sum  is  more  than  10, 
many  questions  such  as  the  following  should  be  given  to  secure  accuracy  and  rapidity: 
(1)   Examples  where  the  sum  is  7: 


XV.  Write  the  numbers  from: 

(1)  1  to  20;  1  to  30;  1  to  50;  1  to  100. 

(2)  13  to  27;  15  to  36;  26  to  38;  64  to  89. 

XVI  Write  the  numbers  by  fives  from: 

(1)  6  to  50;  from  6  to  100. 

(2)  16  to  35;  35  to  86;  76  to  100. 

XVII.  Arrange  the  following  numbers  so  that  the  largest  comes  first  and  so  on: 
13,       41,       78,       54,       91,       84,       29,       63. 


XVIII.  Write  the  numbers  by  tens  from: 


(1) 

10  to  60 

10  to  60; 

10  to  100 

(2) 

1  to  31 

1  to  51; 

1  to    91 

(8) 

2  to  22 

2  to  62; 

2  to     82 

(4) 

3  to  33 

3  to  53; 

3  to     93 

(9)     8  to  88 


9  to  99. 


XIX.  Write  by  twos  from  2  to  100. 
Write  by  twos  from  1  to  99. 

XX.  Write  down  all  the  numbers  between  0  and  100, 

(1)  Ending  in  1. 

(2)  Ending  in  2. 
etc. 


XXI.  What  Is  the  sum  of  (1)  10  and  1  T 
ABd  8  7    10  and  9  ? 

(S)  What  with  10  makes  14  ? 

(t)  What  with  20  makes  24  ? 

(4)  What  with  60  makes  67  ? 
I  (6)  What  with    7  makes  17? 


(I)  What  with    8  makes  18  ? 


16  ? 
27  7 
69  7 
27  7 
38  7 


18  7 
28  ? 
66  7 
87? 
68  7 


10  and  2  7    10  and  8  7    10  and  6  7  10 

J9  7 
29  7 


87  7 

88  7 


XXIL  (1)  How  many  tons  In  80  7    40  7    60  7    80  7    90  7 
(2)  How  many  tens  In  27  7    84  7    68  7    81  7    96  7 


XXIII.  How  much  greater  Is  18  than  8  7 
It  than  28  7    66  than  66  7 

L  (a)  Add  the  following: 


16  than  6  7    20  than  18  7    26  than  16  7 


16 
6 


86 
6 


66 
6 


86 
6 


76 
6      (oral). 
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(6)  Add  the  columna,  beginning  at  the  foot  of  each: 


6 

6 

4 

7 

6 

3 

6 

7 

6 

5 

5 

5 

5 

6 

6 

6 

— 

6 

6 

5 

5 

6 

6 

f, 

6 

6 

6 

6 

6 

5 

6 

— 

6 

5 

6 

5 

5 

6 

6 
6 

5 
6 
6 

40 

60 

70 

60 

6 

[I.  (0)  Add: 

9 

19 

29 

49 

69 

79 

59 

1 

1 

, 

1 

1 

1 

1 

_ 

1 

(oral). 

(t)  Add  at  seats: 

9 

9 

2 

7 

3 

6 

4 

7 

8 

1 

1 

9 

1 

9 

1 

5 

1 

1 

9 

9 

1 

9 

1 

9 

6 

9 

9 

1 

1 

6 

1 

6 

9 

9 

9 

9 

— 

9 

6 

6 

6 

1 

1 

1 

1 

1 

— 

6 

30 

40 

20 

60 

6 

6 
30 

[I.  (0)  Add: 

8 

18 

i 

38 

68 

48 

78 

28 

2 

2 

2 

2 

2 

2 

. 

2 

(oral). 

(&)  Add  at  seats: 

6 

4 

6 

4 

9 

8 

8 

8 

6 

2 

6 

9 

8 

1 

2 

2 

2 

8 

8 

5 

1 

2 

8 

2 

5 

9 

2 

8 

8 

8 

8 

2 

8 

5 

1 

6 

2 

2 

2 

2 

20 

30 

40 

60 

6 
8 
2 

70 

V.  (a)  Add: 

7    17 

37 

57 

87 

67 

3 

3 

3 

3 

3 

3 

(oral). 

(J)  Add 

at  seats 

7 

4 

7 

9 

9 

8 

8 

6 

3 

3 

3 

7 

1 

2 

2 

7 

7 

7 

6 

2 

7 

7 

7 

3 

3 

7 

5 

7 

3 

3 

3 

8 

3 

7 

3 

20 

30 

1 

SO 

2 

- 

3 

7 

3 

60 

V.  (a)  Add: 

6 

16 

36 

66 

76 

86 

1 

56 

4 

4 

4 

4 

4 

4 

. 

4 

(oral). 
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(6) 


Add  at  seati: 

S     2 

3 

9 

6 

5 

1 

6     9 

6 

1 

4 

5 

9 

6     1 

4 

8 

8 

8 

6 

4     6 

8 

2 

2 

2 

4 

6     4 

2 

6 

6 

6 

80 

4     6 

6 

4 

4 

4 

— 

-     4 

4 

30 

60 

70 

— 

30 

— 

— 

— 

VI.  Add  at  seats: 


6 

3 

4 

2 

2 

3 

5 

2 

2 

7 

1 

2 

3 

2 

8 

3 

4 

2 

6 

2 

6 

3 

2 

3 

4 

S 

4 

2 

2 

2 

2 

4 

6 

6 

3 

7 

4 

5 

4 

3 

2 

4 

3 

3 

4 

6 

2 

8 

S 

3 

4 

1 

1 

2 

2 

2 

6 

3 

7 

6 

3 

4 

7 

9 

1 

1 

3 

4 

3 

4 

3 

4 

2 

3 

1 

3 

1 

7 

6 

8 

6 

3 

8 

8 

8 

S 

4 

2 

6 

2 

2 
4 

7 
3 

VII.  Add  at  seats: 


4     2 

4 

4 

6 

6 

4 

4     2 

2 

2 

2 

1 

2     4 

2 

8 

8 

4 

8     1 

9 

5 

5 

3 

i      4 

1 

4 

2 

2 

1     6 

1 

3 

2 

3 

9 

4     3 

2 

8 

4 

2 

1 

1     6 

3 

3 

1 

2 

7 

2     2 

4 

2 

6 

3 

3 

3 

8     1 

1 

2 

3 

2 

2 

1 

4     2 

4 

2 

1 

2 

4 

2 

2     3 

6 

2 

2 

3 

4 

7 

8     4 

— 

2 

7 

6 

— 

— 

S    — 

— 

— 

— 

nil.  Add  at  SAats: 


1 

82 

10 

44 

27 

4 

24 

14 

42 

42 

4 

41 

86 

14 

46 

1 

44 

31 

64 

96 

3 

25 

29 

41 

11 

3 

21 

62 

77 

84 

3 

22 

12 

32 

24 

1 

23 

32 

11 

71 

2 

24 

32 

76 

33 

8 

21 

82 

28 

84 

8 

28 

82 

21 

23 

1 

86 

48 

28 
26 

27 
48 
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Section  B. 

The  following  problems  furnish  exercises  for  the  combinations  or  addition  facts  In 
the  order  of  the  endings  9,  8,  7,  6,  5,  4,  3,  2,  and  1. 

The  problems  given  in  Section  C  below  furnish  exercises  on  the  combinations  or 
addition  facts  of  the  numbers  from  10  to  20  taken  in  their  natural  sequence,  11,  12,  13,  etc. 

The  teacher  will  not,  however,  find  it  diflBcult  to  make  the  problems  in  either  section 
supplement  those  in  the  other. 

It  should  not  be  necessary  to  point  out  that  the  exercises  given  are  intended  aa  sug- 
gestions only,  and  are  not  to  be  understood  as  giving  a  full  treatment  of  combinations. 


I. 

(a)  Add: 
9 

9 

9 

9 

9 

9 

9 

S 

9    29 

19 

39 

49 

69 

89 

79 

(oral). 

(6)  Add 

at  seats 

9 

9 

7 

9 

8 

1 

9 

9 

72 

9 

9 

9 

1 

9 

9 

9 

9 

29 

2 

9 

1 

9 

9 

9 

6 

2 

99 

9 

1 

9 

9 

2 

2 

4 

9 

96 

9 

9 
9 

2 
8 

9 
6 

4 

2 
9 

9 

9 
9 

3 

7 

9 
9 
5 
5 

2 
9 

9 

9 
8 

2 

74 
36 
64 

II. 

(a)  Add: 
8 

8 

8 

8 

8 

8 

8 

8 

8 

18 

38 

28 

58 

68 

88 

78 

(oral). 

(b)  Add 

at  seats 

4     9 

8 

3 

8 

8 

8 

74 

52 

88 

8      8 

9 

9 

9 

9 

8 

28 

29 

88 

8     8 

9 

1 

9 

9 

4 

98 

99 

24 

7      4 

4 

4 

8 

4 

8 

99 

98 

98 

3      8 

8 

8 

2 

8 

9 

51 

52 

98 

8      8 

9 

8 

4 

8 

9 

59 

57 

94 

2      7 

9 

4 

6 

4 

2 

61 

63 

18 

7      3 

8 

— 

8 

9 

— 

— 

58 

3     — 

8 

8 

9 

III. 

(a)   Add: 
7 

7 

7 

7 

7 

7 

n7 

27 

7 

27 

17 

37 

57 

87 

7 

7 

(oral). 

(6)  Add 

at  seats 

5 

7 

6 

1 

6 

7 

6 

97 

87 

5 

6 

7 

8 

4 

7 

7 

60 

87 

6 

7 

7 

2 

8 

6 

7 

76 

64 

7 

7 

4 

4 

8 

7 

2 

77 

78 

7 

8 

8 

8 

6 

7 

9 

87 

78 

6 

2 

8 

9 

7 

2 

9 

28 

92 

7 
7 

8 
2 

2 
9 

9 
6 

7 
2 

9 
29 

4 
8 

72 

19 
69 

_  _  9  7  9  —  8 

—  7  9  18 
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IV. 

(a)  Add: 

6 

6 

6 

6 

6 

6 

6 

6 

16 

36 

66 

86 

66 

76 

(oral) 

(6)  Add 

at 

seats: 

6 

1 

6 

6 

1 

1 

1 

7 

76 

78 

8 

6 

6 

6 

6 

8 

8 

8 

86 

86 

8 

6 

2 

2 

6 

6 

6 

6 

68 

66 

6 

8 

9 

9 

2 

6 

6 

6 

66 

66 

7 

6 

9 

9 

9 

8 

2 

8 

76 

74 

7 

6 

2 

2 

9 

6 

9 

6 

36 

36 

6 

8 

9 

9 

2 

6 

9 

6 

64 

64 

4 

6 

9 

9 

9 

8 

6 

8 

— 

— 

— 

6 

— 

— 

9 

6 

7 

6 

— 

— 

8 

7 

6 

8  —  — 


V.  (o)  Add: 


4 

4 

4 

4 

4 

4 

14 

24 

34 

64 

74 

84 

(oral) 

(6) 

Add  at 

seats : 

7 

9 

8 

7 

2 

6 

8 

84 

89 

87 

4 

9 

4 

2 

4 

8 

4 

47 

49 

92 

8 

2 

4 

4 

4 

8 

4 

77 

42 

94 

8 

4 

8 

7 

8 

2 

8 

72 

84 

24 

2 

4 

6 

7 

6 

4 

6 

89 

64 

44 

4 

2 

6 

6 

8 

4 

8 

69 

82 

48 

4 

4 

8 

7 

8 

2 

8 

66 

84 

78 

2 

7 

6 

7 

2 

4 

4 

64 

74 

— 

9 

7 

6 

— 

9 

7 

8 

— 

— 

9 

— 

— 

9 

7 

8 

VI.  (a)  Add: 


8 

3 

3 

8 

3 

3 

3 

8 

18 

23 

63 

88 

93 

63 

(oral). 

(6) 

Add: 

2 

2 

2 

2 

2 

2 

2 

2 

12 

32 

62 

72 

82 

92 

(oral). 

(c) 

Add  at 

seat*: 

6 

6 

4 

7 

2 

43 

64 

8 

3 

2 

2 

2 

88 

32 

8 

8 

2 

4 

4 

42 

36 

4 

2 

2 

2 

2 

24 

26 

8 

4 

4 

2 

2 

12 

48 

8 

4 

4 

8 

4 

11 

46 

8 

2 

2 

6 

8 

91 

76 

9 

4 

4 

3 

8 

— 

— 

~ 

9 

— 

— 

7 
7 

4 

8 

■w 

VII.  (0) 

Add: 

8 

8 

8 

8 

8 

8 

8 

1 

21 

41 

61 

71 

91 

81 

(oral), 
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(&) 

Add: 

7 

7 

7 

7 

7 

7 

7 

72 

22 

32 

62 

42 

92 

52 

(oral). 

(c) 

Add  at 

seats: 

6 

8 

8 

6 

98 

9 

9 

9 

91 

12 

8 

9 

1 

8 

19 

1 

7 

7 

27 

27 

9 

1 

8 

9 

48 

9 

2 

2 

96 

72 

1 

4 

6 

8 

21 

7 

4 

1 

96 

19 

9 

4 

6 

1 

62- 

2 

8 

7 

48 

21 

1 

8 

2 

8 

89 

1 

4 

2 

86 

74 

9 

6 

4 

2 

49 

7 

7 

2 

46 

47 

8 

6 

4 

7 

— 

2 

7 

9 

— 

37 

1 

— 

— 

3 

— 

— 

9 

— 

VIII.  (a)  Add: 


5  5  5  4  4  4  4 

4  14  34  65  75  95  85     (oral), 


(6)  Add: 

3  3  3  6  6  6 

6  16  26  43  53  73    (oral). 


(c)  Add  at  seats: 

9  2  4  1  94  4  9  1  37  28 

5  9  4  5  45  8  3  3  82  99 

4  4  9  4  51  9  3  6  91  47 
2  5  5  1  14  6  3  1  73  56 
9  1  7  4  45  3  2  5  28  16 

5  4  7  5  55  2  9  2  19  78 
4  5  8  5  85  9  3  6  36  26 

—  5  6  5—  6  3  633  56 


5  6  —  3    '        3 


IX.   (o)   Add: 


7  7  7  7-7  7  7 

11  21  61  81  21  31  61    oral). 


(&)  Add: 

6  6            6             6            6            6            2 

2  22  32          82          72          92          66     (oral), 

(c)  Add: 

5  5             5             5             3             3             3 

3  23  43          63          75          45          85     (oral). 

(d)  Add  at  seats: 

1  8  8  9  8  6  88  69  67 
7             6  6             5             9             8           58           87           81 

2  8  2  4  6  7  32  52  32 
2  7  2  2  3  1  22  31  66 
7             1  6             6             2             2           47           25           23 

1  4  2             2             4             5           21           64           42 

2  8  2  2  4  3  —  —  42 
7  8  6  7  2  2  86 
1—2156  — 

_  _           _             3             2 
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X. 

(a)  Add: 

6 

6 

22 

5 

5 

5 

11    31  etc. 

6 

32 

62 

92  etc. 

(oral) 

(6)  Add  at 

seats: 

9 

3 

4 

9 

4 

7 

34 

74 

24 

35 

2 

6 

7 

8 

8 

3 

27 

67 

37 

27 

6 

1 

2 

1 

4 

2 

52 

75 

51 

56 

1 

1 

6 

6 

7 

6 

85 

26 

18 

11 

3 

2 

3 

7 

5 

3 

26 

58 

74 

74 

6 

6 

5 

2 

6 

5 

57 

29 

22 

28 

1 

1 

2 

5 

8 

2 

15 

49 

16 

24 

3 

4 

2 

3 

4 

6 

62 

— 

66 

54 

6 

8 

9 

5 

7 

7 

— 

— 

— 

1 

8 

9 

2 

7 

7 

(c)  Add: 

3 

3 

4 

8 

8 

9 

9 

9 

14 

64 

73 

etc 

29 

39 

69 

58 

48 

etc 

.  (oral). 

td) 

Add  at  seats: 

6 

3 

7 

7 

4 

7 

3 

7 

7 

7 

1 

6 

3 

8 

9 

7 

3 

3 

5 

8 

1 

8 

3 

1 

9 

2 

4 

4 

3 

2 

9 

8 

9 

8 

'I 

8 

6 

3 

3 

9 

3 

3 

5 

3 

it 

4 

3 

2 

6 

8 

4 

9 

5 

3 

9 

Z 

3 

6 

6 

7 

7 

7 

4 

6 

2 

8 

a 

3 

1 

3 

8 

2 

5 

7 

8 

4 

3 

» 

X 

3 

2 

6 

1 

2 

8 

9 

7 

9 

— 

9 

5 

7 

4 

6 

6 

9 

9 

7 

9 

-• 

1 

1 

— 

3 

4 

— 

— 

— 

9 

XI.  (a)  Add: 


XII. 


6 

1 

2 

2 

4 

7 

7 

81 

65 

etc.  24 

34 

B2  etc. 

9 

29 

etc. 

(oral). 

(5)  Add  at 

seats: 

2     4 

4 

3 

6 

97 

67 

22 

32 

75 

6     6 

4 

3 

4 

25 

94 

22 

93 

43 

6     4 

2 

4 

9 

34 

93 

47 

53 

72 

1     6 

6 

3 

9 

71 

63 

79 

34 

99 

4     2 

7 

1 

9 

98 

31 

92 

48 

15 

3      4 

9 

9 

9 

61 

23 

15 

48 

74 

3      4 

4 

9 

6 

— 

66 

63 

— 

— 

6      4 

7 

4 

4 

— 

— 

4      1 

9 

7 
6 

~ 

(a)  Add: 

7     7 

7 

8 

8 

6 

6 

6 

9 

18    88 

28  0tc. 

67 

87 

19 

39 

8£ 

86  (0 

(6)  Add  at 

seats: 

87 

76 

89 

46 

66 

96 

77 

98 

88 

87 

22 

68 

63 

78 

28 

48 

96 

74 

54 

14 

4B 

68 

86 

U 

87 

7     8 

2 

82 

72 

81 

82 

29 
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(6) 

Add  at 

seats  {Continued): 

8 

5 

3 

6 

2 

5 

6 

5 

2 

4 

7 

9 

7 

2 

7 

8 

— 

8  . 

8 

7 

XIII.  (a) 

Add: 

5 

5 

5 

9 

9  etc.,  6 

6 

6 

6 

19 

29 

69 

75 

85 

18 

38 

68 

48 

(oral). 

(6) 

Add  at  seats: 

4 

9 

6 

6 

4 

9 

64 

96 

96 

63 

3 

5 

6 

6 

9 

6 

18 

78 

69 

67 

1 

3 

7 

4 

6 

8 

96 

42 

76 

28 

4 

1 

4 

6 

5 

6 

62 

94 

85 

45 

9 

2 

9 

8 

1 

6 

64 

58 

29 

86 

9 

2 

5 

2 

9 

2 

89 

76 

46 

89 

9 

8 

6 

4 

5 

2 

36 

— 

— 

— 

9 

4 

9 

9 

2 

2 

— 

9 

7 

5 

5 

4 

4 

~ 

7 

5 
9 

7 
7 

XIV.  (a)  Add: 

3 

3 

3 

9 

9  etc. 

8 

8 

8 

4 

4 

9 

19 

39 

43 

63 

14 

24 

84 

48 

68 

(6) 

Add: 

7 

7 

7 

6 

5 

5 

5 

15 

45 

77 

87 

67  etc 

.  (oral] 

1. 

(c) 

Add  at  seats: 

2 

2 

9 

7 

9 

9 

7 

64 

33 

92 

3 

3 

3 

9 

8 

9 

4 

99 

89 

98 

7 

7 

2 

9 

5 

8 

8 

83 

98 

34 

9 

3 

4 

2 

7 

8 

8 

18 

38 

98 

3 

7 

8 

5 

8 

2 

8 

26 

32 

47 

8 

9 

2 

7 

9 

5 

2 

36 

37 

75 

9 

3 

4 

8 

9 

7 

6 

— 

25 

— 

3 

8 

8 

7 

2 

7 

7 

— 

6 

3 

4 

5 

5 

7 

8 

4 

9 

— 

— 

7 

6 

7 
6 

XV.  (o) 

Add: 

~ 

9 

9 

9 

2 

2 

7 

7 

7 

4 

4 

12 

32 

62 

49 

79  etc. 

14 

44 

64 

87 

67  etc., 

(6) 

Add: 

5 

5 

18    28 

68 

3 

3 

3 

6 

6 

6 

3     3 

3 

58 

78 

18 

15 

65 

35 

66 

86  (oral] 

(c)  Add  at  seats:  r  on  kq  on 

2  6  5  9  4  5  5  20  59  90 

9246525  99  4899 

9 


g7438612  93 


g             9             9             4             8             2             9  39  79           72 

2              2              2             7             9              8             8  86  48           48 

2             6             8             2             3             2             2  75  63           42 

9             4             2             7             9             9             3  36  -           39 

9687889  64  — 

—  777329  — 

7  4  7  8  3  — 
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XVI.  Typical  problems  in  addition: 

1.  Harry  paid  4  cents  for  a  mask,  8  cents  for  a  wig,  and  6  cents  for  a  horn.  How 
much  did  he  pay  for  all? 

2.  Mary  earned  25  cents  on  Monday,  36  cents  on  Tuesday,  and  on  Wednesday  as 
much  as  on  Monday  and  Tuesday.  How  much  did  she  earn  on  Wednesday?  How 
miKsh  on  the  three  days? 

i.  At  a  party,  there  were  17  boys  and  22  girls.  How  many  children  were  there 
at  the  party? 

4.  If  44  boys  rode  to  a  picnic  in  one  car,  and  52  in  another,  how  many  rode  In 
both  cars? 

6.  John  has  22  rare  stamps,  and  James  has  26  more  than  John.  How  many  hare 
both? 

6.  George  spent  22  cents  for  a  bat,  50  cents  for  a  ball,  and  75  cents  for  a  gloye. 
How  much  did  he  spend  In  all? 

7.  Willie  had  15  cents  left  after  spending  50  cents  for  a  fishing-rod  and  13  cents 
for  hxx>ks.    How  much  had  he  at  first? 

8.  Tom  spent  24  cents  for  nuts,  22  cents  for  grapes,  and  37  cents  for  figs.  Horn 
much  did  he  spend  for  all? 

».  Edith  spent,  for  her  party,  15  cents  for  lemons,  12  cents  for  sugar.  20  cents  for 
cake,  and  45  cents  for  Ice-cream.    What  did  the  party  cost  ? 

10.  John  had  37  marbles;  his  uncle  gave  him  36  more,  and,  on  his  way  to  school  he 
bought  48.    How  many  had  he  in  all? 


Section  C. 

*          I.  (a)  Add: 

• 

5 
6 

5 
16 

5 
36 

5 

86 

5 
46 

5 

26 

(oral). 

(&)  Add: 

6 
6 

6 
15 

6 
35 

6 
95 

6 
46 

6 
55 

(oral). 

(c)  Add  at  seats: 

8 

2 

4 

4 

2 

6 

4 

4 

8 

3 

5 

2 

3 

5 

6 

5 

3 

2 

6 

7 

4 

3 

4 

6 

S 

\        1 

4 

6 

5 

6 

6 

6 

3 

6 

6 

4 

2 

5 

6 

2 

2 

4 

% 

2 

5 

3 

2 

1 

3 

4 

6 

8 

2 

6 

4 

3 

5 

6 

6 

6 

3 

4 

3 

6 

1 

4 

6 

4 

6 

5 

6 

4 

4 

6 

3 

6 

4 

6 

4 

6 

6 

3 

6 

1 

6 

7 

5 

2 

2 

2 

5 

2 

4 

6 

8 

6 

4 

3 

30 

40 

XL  (0)  Add: 

7 

4 

7 
14 

7 
44 

7 
64 

7 
84 

7 
34 

(oral) 

(»)  Add: 

4 
7 

4 
17 

4 
67 

4 

27 

4 
67 

4 
97 

(oral) 

(c)  Add  at  Mala 

2 

4 

64 

48 

84 

i 

2 

11 

63 

36 

4 

45 

66 

51 

3 

44 

64 

64 

4 

67 

35 

75 

9 

21 

86 

36 

{     f 

4 

88 

37 

45 

A 

76 

44 

87 

7 

86 

66 

88 

8 

74 

78 

74 

7 

84 

86 

82 

— 

4 

— 

— 

67 

66 

66 

PROBLEMS 

III.  (o)  Add: 

3 

3 

3 

3 

3 

3 

8 

18 

48 

98 

58 

38     ( 

[oral). 

(d)   Add: 

8 

8 

8 

8 

8 

8 

3 

53 

23 

63 

43 

13 

[oral). 

(c)  Add  at 

■eats: 

4 

3 

4 

4 

83 

34 

4 

7 

7 

8 

34 

73 

3 

3 

3 

2 

16 

13 

6 

6 

3 

7 

34 

55 

3 

4 

7 

3 

38 

41 

3 

3 

3 

3 

22 

33 

4 

7 

3 

3 

86 

73 

3 

8 

4 

4 

24 

62 

7 

2 

8 

6 

73 

47 

3 

3 

2 

4 

32 

83 

4 

3 

8 

3 

33 

23 

4 

5 

3 

8 

43 

78 

IV.   (0)  Add: 

9 

9 

9 

9 

9 

9 

2 

12 

52 

72 

42 

32 

(oral). 

(J>)  Add: 

2 

2 

2 

Z 

2 

2 

9 

49 

79 

19 

69 

89 

(oral). 

(c)  Add  at  seats: 

2 

4 

2 

3 

44 

45 

33 

42 

3 

4 

3 

7 

34 

24 

55 

64 

4 

2 

5 

3 

77 

46 

24 

42 

2 

3 

8 

9 

63 

84 

33 

63 

[ 

4 

3 

2 

1 

42 

23 

53 

54 

4 

2 

7 

8 

83 

24 

76 

22 

2 

9 

3 

2 

25 

33 

34 

34 

4 

1 

6 

6 

26 

57 

69 

66 

4 

2 

4 

4 

54 

24 

41 

44 

' 

9 

4 

2 

4 

38 

39 

32 

33 

2 

6 

9 

7 

73 

53 
58 

49 

48 

— 

— 

— 

\ 

\ 

T.  (0)  Add: 

6 

s 

6 

6 

6 

6 

6 

16 

86 

56 

36 

96 

(oral). 

H 

(6)  Add: 

7 

7 

7 

7 

7 

7 

\ 

- 

1 

6 

25 

95 

45 

65 

35 

(oral). 

(c)  Add: 

5 

7 

5 

5 

5 

5 

5 

» 

97 

47 

17 

67 

37 

(oral). 

f 

) 
i 

(d)  Add  at  seats: 
4            3 

3  4 
6            6 

4  6 
6            3 
1            5 

3  6 
6            3 

4  1 
6            6 
6            3 

_            3 

4 
9 
6 
1 
3 
6 
4 
6 
5 
3 
3 
6 

3 
4 
6 
4 
7 
3 
5 
1 
4 
5 
7 
4 
6 

•  3 
4 

7 
3 
6 
4 
5 
5 
5 
4 
3 

2 
3 
4 
7 
3 
6 
4 
5 
6 
7 
4 

4 
3 
6 
7 
3 
5 
5 
5 
1 
3 
3 

l«f 
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VI. 

(a)  Add: 

4 

4 

4 

4 

4 

4 

8 

28 

68 

48 

98 

38 

(oral). 

(b)  Add: 

8 

8 

8 

8 

8 

8 

4 

34 

84 

64 

14 

54 

I  oral). 

(c)  Add  at  seata 

8 

3 

2 

4 

3 

4 

5 

4 

2 

3 

6 

4 

8 

7 

6 

4 

3 

4 

2 

4 

3 

4 

1 

3 

4 

5 

8 

8 

4 

2 

4 

6 

8 

6 

3 

4 

VII. 

(o)  Add: 

8 

3 

3 

3 

3 

3 

9 

29 

89 

39 

59 

19 

(oral). 

(b)  Add: 

9 

9 

9 

9 

9 

9 

8 

43 

83 

23 

13 

73 

(oral). 

(c)  Add  at 

seata 

4 
4 
8 
3 
4 
9 
1 
8 
6 

6 
4 
9 
1 
8 
2 
9 
1 
6 

66 
44 
57 
53 
64 
46 
78 
82 
39 

43 
35 
44 
37 
33 
36 
44 
63 
43 

45 
65 
44 
42 
64 
56 
22 
32 
56 

42 
43 
43 
64 
56 
54 
47 
33 
35 

2 

4 

43 

43 

54 

65 

9 

9 

6 

— 

43 

46 

44 

8 

8 

7 

— 

36 

78 

2 

~~ 

~~ 

M^ 

"^ 

VIII. 

(a)  Add: 

(»)  Add: 


(0)  Add  at  teata 


6     6 

6 

6 

6 

7    47 

27 

87 

37 

(oral) 

7 

7 

7 

7 

7 

7 

€ 

ata 

28 

56 

3 
4 
7 
f> 
2 
8 
8 
6 
4 
7 

n 

8 

16 
3 

2 

4 

76 

2 
4 
7 
6 
H 
2 
8 
2 
•J 

w 

8 

4 

46  (01 

PEOBLEMS 
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IX. 

(a) 

Add: 

6 

8 

4 

9 

- 

8, 

etc.; 

5,  etc.; 

9. 

etc.; 

4, 

etc.     (oral). 

(6) 

Add  at  seats 

6 

3 

2 

3 

4 

2 

53 

43 

63          62 

6 

4 

3 

8 

7 

6 

53 

54 

43          74 

4 

8 

4 

5 

2 

5 

76 

58 

83          46 

4 

5 

5 

4 

4 

7 

34 

72 

27          32 

3 

2 

4 

4 

1 

2 

99 

47 

96          32 

4 

3 

4 

5 

2 

6 

21 

63 

83          37 

6 

5 

3 

5 

3 

3 

38 

39 

24           63 

6 

2 

4 

6 

7 

9 

34 

63 

58           48 

8 

3 

5 

2 

3 

1 

45 

29 

52           74 

2 

6 

2 

2 

4 

4 

53 

25 

47           63 

8 

4 

3 

3 

9 

6 

47 

84 

33           23 

6 

4 

5 

9 

— 

4 

86 

44 

39           46 

—  —  8  —  —  —  49  74 


X.   (0) 

Add: 

7 

7 

6 

6 

8 

8 

7 

37.  1 

etc.; 

8 

48,  etc.; 

6 

56, 

etc.  (oral) 

(6) 

Add  1 

at  seats: 

-♦ 

2 

8 

4 

3 

4 

4 

4 

2 

6 

4 

7 

2 

3 

3 

4 

3 

3 

4 

4 

2 

2 

2 

6 

6 

6 

3 

5 

6 

3 

3 

4 

6 

4 

7 

7 

4 

6 

6 

4 

4 

7 

6 

6 

4 

1 

1 

3 

4 

3 

7 

3 

6 

3 

3 

3 

3 

7 

2 

4 

3 

7 

7 

8 

3 

6 

3 

4 

4 

3 

3 

2 

6 

7 

6 

7 

3 

6 

6 

6 

4 

7 

7 

5 

4 

4 

4 

4 

6 

7 

4 

4 

8 

4 

4 

6 

3 

3 

8 

6 

— 

— 

8 

6 

— 

— 

~~ 

^^ 

■" 

XI.  (a) 

Add: 

5 

5 

9 

9 

9 

59, 

etc.; 

5 

66, 

etc.  (oral). 

(6) 

Add 

at 

seats 

2 

2 

9 

37 

22 

29 

3 

•5 

5 

33 

43 

31 

1 

5 

5 

46 

55 

68 

4 

7 

5 

51 

45 

46 

6 

3 

2 

33 

66 

7:{ 

6 

5 

3 

35 

44 

33 

6 

1 

9 

72 

97 

57 

6 

4 

1 

33 

16 

16 

4 

5 

7 

86 

67 

43 

4 

3 

3 

24 

42 

84 

6 

3 

6 

67 

93 

46 

9 

3 

8 

37 

45 

68 

— 

— 

64 

— 

^"•^°>^^'^  8  8  6  6  9  9 

8        38,  etc.;         7        57,  etc.;         9        29,  etc.;         6         86,  etc.   (oral). 
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(6)  Add  at  seats: 

4     7 

2 

6 

3 

34 

43 

34 

74 

3     4 

4 

2 

2 

73 

74 

64 

44 

4     3 

4 

3 

9 

34 

48 

47 

77 

7     7 

7 

6 

4 

56 

95 

53 

23 

7     4 

6 

4 

6 

67 

47 

69 

79 

6     5 

3 

7 

4 

54 

76 

76 

41 

8     7 

4 

3 

4 

13 

54 

85 

28 

6     7 

8 

6 

3 

46 

57 

27 

34 

3     7 

2 

4 

6 

64 

63 

86 

48 

4     2 

8 

6 

9 

48 

46 

73 

73 

8     6 

4 

3 

5 

97 

89 

24 

49 

7     6 

3 

3 

9 

— 

— 

79 

83 

"~-    — 

— 

3 

6 

46 

— 

XIII, 

(a)  Add: 

8     8 

7 

7 

9 

9 

8    18, 

etc.: 

9 

J9,  etc.; 

7 

47,  etc. 

(oral). 

(&)  Add  at  seats: 

3 

2 

3 

6 

7 

43 

34 

3 

5 

5 

3 

3 

75 

73 

4 

6 

9 

4 

9 

74 

28 

4 

6 

4 

7 

2 

27 

82 

8 

8 

8 

3 

8 

98 

59 

3 

3 

6 

9 

4 

52 

36 

5 

2 

3 

7 

7 

33 

35 

4 

•  3 

3 

4 

3 

37 

97 

8 

4 

8 

9 

3 

93 

44 

2 

8 

4 

3 

4 

17 

87 

8 

3 

7 

5 

9 

73 

33 

8 

5 

7 

9 

7 

46 

65 

XIV. 

(a)  Add: 

i 

1 

8 

. 

9 

9 

^ 

i 

1 

49, 

etc. 

8 

68, 

etc.  (oral). 

(b)   Add  at  seats: 

4 

5 

3 

2 

6 

6 

3 

3 

7 

8 

8 

8 

9 

6 

2 

8 

4 

4 

3 

6 

7 

8 

7 

9 

4 

8 

6 

8 

6 

9 

4 

4 

5 

6 

8 

6 

9 

8 

9 

3 

4 

4 

8 

9 

6 

4 

, 

9 

4 

3 

9 

i 

8 

4 

6 

8 

XV. 

(a)  Add: 

9 

9 

9 

9 

9 

9 

39 

69 

29 

79, 

etc.  (oral). 

(I;)  Add  at  tea 

t«: 

2 

66 

64 

62 

i 

8 

76 

62 

69 

6 

64 

48 

78 

9 

84 

67 

87 

8 

47 

89 

38 

8 

89 

84 

94 

9 

66 

76 

49- 

7 

98 

90 

66 

4 

79 

64 

88 

9 

64 

77 

77 

2 

8 

87 

89 

98 

7 

9 

28 

49 

69 

PEOBLEMS  113 


SECTION  D 

SUBTRACTION 

I.  Wihere  the  figures  of  the  mlmuend  are  greater  than  the  corresponding  figures  of 
the  subtrahend. 

(1)  In  the  following  examples,  what  must  be  added  to  the  bottom  line  to  make 
the  top  number? 

10  10  10  10  10  10  10  10 

12345678 


Note: — The  answers  are  to  be  put  below  the  line,  and,  when  oral,  given  thus: 
for  (1),  "one  and  9  make  ten." 

(2)  9  9  9 
12  3,    etc. 

(3)  8  8  8  8 
12            4  6,     etc. 

(4)  Deal  similarly  with  the  other  numbers  as  minuends. 

II.  In  the  following  examples,  how  much  greater  is  the  top  number  than  the  bottom 
number? 

(1)  10  10         10 

3  2  5,  etc. 

(2)  9  '         9  9  9 

4  6  2  6,     etc. 

Deal  similarly  with  the  other  nunnbers  as  minuends.    Answers,  when  oral,  are  to  be 
given  as  before. 

III.  What  is  the  difference  between  the  following  numbers? 

(1)     10  10         10  10 

4  7  3  2,     etc. 

(2)     Deal  similarly  with  the  other  9  digits  as  minuends. 

IV.  What  Is  the  difference  between: 

(1)  99    99    99    99    99    99    99    99    99 

21    32    23    44    65    26    57    28    69,  etc. 

Answers  are  to  he  read  off  thus:   "One  and  8  make  nine;  two  and  7  make  nine." 

V.  When  the  figures  of  the  subtrahend  are  not    always    smaller    than  the  corre- 
sponding figures  of  the  minuend,  find  the  difference  between  the  numbers: 

1.        90         90         90         90        90         90         90         90 
21         32         53         64         25         36         48         69 


The  answers  are  to  be  read  off  thus:    "One  and  9  make  ten;  three  and  6  make 
nine." 


91  91  91  91  91  91  91 

22  33  64  25  16  67  88 


8    i 
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901 
123 

901 
243 

901 
542 

901 
865 

901 
723 

92 
23 

82 
34 

72 
65 

62 

26 

52 

27 

42 
18 

62 
19 

920 

902 

921 

912 

812 

721 

123 

234 

432 

656 

737 

138 

93 

93 

93 

83 

73 

63 

53 

24 

35 

25 

26 

38 

47 

19 

913 
124 

923 
325 

931 
446 

903 
657 

932 
868 

5. 

94 
25 

84 
36 

74 
37 

64 
28 

54 
39 

- 

914 
125 

924 
316 

841 
257 

842 
375 

740 
196 

644 

128 

6. 

95 
26 

85 
37 

65 
28 

95 
49 

— 

— 

— 

— 

945 
157 

954 
267 

953 
182 

925 
179 

915 
188 

857 
184 

7. 

96 
27 

86 
38 

46 
29 

66 
39 

946 
157 

836 
118 

726 

179 

906 
268 

961 
397 

8. 

98 
29 

78 
39 

908 
189 

918 
128 

981 
197 

988 
199 

958 
229 

938 
369 

983 
194 

SUBTBACTION    PBOBLKMB 

(ThcM  are  type  quMtloni;  others  similar  may  be  made  by  the  teacher.) 

1.  Johnnie  had  289  butter-nuts,  but  the  squirrels  took  198.    How  many  were  left  ? 

2.  A  man  had  $420;  he  bouii^t  a  horse  for  |28K.    How  much  had  he  left? 

3.  Out  of  a  box  containing  240  lemons,  a  fruit  dealer  sold  156.    How  many  woro  left  ? 

4.  Mary  bought  a  pair  at  rubbers  for  66  cents.    What  change  should  she  Rot  from  fl? 
6.  Mr.  nrown's  salary  Is  9976.  and  his  expenses  are  $786.    How  much  dors  hn  save? 

6.  Jbfary's  book  contains  237  pages.    She  has  read  168  pages.    Horw  many  pages  are 
left? 

7.  Mr.  Great's  farm  contains  846  acres,  and  Mr.  Small's  contains  258  acres.     How 
mDeb  larger  is  Mr.  Great's  farm  than  Mr.  SmaU'H? 

I.  A  man  who  borrowed  1686  paid  back  $868.    How  much  Is  yet  to  be  paid  T 
9.  Jenny  sold  her  sleigh  for  $1.26,  wlitch  is  86  cents  more  than  she  paid  for  It.  What 
did  she  pay  for  It? 
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1.  Fred  ibought  a  book  for  26  cents,  a  slate  for  15  cents,  and  pencils  for  12  centa 
How  much  change  should  he  get  from  a  two-dollar  bill? 

2.  From  a  farm  of  425  acres,  48  acres  were  sold  at  one  time,  and  65  another  time. 
How  many  acres  remain  unsold? 

3.  A  man  put  85  head  olf  cattle  into  four  cars.     He  piut  18  In  the  first,  and  21  Into 
each  of  the  second  and  third.    How  many  were  left  to  go  into  the  fourth  car? 

4.  A  trader  bought  goods  and  sold  them  for  $735,  and  gained  by  doing  so  $147,    What 
did  the  goods  cost  the  trader? 

5.  Harry  weighs  76  pounds,  and  Frank  18  pounds  less.    Wihat  do  the  two  together 
weigh? 

6.  A  mile  is  1,760  yards,  and  Tom  ran  986  yards.    How  much  less  than  a  mile  did 
he  run? 

7.  Take  the  difference  between  684  and  495  from  the  sum  of  425  and  329. 

8.  John  owed  James  $18.25.    He  paid  hiim  what  he  earned  in  five  days,  whicJh  was 
$11.35.  How  much  does  John  now  owe  James? 

9.  Four  cars  carried  1,000  children  to  a  picnic.    If  there  were  286  In  the  first,  178 
In  the  second,  and  196  In  the  third,  how  many  were  in  the  fourth  car? 

10.  In  a  school  of  512  scholars,  286  are  girls.     How  many  more  girls  than  boys  are 
there  In  this  school? 


GRADED  EXERCISES 


Q.   C.  D.  AND  L.   0.   M. 


1.  A  rectangular  field  Is  6,880  ft.  long  and  4,840  ft.  wide.  Find  the  length  of  the 
longest  string  which  will  measure  both  a  side  and  an  end  of  the  field. 

2.  What  is  the  smallest  sum  of  money  with  which  you  can  buy  an  exact  number  of 
chickens  at  75c.,  geese  at  $1.25,  and  turkeys  at  $1.75? 

3.  What  is  the  greatest  equal  length  into  which  three  trees  can  be  cut,  the  first 
being  84  ft.  long,  the  second  105  ft,,  and  the  third  119  ft? 

4.  Find  the  smallest  number  of  bushels  of  wheat  which  would  be  equal  in  weight 
to  an  exact  number  of  bushels  of  rye  or  of  barley. 

5.  What  is  the  length  of  the  longest  pole  which  will  exactly  measure  84  ft.,  56  ft., 
and  98  ft? 

6.  What  is  the  smallest  quantity  of  wheat  which  may  be  taken  to  market  in  either 
15,  25,  40,  or  75  bushel  loads? 

7.  A  rectangular  field,  1,222  ft.  by  728  ft.,  is  fenced  with  the  longest  rails  possiblel. 
What  is  the  number  of  rails,  if  the  fence  is  straight  and  there  is  no  overlapping? 

8.  A  farmer  has  100  bu.  of  oats,  68  bu.  of  corn,  and  42  bu.  of  wheat.  If  he  uses 
bags  of  the  same  size,  what  is  the  least  number  of  bags  he  will  have? 

9.  What  is  the  smallest  sum  of  money  with  which  a  man  goes  to  market  if  he  is 
able  therewith  to  buy  an  exact  number  of  chickens  at  50c.,  lambs  at  $3.25,  or  hogs  at 
$9.75,  and  still  have  $15  left? 

10.  What  is  the  smallest  number  which  will  contain  9  and  21  and  leave  as  remainder 
6  in  each  case? 

REDUCTION  OF  FRACTIONS 

1.  Write  as  "  sixteenths  "  the  following: 

1,  h-  3.  i.  21,  4,  M. 

2.  Supply  the  missing  numerators  and  denominators  In: 

T    f     —    6    —   12   ' 

—  Y  —  TW  —    f    —    T    —  '^' 

3.  A  man  bought  46  half-pound  packages.  Into  how  many  one-eighth  pound  pack- 
ages can  he  change  them?     (Use  fractions.) 

4.  Choose  the  smallest  common  denominator  for  fractions  equivalent  to:  (1)  3  and 
»  ;   (2)  i  and  *  ;   (3)  8  and  f. 

5.  Reduce  the  following  fractions  to  equivalent  fractions  having  a  common  denom- 
inator:  (1)  i  and  i;   (2)  §  and  ? ;   (3)  f  and  » . 

6.  Reduce  to  fractions  having  the  smallest  common  denominator: 

A.  A.  *.  «• 

7.  Reduce  to  equivalent  fractions  having  a  common  denominator,  and  arrange  In 
order  of  magnitude: 

(l)f.ii    (2)H.H,hU- 

8.  Which  Is  the  greater:    (1)  4f  or  5,5?    (2)    y  or  5i? 

9.  If  5 J  lb.  be  put  Into  one-twentieth  pound  bags,  how  many  bags  will  be  needed? 
lo!  How  many  lb.  In  V  lb.  +  ^  lb.  -t-    Y  lb.  +  Y  lb.  ? 
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ADDITION   AND   SUBTBACTION   OF  FRACTIONS 

1.  A  man  broke  off  his  whip  J  of  its  length,  and  then  J  of  its  length.  What  part 
of  the  whole  was  broken  off?  What  part  was  left?  How  much  smaller  was  the  part 
left  than  the  parts  broken  off? 

2.  A  coal-miner's  outfit  cost  as  follows:  drill,  $8|;  pick,  $|;  shovel,  $5;  needle,  $i; 
scraper,  ?i;  axe,  $1J;  saw,  $|.  (1)  Find  the  total  cost.  (2)  Find  the  change  from  a 
?20  bill. 

3.  A  meat  bill  for  a  large  hotel  was  as  follows:  19 J  lb.  lamb;  33  lb.  cooked  meat; 
363  lb.  fish;  156J  lb.  beef;  25i  lb.  pork;  28  |  lb.  fowl.    Find  the  total  number  of  pounds. 

4.  In  a  school  ^  of  the  number  are  girls.  What  fraction  ol  the  number  in  the 
school  do  the  boys  form?  By  what  fraction  of  the  total  number  does  the  number  of 
girls  exceed  the  number  of  boys? 

5.  A  stick  is  broken  into  2  parts,  so  that  one  part  is  |  of  the  stick.  If  the  difference 
In  the  parts  is  2  ft.,  what  fraction  of  the  stick  is  equal  to  2  ft.? 

6.  A  boy  spent  i  of  his  earnings  in  clothes,  and  |  of  them  in  board,  and  gave  the 
remainder  to  his  mother.     What  part  of  his  earnings  did  she  receive? 

7.  From  the  sum  of  3  and  i,  take  the  difference  of  ^\  and  §. 

8.  A  man  gave  away  i,  J,  ^,  and  I  of  his  property.     How  much  of  it  had  he  left? 

9.  John's  whip  was  8J  ft  long  and  James's  was  7|.  If  John  breaks  off  2J  ft.  from 
his  whip,  how  much  longer  will  James's  whip  be  than  John's  ? 

10.  How  much  smaller  is  the  difference  between  5  and  i  than  the  sum  of  I  and  J  ? 

FBACTIOXS 

1.  A  farmer  having  2,400  bu.  of  potatoes  sold  i  of  them  at  one  time,  i  at  another, 
and  35  bu.  at  another.    How  many  bushels  had  he  left? 

2.  A  man  earns  $5  a  day,  but  spends  .f^  of  his  earnings  for  board  and  |  for  clothing 
and  other  expenses.    How  much  will  he  save  in  4  weeks? 

3.  Two  men   100  miles  apart   approach  each  other,   each  going  10 1  miles  a  day. 
After  4  days,  how  far  apart  will  they  be? 

4.  A  bought  a  house  for  H.300  and,  after  spending  i  of  its  cost  in  improvements, 
sold  It  for  $5,555.    How  much  did  he  gain? 

5.  Mr.  Brown  paid  $9  ,''„  for  cleaning  his  walk,  $5  i  for  trimming  his  vines,  and  $6i 
for  cutting  his  lawn.  He  gave  in  payment  a  20-dollar  bill  and  a  5-dollar  bill.  What 
change  should  he  receive? 

6.  The  product  of  tw6  fractions  is  10 ^  and  one  of  them  is  38.  What  is  the  difference 
between  the  two  fractions? 

7.  A  tank  which  Is  full  of  water  contains  800  gal.  Two  pipes  run  out  of  It  and 
one  runs  Into  it.  (a)  If  one  pipe  can  empty  It  in  10  hours  and  the  other  in  12  hours, 
how  many  gal.  will  remain  in  it  after  both  these  pipes  have  been  running  4i  hours? 
(h)  If  the  supply  pipe  which  can  fill  it  in  16  hours  be  also  running,  how  much  will 
remain  In  the  tank  after  the  4 J  hours? 

8.  Of  my  property  ,\  is  In  land,  ^  of  the  remainder  in  business,  and  jf  of  what  stiD 
remains,  which  is  $2,400,  is  In  the  bank.    How  much  property  have  I? 

9.  A  man  owning  i  of  a  vessel  sold  j  of  his  share  for  |18,500.  What  is  the  vessel 
worth? 

10.  A  owns  ;  of  a  farm  and  B  the  remainder,  and  j  of  the  difference  of  their  shares 
If  equal  to  |3,006.    What  Is  the  farm  worth? 

1.  If  i  of  a  ton  of  hay  cost  116.60,  what  would  3=1  tons  cost? 

2.  A  man  works  16}  days  for  $89.60.  What  would  be  earn  in  a  year  of  280  working 
days? 

3.  If  6  be  added  to  both  terms  of  the  fraction  ^„,  by  how  much  is  it  Increased? 

4.  A  can  do  a  work  In  6}  days  which  he  and  B  can  do  working  together  in  3  days. 
If  A  geU  13.00  a  day.  what  ought  B  to  get? 

6.  A  contractor  ftmploys  40  men  to  do  a  work  which  must  bo  done  In  16  days.  After 
6  days  he  finds  It  will  require  20  days  more.  How  many  more  men  must  he  employ  to 
finish  the  work  In  the  16  days? 

6.  A  can  do  a  work  In  6  days,  B  in  6  days,  and  C  In  8  days.  They  all  work  together 
and  get  $60  for  the  work.    How  should  the  $60  be  divided? 

7.  Divide  100  Into  two  parts  so  that  }  of  the  greater  may  be  equal  to  9  of  the  less. 

8.  A  depoeits  in  the  Bank  $600  more  than  C.  and  fl  of  A's  deposit  Is  equal  to  t  of  C's 
deposit.    What  did  each  deposit? 

9.  The  width  of  a  room  Is  surh  that  i  of  It  Is  equal  to  |  of  the  length  of  the  room. 
If  the  perimeter  Is  170  ft,  And  the  width. 

10.  For  every  car  load  of  Iron  dumped  Into  a  furnace  |  of  a  car  of  coke  was  used  for 
fuel,  and  I  of  a  car  of  limestone  was  used  for  fltix.  In  all  900  car  loads  of  ore,  coke,  and 
llmeetone  were  used  a  day.    How  many  of  each  were  used  a  day  In  the  furnace  ? 
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1.  A  boy  being  asked  how  many  fisb  he  had,  said,  the  difference  between  i  of  them 
and  i  of  them  is  2.    How  many  had  he  ? 

2.  Four  persons  owned  a  ship.  A  owns  I  of  it,  B  J  of  the  remainder,  C  }  of  what 
then  remains,  and  D's  share  was  $3,000.    What  was  the  value  of  the  ship  ? 

3.  /,  of  3486  is  ,^2  of  what  number  ? 

4.  At  a  school  examination  ■:  of  the  pupils  passed  and  125  failed.  How  many  more 
were  those  who  passed  than  those  who  failed  ? 

5.  What  part  of  a  day  is  12  hr.  26  min.  40  sec.  ?  If  4  million  gallons  of  water  pass 
a  point  in  a  stream  in  that  time,  how  much  will  pass  in  2  days  ? 

6.  A  train  goes  on  an  average  §  of  a  mile  a  minute.  How  long  will  it  take  to  go 
820  miles  ? 

7.  A  piece  of  land  is  owned  by  A  and  B.  A  owns  16i  acres  and  B  18 1  acres.  If  the 
whole  piece  is  worth  $3220,  what  is  A's  land  worth  ? 

8.  A  and  B  travel  a  journey,  A  going  at  the  rate  of  ii  miles  an  hour  and  B  at  5 
miles  an  hour.  A  starts  2  hours  before  B  and  reaches  the  end  3  hours  after  B.  (a)  Where 
did  B  pass  A  ?     (&)  How  long  was  the  journey  ? 

9.  The  product  of  two  numbers  is  2^\,  and  one  of  the  numbers  is  A;  what  is  the 
other  ? 

10.  If  a  boy  4  ft.  high  increases  his  height  by  ^  of  his  height  every  year  for  4 
years,  how  much  taller  is  he  at  the  end  of  4  years  ? 

MEASUREMENT 

1.  A  building  lot  contains  i  acre  and  has  a  frontage  of  60  ft.    Find  its  depth. 

2.  How  many  sods  10  in.  by  12  in.  will  be  required  to  turf  a  lawn  100  ft.  long  and 
50  ft.  6  In.  wide  ? 

3.  How  many  yards  of  carpet  3  yd.  wide  will  be  required  for  a  floor  20  ft.  long  and 
17  ft.  wide,  strips  running  across  the  room  ? 

4.  What  will  it  cost  to  paper  the  walls  of  a  room  18  ft.  long,  12  ft.  wide,  and  9  ft. 
high,  with  paper  8  yd.  to  the  roll  and  i  yd.  wide,  at  45  cents  a  roll  ? 

5.  Find  the  cost  of  plastering  the  walls  and  ceiling  of  a  room  36  ft.  long,  27  ft. 
wide,  and  9  ft.  high,  at  25c.  per  sq.  yd. 

6.  A  close  fence  6  ft.  high  surrounds  a  vacant  lot  600  ft.  by  380  ft.  At  8c.  a  sq.  yd., 
what  will  it  cost  to  paint  both  sides  of  the  fence  ? 

7.  Find  the  cost  of  paving  810  ft.  of  street  60  ft.  wide,  if  the  concrete  foundation 
cost  65c.  a  sq.  yd.,  and  the  asphalt  surface  $1.25  a  sq.  yd. 

8.  Find  the  cost  of  a  6  ft.  side-walk  around  a  block  30  yd.  by  40  yd.  at  $1.15  a  sq.  yd. 

9.  A  square,  open  bowling-green  60  ft.  on  a  side  is  sodded  with  sods  15  in.  by  9  in. 
How  many  will  it  take  ? 

10.  A  paper  machine  turns  out  a  strip  of  paper  500  ft.  long  and  120  inches  wide 
each  minute.    How  many  sq.  yd.  of  paper  does  it  turn  out  in  an  hour  ? 

BOARD    MEASURE 

1.  How  much  lumber  will  be  required  for  an  open  board  fence  4  boards  high  with 
boards  8  in.  wide  and  6  In.  apart  ? 

2.  Find  the  cost  of  426  planks  4  ft.  8  in.  long,  1  ft.  wide,  and  2  in.  thick,  at  $26  a 
thousand  feet. 

3.  A  stick  of  square  timber  36  ft.  long  and  9  in.  by  9  in.  at  the  end,  is  bought  at 
$12  per  M.    Find  its  cost. 

4.  A  box  without  a  cover  is  made  of  2  in.  lumber.  How  many  board  ft.  are  required 
if  its  inside  dimensions  are  2  ft.  8  in.  long,  2  ft.  wide,  and  1  ft.  6  in.  deep  ? 

5.  At  $24  per  M,  what  will  it  cost  for  the  flooring  of  a  room  21  ft.  long  and  16  ft.» 
wide,  if  i  of  the  lumber  is  lost  in  matching  ? 

6.  A  sidewalk  30  rods  long  and  6  ft.  wide  is  made  of  2  in.  plank  supported  on  three 
rows  of  scantlings  3  in.  by  4  in.    Find  its  cost  at  $18  per  M. 

7.  A  bin  9  ft.  square  and  6  ft.  high  is  made  of  2  in.  lumber  nailed  to  uprights  4  in. 
by  4  in.  standing  3  ft.  apart,  the  bottom  resting  on  timbers  4  in.  by  6  in.  and  3  ft.  apart. 
What  is  the  cost  of  the  lumber  at  $16  per  M? 

8.  A  barn  100  ft.  long  and  60  ft.  wide  is  30  ft.  high  to  the  gables.  If  the  gables  are 
together  equal  to  i  of  a  side,  what  will  it  cost  to  inclose  the  barn  with  inch  lumber  at 
$12  per  M  ? 

9.  A  covered  box  whose  outside  dimensions  are  5  ft,  6  ft.  and  8  ft.  Is  made  of  2  In. 
lumber.    Find  the  cost  of  the  lumber  at  $22  per  M. 

10.  Eighteen  joists  10  in.  by  12  in.  and  16  ft.  long,  are  made  by  spiking  together 
2  In.  planks  bought  at  $16  a  thousand.    What  did  the  joists  cost  ? 

LENGTHS   AND   SURFACES 

1.  A  rectangle  is  6  in.  x  8  in.    What  is  the  length  of  its  diagonal  ? 

2.  A  rectangle  is  40  ft.  long  and  its  diagonal  Is  50  ft.    What  Is  Its  width  ?    Its  area  ? 
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3.  Two  vessels  start  at  the  same  time  from  A,  one  going  due  north  at  12  miles  an 
hour  and  the  other  due  west  at  16  miles  an  hour.   Mow  far  will  they  be  apart  in  4  hours? 

4.  How  far  has  the  first  vessel  gone  when  the  vessels  are  80  miles  apart  ? 

5.  A  ladder  stands  against  a  wall;  if  the  ladder  be  40  ft.  long  and  its  foot  6  ft.  from 
the  wall,  how  high  on  the  wall  does  it  reach  ? 

6.  How  far  apart  are  two  boys  who  stand  at  opposite  corners  of  a  10-acre  square 
field  ? 

7.  A  school-room  fioor  is  30  ft.  by  40  ft,  and  the  height  of  the  ceiling  is  12  ft.    How 
far  is  it  from  the  upper  corner  to  the  opposite  lower  corner  of  the  room? 

8.  A  cube  with  a  12  in.  edge  has  a  silver  wire  running  from  one  corner  through 
the  centre  to  the  opposite  corner.    How  long  is  the  wire  ? 

9.  A  gable  is  60  ft.  wide  and  40  ft.  high.     How  long  is  the  roof  from   the   highest 
point  to  the  eaves  ? 

10.  The  three  sides  of  *a  right-angled  isosceles  triangle  together  measure   3414   ft. 
How  long  is  one  of  the  equal  sides  ? 

VOLUMES. 

1.  What  is  the  weight  of  a  load  of  ice  of  30  blocks  24  in.  x  30  in.  and  1  in.  thick, 
if  a  cu.  ft.  of  ice  weighs  56J  lb.  ? 

2.  A  box  12  ft.  by  8  ft.  has  water  in  it  to  a  depth  of  3i  ft.    How  many  gallons  are 
there  if  a  cu.  ft.  contains  64  gallons  ?  • 

3.  A  school-room  30  ft.  long,  24  ft.  wide,  and  12  ft.  high,  seats  50  pupils.    How  many 
cu.  ft.  of  air  are  there  for  each  pupil  ? 

4.  A  hothouse  bed  5  ft.  long  and  3  ft.  4  in.  wide  contains  6  cu.  yd.  of  earth,  with 
S  in.  of  space  above  it.    What  is  the  depth  of  the  hotbed? 

5.  How  many  cubes  of  2  J  in.  edge,  can  be  sawed  from  a  block  10  ft.  2 J  in.  long,  6 
ft.  5  in.  deep,  and  6  ft.  8  in.  thick  ? 

6.  A  box  6  ft.  by  8  ft.  contains  240  cu.  ft.  of  water.    How  deep  is  the  water  ? 

7.  A  ditch  i  mile  long  is  3  ft.  wide  and  18  in.  deep.     How  many  cu.  yd.  of  earth 
were  removed  in  digging  it  ? 

8.  How  high  must  a  pile  of  wood  be  if  it  is  8  ft.  wide  and  50  ft.  long,  and  contains 
30  cords  ? 

9.  A  shed  is  24  ft,  long,  18  ft.  wide,  and  9  ft.  high.    How  many  cords  of  wood  will 
It  hold  ? 

10.  A  bushel  fills  2150  cu.  in.  of  space.    How  many  bushels  of  grain  can  be  put  into 
a  bin  4  ft.  wide,  6  ft.  long,  and  5  ft.  high  ? 

SURFACES    AND   VOLUMES. 

1.  A  square  field  contains  10  acres.    What  is  its  perimeter  ? 

2.  A  lot  is  144  ft.  long  and  64  ft.  wide.  Find  the  side  of  the  square  lot  that  has  the 
same  area. 

3.  How  much  greater  is  the  perimeter  of  tue  first  lot  than  that  of  the  second  named 
in  2  ? 

4.  A  field  contains  20  acres  and  its  length  is  twice  its  breadth.    Find  Its  perimeter. 
6.  The  length  of  a  field  is  li  times  its  breadth.    If  its  area  is  15  acres,  what  is  its 

length  7 

6.  Find  the  length  in  rods  of  the  side  of  a  square  whose  area  is  4  acres. 

7.  A  iquare  field  contains  40  acres.  How  many  more  rods  of  fence  is  needed  to 
fence  the  40  acres  when  the  length  is  4  times  the  breadth  ? 

8.  A  rectangular  lolld  20  ft.  long  with  a  square  end,  contains  980  cu.  ft.  Find  the 
«nd  dlmenstoni. 

9.  The  end  of  a  rectangular  solid  is  twice  as  long  as  it  is  wide.  If  its  volume  is  884 
CQ.  in.,  what  aro  the  end  dimensions  7 

10.  A  ditcb  li  time!  ai  wide  as  It  is  deep  is  i  a  mile  long  and  contains  62360  cu.  ft. 
of  water  when  full.    What  is  its  depth  ? 

CIRCLES— LENGTHS. 

1.  Find  thfi  hriKth  fif  thf  tlf  of  a  H  ft.  whflol. 

2.  Thf.  flrcuinf»r«'rir<!  of  u  whciol  is  11  ft.    Find  Kb  rndlus. 

3.  A  circular  race-track  is  1  mile  In  clrcumfarenco.    Find  Its  diameter  in  rods. 

4.  The  Inner  fide  of  a  bloyclc  track  Is  i  a  mile.  If  the  track  is  2  rods  broad,  how 
long  Is  thr  outer  part  of  It  7 

6.  A  whRp]  turns  1600  times  in  going  3}  mllos.    Find  Its  radius. 

6.  If  the  front  wheel  of  a  carriage  is  3  ft.  8  In.  In  diameter  and  the  hind  whrel  4 
ft.  2  in.,  how  many  revolntloni  doet  the  front  wheel  make  more  than  the  hind  wheel. 
In  going  a  mile  7 

7.  Th«  rndlus  of  n  fountain  is  21  ft.  Find  th«»  cost  of  fencing  the  fountain  with  an 
Iron  railing  at  |4.20  a  yard. 
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8.  The  diagonal  of  a  square  is  7  ft.  Find  the  length  of  the  circumference  of  the 
circle  which  circumscribes  the  square. 

9.  A  rectangle  40  ft.  long  by  30  wide  has  semicircular  ends  put  on  it.  Find  the 
perimeter  of  the  whole  figure. 

10.  A  spot  on  a  belt  passing  over  a  wheel  If  ft.  in  radius  is  seen  to  move  10  ft.  in 
2  sec.     How  many  revolutions  does  the  wheel  make  a  minute  ? 

LENGTHS    AND    SUBFACES — CIRCLES. 

1.  If  a  circular  track  has  a  radius  of  35  ft.,  what  area  is  inclosed  by  it  ? 

2.  If  a  cow  be  tethered  by  a  70  ft.  rope,  over  what  part  of  an  acre  can  she  graze? 

3.  A  large  circle  with  radius  7  in.  has  a  smaller  circle  with  radius  5  in.  placed 
centrally  on  it.    Find  the  difference  in  area  between  the  2  in.  ring  and  the  inner  circle. 

4.  What  is  the  difference  in  rods  in  the  perimeter  of  two  fields,  each  of  which  con- 
tains 10  ac,  but  where  one  is  circular  and  the  other  square  ? 

5.  Find  the  number  of  sq.  in.  of  tin  required  to  make  a  cylindrical  can  with  cover, 
if  the  diameter  be  4|  in.  and  height  6  in. 

6.  A  roller  is  12  ft.  long  and  2J  ft.  in  diameter.    Find  its  entire  surface. 

7.  If  it  cost  $63.36  to  paint  a  cylindrical  pillar  21  ft.  high  at  36  cents  a  sq.  ft.,  find 
the  diameter  of  the  pillar. 

8.  How  often  would  the  roller  of  Question  6  turn  in  rolling  a  square  lO-acre  field  ? 

9.  A  smoke  pipe  is  7  inches  in  diameter.  Find  the  area  of  its  cross  section  and  the 
diameter  of  a  pipe  which  would  let  4  times  the  smoke  through. 

10.  A  cent  is  1  in.  in  diameter.    What  should  be  the  diameter  of  a  2-cent  coin  of  the 
same  material  and  thickness  ? 

SUBFACES — TEIANGLES    AND    CONES. 

1.  A  rectangle  is  6  ft.  by  4  ft.  Find  its  area  and  the  area  of  a  triangle  whose  base 
is  6  ft.  and  height  4  ft. 

2.  Five  triangles  have  bases  35  ft.,  5i  ft.,  42  ft.,  6i  ft.,  and  8  ft.  respectively,  and 
the  height  of  each  is  10  ft.    Find  the  sum  of  their  areas  in  the  shortest  way. 

3.  A  circle  with  radius  14  inches  has  a  sector  whose  arc  is  22  inches  cut  out  of  it. 
Find  the  area  of  the  sector  by  considering  it  as  made  up  of  a  number  of  small  triangles 
whose  bases  form  the  arc. 

4.  The  sector  of  Question  3  is  made  into  a  hollow  cone.  Find  its  area.  Find  also 
Its  perpendicular  height. 

5.  If  the  cone  in  Question  4  were  solid,  what  would  be  its  entire  surface  ? 

6.  If  the  diameter  of  the  base  of  a  cone  be  12  in.  and  its  height  8  in.,  find  its  entire 
surface. 

7.  A  silo  is  cylindrical  in  shape,  with  a  conical  roof.  If  the  diameter  be  14  ft.,  the 
total  height  29i  ft.,  and  the  height  to  the  roof  20  ft.,  find  the  entire  outer  surface  ? 

8.  The  slant  height  of  a  cone  is  10  ft.,  and  the  circumference  of  the  base  15  ft. 
Find  the  area  of  the  curved  surface. 

9.  A  cone  is  3J  ft.  in  diameter  and  its  perpendicular  height  is  25  ft.  Find  its 
curved  surface. 

10.  How  high  must  a  cone  be  whose  circumference    is    44    ft.,    in    order    that    its 
curved  surface  may  contain  256§  sq.  ft,  ? 

VOLUME — CAPACITY. 

1.  A  cylinder  has  a  base  containing  154  sq.  In.     If  It  Is  20  In.  high,  find  Its  volume. 

2.  A  cone  is  5  the  volume  of  the  corresponding  cylinder.  Find  the  volume  of  a 
cone  which  is  10  ft.  high  and  has  a  diameter  measuring  7  in. 

3.  Find  the  weight  of  6  ft.  of  water  in  a  cistern  whose  diameter  is  14  ft.  (a  cu.  ft. 
of  water  weighs  625  lb.). 

4.  What  is  the  cubic  content  of  a  cylindrical  silo  whose  diameter  is  14  ft,  and  whose 
height  is  20  ft.,  if  it  have  upon  It  a  conical  roof  12  ft.  high? 

5.  How  many  barrels  of  water  are  there  in  a  cylindrical  tank  105  ft.  in  diameter, 
if  It  be  filled  to  a  depth  of  12  feet,  and  a  cu.  ft.  contains  6i  gallons  ?  (A  barrel  of  water 
Is  31*  gal.) 

6.  A  pile  of  coal  in  the  shape  of  a  cone  Is  30  ft.  high,  and  154  ft  In  circumference 
at  Its  base.     Find  Is  volume. 

7.  A  bushel  contains  2,218  cu.  In.  Find  how  high  the  wheat  must  be  In  a  bin  9  ft 
by  8  ft.  to  contain  600  bu. 

8.  How  deep  in  a  cylinder  whose  diameter  Is  7  ft.  must  water  stand  In  order  that 
there  may  be  60  barrels  of  water  ?     (1  bbl.=315  gal.;  1  gal.  weighs  10  lb.). 

9.  A  hollow  tube  made  of  lead  is  100  ft.  long,  Its  Inner  diameter  is  2i  In.,  and  its 
outer  2*  in.    Find  Its  weight,  if  lead  weighs  11-38  times  as  much  as  water. 

10.  Find  the  weight  of  a  solid  cylinder  of  lead  whose  diameter  is  7  In.  and  length 
30  In. 
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MISCELLANEOUS    PROBLEMS 
1.  Find  the  total  daily  and  weekly  sales  for  each  department  in  the  following  record 
of  sales  of  a  department  store: 


Departments 


Dress  Goods $123  42 

Hosiery  26  98 

Gloves 121  10 

Jewelry 113  95 

Toys 63  22 

Books 120  00 

Carpets 544  00 

Art  Department 115  20 

Notions j  223  05 

Croskery |  46  72 


Mon. 


Totals $ 


Tues. 


$135  23 

91  22 

73  44 

83  65 

3  22 

214  94 

353  62 

128  18 

134  15 

269  13 


Wed. 


$213  40 
•  82  26 
125  90 
134  38 
124  27 
28  15 
262  20 
139  40 
405  25 
150  00 


$ 


Thur. 


$119  20 
23  65 
210  14 
256  15 
28  12 
334  15 
167  13 
125  15 
393  42 
118  24 


$ 


Fri. 


$216 

29 

136 

124 

62 

343 

446 

125 

496 

13 


$ 


Sat, 


$225  19 
225  14 
136  44 
542  27 

22  15 
219  05 
644  00 
122  56 
116  25 

42  24 


$ 


Total  for 
week 


2.  A  messenger  boy  buys  peaches  at  the  rate  of  4  peaches  for  5  cents.  How  many 
dozen  must  he  sell  daily  at  the  rate  of  7  peaches  for  10  cents  in  order  that  he  may  make 
$1.50  a  day  ? 

3.  Three  men  working  at  the  same  rate  a  day  did  a  piece  of  work  for  $90.  The  first 
worked  5  days,  the  second  6*  days,  and  the  third  8i  days.    How  much  did  each  receive  ? 

4.  A  baker  made  252  lb.  of  vanilla-cream  biscuit  and  sold  it  at  18c.  a  pound.  He 
used  the  following  ingredients:  1  bbl.  of  flour  at  $4.75;  20  lb.  butter  at  25c.;  16  lb.  lard 
at  12ic.;  64  lb.  powdered  sugar  at  6ic.;  3*  gal.  milk  at  6c.  a  qt;  2  qt.  glycerine  at 
75c.;  10  oz.  soda  at  8c.  a  lb.;  salt,  ammonia,  and  vanilla,  $1.05;  2  gal.  eggs  (10  eggs  to  a 
pint)   at  27c.  a  dozen.  Find  his  gain  and  gain  per  cent. 

5.  Separate  249984  into  prime  factors,  and  show  that  it  is  the  continued  product 
of  '.hree  consecutive  numbers. 

6.  Find,  with  as  little  work  as  possible,  the  value  of 

(a)  2  V7  +  4i  +  i  -f  IJ  +  H.        (b)  A  -  4i  -  2  A  +  3U  -  tV. 

7.  A  cargo  worth  $16,300  was  insured  at  33%  for  90%  of  its  value.  Find  the  actual 
logs  to  the  owner  in  case  of  shipwreck. 

8.  A  train  leavcte  a  station  X  at  9.30  a.m.  Tuesday,  and  arrives  at  Y  at  8.20  p.m. 
Wednesday.  At  what  rate  is  the  train  travelling  if  the  distance  from  X  to  Y  is  1.045 
miles  ?  ;*'! 

9.  Find  to  the  nearest  cent  the  sum  which  must  be  deposited  in  a  Savings  Bank  on 
January  3lBt,  so  that  with  Interest  at  3%  per  annum  the  amount  will  be  sufficient  to 
pay  a  debt  of  $500  due  on  July  Ist. 

10,  At  $6.75  a  ton  estimate  the  cost  of  coal  required  to  All  a  bin  22  ft.  long,  12  ft. 
wide,  and  6  ft.  deep,  allowing  35  cu.  ft.  to  the  ton. 

11.  Complete  the  following  pay  roll: 


Namr. 


Edwin  Irvintf  .. 

Allen  Gray 

Jark  O'.Vcil  .... 
Hf-nry  Wnnl  . .. 

1  ■■   '  '     ^rk.'.'.'.'. 
■   '   ''"  . . . . 

■•r 
'0-  ... 

ToUl 


Hon; 


8i 

8 

8i 

81 

8 

81 

8 

6 

8 

8 

8 

8 

9 

7 

8 

6« 


Tnes. 


Wed. 


Thur. 


Fri. 


8 

l» 

8 
8 
8 
7 
8 
8 
7 
7 
8 

I' 

8 
8 


8i 
8 
8i 
8i 


V 

8 
8 


8 

? 

5 


8 

81 

8 

8 

6 

8 

8 

8 

8 

8 

8 

7 

8 

8 

8 

8 


84 

8 

7 

8 

9 

8 

8 

8 

J' 

6 
8 
7 

? 

0 


Sat 


Total 
Hours 


Kate     Amount 


8 

8 

8 

6 

8 

8 

7 

8 

8 

8 

8 

8 

74 

8 

8 

64 


Cents, 
80 
25 
20 
26 
22 
20 
18 
12) 
124 
80 
26 
15 
124 
12 
874 
274 
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12.  A  merchant  bought  522  eggs  at  28  cents  a  dozen,  and  the  same  number  at  34 
cents  a  dozen.  He  found  7  dozen  of  them  damaged,  and  sold  the  rest  at  39  cents  a 
dozen.      Find  his  gain. 

13.  What  will  4  bu.  2  pk.  3  qt.  1  pt.  of  nuts  cost  at  $2.25  a  bushel  ? 

14.  (a) What  are  the  prime  factors  of  32,  320  ? 

(6)  Find  the  greatest  common  measure  of  372,  474,  and  582. 
(c)  Find  the  least  common  multiple  of  35,  63,  91,  and  119. 

15.  If  a  man  can  row  42  miles  an  hour  in  still  water  how  many  miles  can  he  row 
in  3i  hours  up  a  river  that  flows  at  the  rate  of  li  miles  an  hour  ? 

16.  A  man  fails  owing  debts  amounting  to  $10,500.  If  his  property  is  worth  $4,650, 
how  many  cents  on  the  dollar  can  he  pay  his  creditors  ? 

17.  Make  out  a  receipted  bill  for  the  following  items:  May  6.  1905.  Mr.  R.  C.  Stair 
bought  of  Jones  Bros.,  14  yd.  silk  at  $2.25;  May  10,  68  yd.  cotton  at  8ic.;  May  12,  15  yd. 
tweed  at  $2.75;  May  17,  24  yd.  carpet  at  $1.87i;  June  5,  54  yd.  matting  at  37ic.;  June  12, 
six  pairs  curtains  at  $3.50. 

18.  An  agent  bought  some  flour,  paid  $54.50  storage,  and  charged  $180  commission. 
His  entire  bill  was  $8,234,510.    What  was  the  rate  of  commission? 

19.  A  person  'borrows  $2,560,  and,  at  the  end  of  each  year,  pays  $650  to  reduce  the 
principal,  and  to  pay  interest  at  the  rate  of  5  per  cent,  on  the  sum  which  has  been 
standing  against  him  through  the  year.  How  much  will  remain  of  the  debt  at  the  end 
of  three  years? 

20.  What  is  the  acreage  of  a  rectangular  field  whose  length  Is  234  rd.,  and  whose 
breadth  is  165  rd.? 

21.  Complete  the  division  ibelow  by  writing  in  the  missing  numbers  to  the  first  and 
second  lines: 


9)  

7)  ;  remainder  8. 


2,768;  remainder  5. 

22.  (o)  Find  the  H.C.F.  and  L.C.M.  of  7,648,  13,384,  and  63,096,  by  using  their  prime 
factors. 

(6)  Find  the  value  of   -0256 XI  0071^2 -7975. 

23.  How  long  will  it  take  a  train,  running  at  the  rate  of  21i  miles  an  hour,  to 
travel  17  miles  ? 

24.  In  1904  a  steamship  company  owned  26  steamers  with  an  aggregate  tonnage  of 
126,185  tons.  Find  the  average  tonnage  of  the  company's  steamers  in  that  year.  In 
1905,  two  additional  steamers  were  added,  each  with  a  tonnage  of  10,754  tons.  By  how 
much  did  the  additional  tonnage  increase  the  average  ?  In  each  case  give  the  answer 
to  the  nearest  ton. 

25.  (a)  A  note  for  $300  drawn  on  March  1st,  1911,  for  four  months  without  interest. 
Is  discounted  by  a  bank  on  April  2nd,  1911,  at  6%.    Find  the  proceeds. 

(6)   If  the  nete  carried  interest  at  5%  per  annum,  what  would  the  proceeds  be  ? 

26.  A  house  worth  $2,400  was  insured  for  three  fourths  of  its  value,,  at  a  yearly 
premium  of  2  per  cent.  During  the  third  year  the  house  was  burned.  Find  the  owner's 
net  loss,  and  also  the  net  loss  of  the  insurance  company. 

27.  A  bankrupt's  assets  are  found  to  be  3  of  his  liabilities,  but  on  examination 
i  of  his  assets  prove  to  be  worth  only  50  cents  on  the  dollar.  How  many  cents  on  the 
dollar  can  he  pay  to  his  creditors  ? 

28.  Find  the  total  number  of  board-feet  of  lumber  In  the  following: 

5  pieces  2  in.  x  6  In.  x  12  ft. 

37  pieces  4  in.  x  4  in.  x  12  ft. 

15  pieces  2  in.  x  4  in.  x  10  ft. 

9  pieces  3  In.  x  3  in.  x  15  ft. 

29.  A  commission  merchant  sold  4,500  dozen  oranges  at  32c.  a  dozen.  After  deduct- 
ing $27.40  for  freight,  $15  for  storage,  and  his  commission,  he  returned  $1,340  to  his 
employer.     What  was  the  rate  of  his  commission  ? 

30.  If  a  bundle  of  laths  cover  6  sq.  yd.,  find  the  cost  of  lathing  and  plastering  both 
sides  of  a  partition  36  ft.  long  and  18  ft.  high,  the  laths  costing  25c.  a  bundle  and  the 
plastering  18c.  a  square  yard. 

31.  (o)  Find  the  value  of  91  •  512  X -576-^3:72. 

(6)  Find  the  value  of   (4^+38— 25)-4-(75—3S+2). 

32.  Explain  the  following  method  for  dividing  J  by  f : 

_2|5 
316" 
•     4|5  =  li 
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33.  A  man  keeps  |  of  his  farm  In  pasture,  S  of  the  remainder  under  cultivation, 
and  the  rest,  65  acres,  in  forest.  How ,  many  acres  are  there  in  the  whole  farm,  and 
what  is  the  average  cost  an  acre  if  the  whole  is  valued  at  |21,775  ? 

34.  Multiply  3  mi.  59  rd.  3  yd.  2  ft.  6  in.  by  7,  and  divide  the  product  by  4. 

35.  Find  the  size  of  the  largest  square  slab  which  could  be  used  to  pave  a  court- 
yard 72  ft  long,  and  21  yd.  wide. 

36.  The  property  of  a  town  is  assessed  for  $1,061,500,  and  that  of  a  certain  resi- 
dent for  $4,500.  What  special  tax  must  this  resident  pay  toward  the  building  of  a 
school-house  costing  $5,500  ? 

37.  Which  is  more,  and  how  much,  a  discount  of  40  and  10  off,  or  a  discount  of  20 
and  30  off,  from  a  bill  of  $3,350  ? 

38.  If  a  sovereign  weighs  5  dwt.  8  grs.,  what  is  the  value,  in  Canadian  money,  of 
16  lb.  3  oz.  4  dwt.  of  the  same  metal,  the  sovereign  being  equivalent  to  $4.86§  ? 

39.  A  note  for  $300  was  given  April  12th,  1906,  bearing  interest  at  7%.  On  this  note 
the  following  sums  were  paid:  Jan.  1st,  1907,  $75;  July  1st,  1907,  $80;  Sept  8th,  1907, 
1125.    Find  how  much  was  due  Jan.  1st,  1908. 

40.  Allowing  6i  gallons  to  the  cubic  foot  and  31^  gallons  to  the  barrel,  how  many 
barrels  of  water  will  it  take  to  fill  a  rectangular  cistern  5  ft  long,  4i  feet  wide,  and 
15  feet  deep  ? 

41.  Simplify  the  following  complex  fractions: 

(d)  28  -  h  (6)  4^  -  2j  (c)  1  +  §  of  A 

'  §  X  i  8-21  2i  -  g 

42.  (a)  Change  3  pk.  4  qt.  to  the  fraction  of  a  bushel. 

(6)  Find  the  cost  of  8  yd.  1  ft  6  in.  of  pipe,  4  lb.  to  the  foot,  at  25c.  a  pound, 
(c)  What  part  of  ,V  of  5i  is  §  of  {h? 

43.  A  vessel  A  contains  21  gallons  of  wine  and  9  gallons  of  water,  and  a  second 
vessel  B  contains  24  gallons  of  wine  and  6  gallons  of  water.  If  a  third  vessel  D  is 
filled  by  taking  7i  gallons  from  A  and  22i  gallons  from  B,  how  many  gallons  of  wine 
and  how  many  gallons  of  water  will  there  be  in  D  ? 

44.  During  the  last  four  months  of  the  year  a  man's  average  dally  expenditure  was 
$1.38.  If  his  average  was  $1.56  for  September,  97  cents  for  October,  and  $1.24  for  Novem- 
ber, find  his  average,  to  the  nearest  cent,  for  December. 

45.  A  contractor  undertakes  to  build  a  piece  of  road  in  60  days.  He  begins  the  work 
with  35  men,  but  finds  that  he  has  completed  only  i  of  it  in  40  days.  How  many  addi- 
tional men  must  he  now  engage  in  order  to  finish  his  contract  on  time  ? 

46.  Make  out  In  proper  form,  a  bill  for  the  following:  1,225  ft.  spruce  @  $23.50; 
1,260  ft  pine  @  $40;  1,890  ft  maple  @  $47;  1,318  ft  hemlock  @  $42.80;  390  ft  basswood 
@  $31;  1,530  ft  oak  @  $75.50;  1,620  ft.  maple  @  $47;  2,325  ft  chestnut  @  $32.25  per  M. 

47.  A  Toronto  merchant  imported  goods  Invoiced  In  New  York  at  $3.60  a  yard. 
He  paid  an  ad  valorem  duty  of  12  J%  and  marked  the  goods  for  sale  at  such  a  price 
as  would  permit  him  to  give  a  discount  of  163%,  and  still  leave  him  a  clear  profit  of 
88i%.    Find  the  marked  price  a  yard. 

48.  A  farmer  sold  350  bushels  of  wheat  at  80c.  a  bushel,  and  received  for  it  a  60-day 
note  which  he  Immediately  discounted  at  the  bank  at  6%.     What  were  the  profopds  ? 

49.  Wliat  will  be  the  cost  of  shingles,  at  $3.75  a  thousand,  to  cover  the  two  sides 
of  a  roof,  each  side  measuring  32  ft  long  and  17 i  ft.  from  eaves  to  pnnk,  if  thy 
shingles  are  laid  6  inches  to  the  weather,  and  If  A  of  the  shingles  bought  are  wasted? 

60.  AMuming  that  the  circumference  of  a  circle  is  3  1416  times  the  diameter,  find 
the  length  of  steel  wire  which,  evenly  laid,  goes  40  times  round  a  winding  drum  15  feet 
Id  diameter. 

61.  Coffee  cotting  36c,  a  lb.  Is  mixed  with  chicory  worth  10c.  a  lb.  in  the  propor- 
tion of  6  lb.  of  eoffee  to  2  lb.  of  chicory,  and  the  mixture  Is  sold  for  34c.  a  lb.  Find  the 
fain  per  6ent 

62.  A  man  bought  oordwood  for  1140,  and  by  selling  it  at  $6.70  per  cord,  he  gained 
$69.60  on  the  lot    How  many  cords  did  be  soil  ? 

63.  A  man  bought  48  oxen,  paying  as  many  dollars  for  each  ox  as  there  were  oxen 
in  the  drore.  He  sold  20  of  them  at  |40  each  and  the  rest  at  |48  each.  Did  he  gain  or 
tote,  and  how  much  ? 

64.  The  new  Canadian  ten-dollar  gold  piece  will  weigh  268  grains,  and  will  bo  ^\ 
One,  that  !•  A  of  the  coin  will  be  pure  gold  and  -,^0  alloy.  Find  in  oz.  (Troy)  the 
amonnt.of  alloj  required  for  100,000  coins. 

U,  1,869  torereigns  weigh  40  lb.  Troy  and  are  \^  fine;  find  in  grains  the  weight 
of  pare  gold  In  one  sovereign. 

66.  Use  the  figures  given  in  the  last  two  probloms  to  find  how  many  times  as  great 
M  the  weight  of  pure  gold  In  one  sovereign  Is  the  weight  of  pure  gold  In  a  ten-dollar 
gold  piece. 
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57.  A  grocer  bought  2,400  lb.  of  sugar  at  3|c.  a  lb.  If  44  lb.  are  wasted  in 
handling,  at  what  rate  (lb.  to  the  dollar)  must  he  sell  the  remainder  so  as  to  make  a 
profit  of  33  J  %  ? 

58.  A  merchant  bought  two  casks  of  wine,  each  containing  41  gal.  3  qt.,  at  $1.80  a 
gallon.  One  seventh  of  it  leaked  away.  He  sold  9  kegs,  each  coutaiiiing  5  gal.  1  qt.  at 
the  rate  of  30c.  a  pint,  and  the  remainder  at  the  rate  of  40c.  a  pint.    Find  his  gain. 

59.  How  many  pencils  7  in.  long  can  be  made  from  a  block  of  red  cedar  7  in.  by  lOi 
in.  by  2i  in.,  if  the  block  is  sawed  into  strips  3i  in.  wide  and  ^\  thick,  each  strip 
making  the  halves  of  6  pencils  ? 

60.  A  real  estate  agent  sold  a  house  for  |5,400  and  charged  a  commission  at  the  rate 
of  2i%.    What  was  the  amount  of  the  commission  ? 

61.  A  real  estate  agent  charged  a  commission  at  a  rate  of  3%  for  selling  property. 
He  charged  ?240  for  selling  a  house;  what  was  the  net  amount  received  by  the  owner 
out  of  the  sale  ? 

62.  The  owner  of  a  farm  received  $2,450  net  out  of  the  proceeds  of  the  sale  of  his 
farm  after  the  agent  had  deducted  a  commission  of  2%  of  the  selling  price.  Find  amount 
of  agent's  commission. 

63.  A  real  estate  agent  keeps  $200  out  of  the  proceeds  of  a  sale  of  property  in  pay- 
ment of  his  commission,  and  sends  the  owner  $7,800.    What  rate  was  his  commission  ? 

64.  A  citizen  buys  a  city  lot  50  ft.  wide  at  $75  a  foot  frontage,  gives  a  contractor 
$7,500  for  erecting  a  house,  and  pays  an  architect  5%  of  the  cost  of  the  house  for  draw- 
ing plans  and  supervising  building.    Find  total  cost  of  the  house  and  lot. 

65.  A  sidewalk  is  440  yards  long  and  8  feet  wide,  and  is  made  of  plank  2  inches 
thicksi.  The  planks  rest  on  three  continuous  lines  of  scantling  3  inches  by  4  inches.  Find 
the  cost  of  the  lumber  at  $15.00  per  M. 

66.  The  sovereign  is  the  British  gold  coin;  1,869  sovereigns  weigh  40  lb.  Troy  and 
are  -^flne,  that  is  \^  of  the  metal  Is  pure  gold.  A  new  gold  coin,  a  ten-dollar  piece, 
will  be  coined  shortly  In  Canada;  It  will  weigh  258  grains  and  will  be  ^",)  fine.  By  com- 
paring the  amount  of  pure  gold  in  these  coins,  find  the  value  in  dollars  and  cents  of  a 
British  sovereign. 

67.  The  tax  rate  In  Toronto  for  the  year  1910  was  11  j\  mills  on  the  dollar  for 
general  purposes,  and  5  j\  on  the  dollar  for  school  purposes.  Find  the  total  amount 
of  taxes  paid  on  a  property  assessed  at  $5,400. 

68.  What  amount  of  taxes  will  a  man  pay  on  an  income  of  $1,800  if  $1,000  are 
exempt,  and  the  tax  rate  is  18  mills  on  the  dollar  ? 

69.  A  buyer  buys  oranges  at  the  rate  of  $1.12  a  box  of  12  dozen  and  sells  at  the 
rate  of  3  oranges  for  5c.    If  6  oranges  in  each  box  are  wasted,  find  his  gain. 

70.  In  the  year  1904  there  were  19,431  miles  of  steam  railway  in  Canada,  in  1908 
there  were  22,966  miles;  what  rate  per  cent,  was  the  increase  during  the  four  years  ? 

71.  Canada  had  766  miles  of  electric  railway  In  1904,  and  992  miles  In  1908.  What 
was  the  rate  of  increase  during  that  period  ? 

72.  The  C.  P.  R.  is  10,564  miles  in  length,  the  G.  T.  R.  3,570  miles.  Give  an  approxi 
mate  comparison  of  their  lengths  in  simple  numbers. 

73.  Find  the  bank  discount  and  proceeds  of  a  three  months' 'note  for  $500,  bearing 
interest  at  6%  per  annum,  dated  Jan.  5th,  1907,  and  discounted  August  5th,  1907,  at  6%. 

74.  The  volume  of  an  Imperial  gallon  is  277*274  cubic  inches,  that  of  the  wine  gallon 
used  in  the  United  States  is  231  cubic  inches.  State  approximately  their  relative  sizes 
in  simple  figures. 

75.  A  man's  income  is  $1,650  a  year,  he  spends  $693;  what  per  cent,  of  his  Income 
does  he  save  ?    What  per  cent,  of  the  amount  which  he  spends  is  the  amount  he  saves  ? 

76.  A  starts  3  min.  after  B  for  a  place  4*  miles  distant.  B  on  reaching  his  destin- 
ation immediately  returns,  and  after  walking  1  mile  meets  A.  If  A's  speed  Is  1  mile  in 
18  min.,  what  is  B's  speed  ? 

77.  The  population  of  a  city  is  340,500.  Of  this  number  40,000  are  of  school  age; 
what  per  cent,  of  the  total  population  are  the  children  of  school  age  ? 

78.  Canada  exported  merchandise  valued  at  $147,748,085  to  the  British  Empire  in 
1908;  merchandise  valued  at  $113,520,500  to  the  United  States;  and  merchandise  valued 
at  $18,738,021  to  other  foreign  countries.  What  percentage  of  the  total  exports  were  sent 
to  the  British  Empire,  and  what  percentage  to  the  United  States  ? 

79.  If  a  man  receives  a  dividend  of  3%  on  one  fourth  of  his  capital,  a  dividend  of 
5%  on  two  thirds  of  it,  and  a  dividend  of  11%  on  the  remainder,  what  rate  does  he 
receive  on  the  whole  ? 

80.  A  drover  bought  50  bullocks  whose  total  weight  was  52,350  lb.,  at  5c.  a  lb.  He 
kept  them  for  two  months  at  a  cost  of  $1.50  each  a  month.  During  the  time  35  increased 
in  weight  on  an  average  of  200  lb.  each,  13  Increased  on  an  average  of  150  lb.  each,  one 
lost  200  lb.,  and  one  was  injured  at  the  end  of  the  first  month  and  was  sold  for  $55.  He 
weighed  1,200  lb.  at  time  of  purchase.  The  one  that  lost  in  weight  was  sold  at  5c.  a  lb., 
his  weight  at  time  of  purchase  was  1,050  lb.  The  others  were  sold  at  $6.16  per  cwt. 
Find  the  drover's  gain  or  loss. 
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81.  In  a  certain  school  6  pupils  are  enrolled  during  the  year.  They  attend  195,  190, 
200,  201,  208  days  respectively  during  the  year.  There  are  210  teaching  days  in  the  year. 
Find  (1)  the  average  daily  attendance  at  the  school;  (2)  the  average  number  of  days 
the  pupils  attended  during  the  year. 

82.  A  grocer  bought  760  lb.  of  sugar  at  He  per  lb.,  840  lb.  at  62c.  per  lb.,  960  lb.  at 
7Jc.  per  lb.  (1)  Find  the  average  cost  per  lb.  (2)  Find  the  average  number  of  lb. 
bought  for  one  dollar. 

83.  A  workman  receives  $1.75  a  day  for  30  days'  work,  $2  a  day  for  60  days'  work, 
and  $2.50  a  day  for  120  days.     Find  his  aA^erage  daily  wages. 

84.  A  grocer  bought  7,960  lb,  of  sugar  at  a  rate  of  4Jc.  per  lb.,  and  sold  at  a  rate 
of  20  lb.  for  one  dollar.    If  10  lb.  were  wasted  in  handling,  find  the  grocer's  rate  of  profit. 

85.  A  jeweller  requires  120  ounces  of  an  alloy  made  up  of  3  parts  by  weight  ot  gold, 
to  one  of  silver.  The  only  gold  he  can  get  is  in  an  alloy  made  up  of  5  parts  gold  to  one 
of  silver.  How  much  of  this  alloy  must  he  use,  and  how  much  silver  must  he  add  to  it 
to  make  up  the  alloy  required  ? 

86.  A  Toronto  coal  dealer  buys  coal  at  the  mine  at  the  rate  of  $3.75  for  2,240  lb., 
pays  25c.  a  cwt.  for  freight,  and  10c.  a  cwt.  for  delivery.  If  he  sells  at  $6.50  a  ton,  find  his 
rate  of  gain. 

87.  The  taxable  value  of  a  property  in  a  town  is  $765,000,  and  the  rate  of  taxation 
I  007  on  the  dollar.    Find  the  amount  of  taxes. 

88.  Mr.  Henry  bought,  through  a  real  estate  agent,  a  house  for  $5,000,  and  paid  the 
agent  a  2%  commission.  He  insures  the  house  at  i%  for  §  its  actual  cost,  and  pays 
annually  $173.50  for  taxes  and  repairs.  If  he  rents  the  house  at  $35  per  month,  what 
yearly  rate  of  interest  will  he  receive  on  the  money  invested  ? 

89.  One  merchant  offers  to  sell  neckties  at  $6.25  a  dozen  with  discounts  of  20%  and 
10%;  another  offers  the  same  grade  at  $7.00  a  dozen  with  discounts  of  15%  and 
168%.    Which  is  the  better  offer  ? 

90.  An  agent  sold  850  barrels  of  flour  and  received  a  commission  of  $114.75  therefor; 
the  rate  of  commission  was  2^%;  find  the  selling  price  of  the  flour  a  barrel. 

91.  A  share  in  a  certain  bank  yields  a  yearly  dividend  of  $10.  If  it  cost  $218,  find 
to  two  decimal  places  the  rate  of  interest  the  investor  makes  on  his  investment. 

92.  A  grocer  sells  tea  at  55c.  a  lb.,  gaining  thereby  10%.  What  would  have  been 
his  loss  per  cent,  had  he  sold  it  at  45c.  a  lb.  ? 

93.  A  man  pays  for  insurance  on  his  life  15%  of  his  gross  income;  and  after  paying 
an  income  tax  on  the  remainder  at  6d.  in  the  pound,  he  had  £513  16s.  6d.  left.  What 
waB  his  gross  income  ? 

94.  An  apartment  house  containing  6  suites  of  apartments  cost  $18,000.  Three  suites 
rent  for  $30  a  month,  three  at  $35  a  month.  Taxes  are  at  the  rate  of  17  mills  on  the 
dollar  on  an  assessment  of  $16,000;  repairs  cost  $88  a  year.  Find  the  owner's  net  pro- 
ceeds for  a  year, 

95.  There  is  deposited  in  a  Savings  Bank  $1;  Interest  at  the  rate  of  4%  per  annum 
Is  added  to  the  principal  at  the  end  of  each  year.    Find  the  amount  at  the  end  of  4  years. 

96.  Compile  a  table  showing  the  Interest  on  $100  for  10  days,  11  days,  12  days,  13 
days,  14  days,  15  days,  respectively,  at  6%  per  annum. 

97.  Compile  a  table  which  will  show  the  interest  on  $1  for  10  days,  20  days,  30  days, 
40  days,  60  days,  respectively,  at  6%  per  annum. 

98.  Use  the  table  compiled  In  the  preceding  problem  to  find  the  interest  on  $27  for 
30  days  at  6%. 

99.  Use  the  table  compiled  In  a  previous  problem  to  find  interest  on  $36  for  50  days 
at  •%. 

100.  A  depositor  in  a*  Savings  Bank  makes  the  following  deposits  and  withdrawals, 
namely:  July  6tb,  deposit  |800;  July  28th,  deposit  $160;  August  15th,  withdrawal  $400; 
Bept  4tb,  withdrawal  $200;  Sept.  29th,  deposit  $760;  Oct.  2nd,  deposit  $800;  Oct.  27th, 
withdrawal  1900;  Nov.  12th,  withdrawal  $150;  Dec.  14th,  deposit  $500.  If  the  bank  pays 
Interest  at  the  rate  of  4  per  cent,  per  annum  on  minimum  monthly  balances,  with  how 
much  interest  will  the  depositor  be  credited  on  December  31st  ? 

101.  At  the  beginning  of  a  year  a  merchant  purchased  goods  for  which  he  paid  $700. 
He  told  them  out  completely  in  six  months  at  a  profit  of  8%;  then  took  the  proceeds  and 
bought  a  new  stock  of  goods;  he  sold  them  out  completely  In  the  next  six  months  at  a 
profit  of  8%.    Find  his  proflti  for  the  year. 

102.  Find  the  Interest  on  1640  at  6^%  from  Mny  Ist  to  Sept.  14th. 

103.  Find  the  Interest  on  186.60  at  6%  from  Jan.  16th,  1896,  to  October  20th,  1896. 

104.  A  farmer  bought  26  head  of  cattlo.  of  an  nvorage  weight  of  700  lb.  each  at  4}c. 
t  rb..  and  kept  them  a  rear  at  a  cost  of  $1  a  month  each.  He  then  sold  them  at  $5.76 
per  cwt.  If  tb«7  averaged  1,200  lb.  each  In  weight,  find  the  selling  price  and  what 
fraction  of  the  original  cost  his  gain  or  loss  was. 

106.  A  baseball  team  won  67  games  and  lost  34  during  a  season.  What  fraction  of 
the  total  number  played  was  the  number  won  ?  Express  the  answer  as  a  decimal  fraction 
correct  to  four  places. 
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106.  The  population  of  Algoma  District  in  1890  was  4,926;  in  1909  it  was  23,059. 
What  was  the  rate  of  increase  for  the  period  ? 

107.  The  population  of  Huron  County  in  1890  was  61,777;  in  1909  it  was  59,934.  By 
what  per  cent,  did  the  population  decrease  during  the  period  ? 

108.  The  population  of  a  city  was  375,460.  The  number  of  children  born  in  it  during 
a  certain  year  was  5,600.  What  was  the  birth  rate  per  thousand  of  population  ?  Give 
answer  correct  to  two  decimal  places. 

109.  A  retail  merchant  bought  goods  invoiced  at  $742.50,  but  subject  to  a  discount 
of  20  and  16§  off.  He  sold  them  at  an  advance  of  33J%  on  their  actual  cost.  Find  his 
net  gain  if  5%  of  the  sales  was  not  collectable. 

110.  Find  the  duty  on  20  doz.  books  invoiced  at  27c.  each,  rate  of  duty  10%  ad  valorem. 

111.  An  importer  of  tweeds  paid  $240  in  customs-duties  on  a  consignment  of  tweeda 
valued  at  -$1,200.     What  was  the  rate  of  duty  ? 

112.  A  druggist  buys  a  gross  of  bottles  of  a  patent  medicine  at  $7.00;  4  bottles  were 
broken  in  shipment,  4  were  given  away,  and  the  remainder  sold  at  a  rate  of  |1  a  bottle. 
Find  his  gain  per  cent, 

113.  A  merchant's  rate  of  gain  on  a  certain  line  of  goods  is  12J%,  the  amount  of 
gain  $175;  find  the  cost  of  the  goods. 

114.  The  population  of  Ontario  in  1907  was  2,199,563;  in  1908  it  was  2,344,385.  Find 
the  rate  of  increase. 

115.  The  total  assessment  of  rural  municipalities  in  Ontario  for  1909  was  $607,173,285, 
and  the  total  taxes  imposed  $7,149,315.    Find  the  rate  in  mills  on  the  dollar. 

116.  The  total  assessment  of  18  cities  in  the  Province  of  Ontario  for  the  year  1909 
was  $453,311,559,  and  the  total  taxes  imposed  were  $10,535,285.  Find  the  rate  in  mills  on 
the  dollar. 

117.  A  note  for  $1,000  dated  Sept.  1st,  1905,  at  6%  interest  had  the  following  pay- 
ments endorsed  on  it:  Nov.  8th,  1905,  $200;  Dec.  12th,  1905,  $200;  Feb.  3rd,  1906.  $200; 
May  1st,  1906,  $200.     How  much  was  due  Sept.  1st,  1906  ? 

118.  A  Savings  Bank  pay's  interest  at  the  rate  of  3%  per  annum  on  minimum 
monthly  balances.  A  depositor  made  deposits  and  withdrawals  as  follows:  Jan.  20th, 
deposited  $140;  Jan.  28th,  deposited  $60;  Feb.  14th,  withdrew  $20;  March  16th,  with- 
drew $20;  April  20th,  deposited  $150;  May  1st,  deposited  $150;  May  10th,  deposited  $160; 
July  4th,  withdrew  $50;  Sept.  10th,  withdrew  $20;  Nov.  10th,  withdrew  $20;  Nov.  10th, 
deposited  $200;  Dec.  15th,  withdrew  $50.  What  amount  of  interest  was  placed  to  his 
credit  on  Dec.  31st  ? 

119.  A  deposits  $1,000  in  a  Savings  Bank  that  pays  interest  at  the  rate  of  4%  per 
annum,  payable  half  yearly,  that  is,  the  interest  is  paid  at  the  end  of  each  half  year 
and  added  to  the  principal;  B  deposits  $1,000  in  a  Savings  Bank  that  pays  interest  at 
the  rate  of  4%  per  annum,  payable  yearly,  that  is,  the  interest  is  paid  at  the  end  of  each 
year  and  added  to  the  principal.  How  much  better  off  will  A  be  at  the  end  of  one  year 
than  B  ? 

120.  Under  the  conditions  of  the  previous  problem  how  much  better  off  will  A  be  at 
the  end  of  two  years  than  B  ? 

121.  A's  share  of  C.  P.  R.  stock  sells  for  $233.  The  stock  pays  a  yearly  dividend  ol 
$10.    What  rate  of  interest  will  an  investment  in  the  stock  yield  ? 

123.  Find  the  cost  of  a  herd  of  cattle  sold  at  12J%  above  cost  at  a  profit  of  $240.    * 

124.  Hats  cost  $43.50  per  dozen;  11  sold  at  $4.50  each,  and  one  for  $3.  Find  the  rat« 
of  gain  on  the  lot. 

125.  If  I  buy  oranges  at  the  rate  of  one  cent  each,  and  sell  them  at  the  rate  of  2  for 
5c.,  what  per  cent,  profit  do.  I  make  ? 

126.  A  dealer  sells  real  estate  for  a  commission  of  2%.  How  much  must  he  sell 
during  the  year  to  secure  an  income  of  $75  per  month  ? 

127.  A  real  estate  agent  charges  me  2%  for  selling  my  property  in  Toronto.  He 
remits  me  $5,880.     What  was  the  amount  of  his  commission  ? 

128.  An  agent  who  sold  150  lots  at  $2335  each,  charged  $262.50  for  his  servicer 
What  rate  of  commission  did  he  get  ? 

129.  A  set  of  books  whose  catalogue  price  is  $100  can  be  bought  at  a  discount  of  10% 
and  5%  off  for  cash.     How  much  less  than  the  catalogue  price  will  they  cost  ? 

130.  A  man  had  50  bushels  of  wheat  and  sold  20%  of  it.  What  per  cent,  of  the  por- 
tion left  is  the  portion  sold  ? 

131.  A  farmer  sold  15%  of  his  wheat  to  one  dealer,  and  25%  to  another,  and  had  30 
bushels  left.     How  much  wheat  had  he  originally  ? 

132.  A  man  after  spending  a  month  in  Muskoka  finds  his  weight  to  be  210  lb.,  which 
is  an  increase  of  5%.    What  was  his  weight  before  he  went,  to  Muskoka  ? 

133.  A  farmer  increased  his  flock  of  sheep  by  12i%,  and  then  had  900,  How  many 
had  he  at  first  ? 

134.  A  paper-hanger  estimates  the  number  of  rolls  of  paper  required  to  paper  a  room 
by  finding  the  total  area  of  the  walls,  deducting  20  sq.  ft.  for  each  door  and  window,  and 
dividing  the  remainder  by  33  sq.  ft.    Find  the  cost  of  papering  the  walls  of  a  room  14  ft. 


126  ONTARIO  ARITHMETIC  MANUAL 

6  in.  long,  13  ft.  4  in.  wide,  and  12  ft.  high,  with  paper  costing  75c.  a  roll,  and  a  border 
costing  10c.  a  yard,  if  there  are  4  windows  and  3  doors,  and  It  costs  15c.  a  roll  for 
banging. 

135.  A  clerk's  salary  was  $640;  he  spends  75%  of  it.  Suppose  his  salary  to  be 
increased  30%  and  his  expenses  to  be  increased  40%,  find  the  amount  he  will  then  save 
each  year. 

136.  An  agent  gains  9c.  a  lb.  by  selling  twine  at  25%  above  cost.  What  did  it  cost 
him  ? 

137.  I  owe  Jl.OOO,  and  on  February  4th,  1911,  give  my  creditor  in  payment  my  note 
at  three  months.  I  wish  the  face  of  the  note  to  be  such  that  it  will  pay  the  debt  if 
discounted  at  a  bank  at  7  per  cent.    For  what  amount  must  I  draw  the  note  ? 

138.  Find  the  selling  price  of  goods  bought  at  $88.65  and  sold  at  3J%  below  cost. 

139.  A  coal  dealer  bought  34,160  lb.  of  coal  at  $2.50  per  long  ton  (2,240  lb.).  He 
sold  8  loads,  each  1  ton,  4  cwt.,  60  lb.,  at  $3  a  ton,  and  the  rest  at  the  rate  of  $3.25  a 
ton.    How  much  did  he  gain  ? 

140.  A  farnier  sold  150  sheep,  which  was  75%  of  his  whole  flock.  How  many  sheep 
were  there  in  the  flock  ? 

141.  A  closed  rectangular  vessel,  formed  of  metal  1  inch  thick,  whose  external  dimen- 
sions are  12  inches,  10  inches,  and  8  inches,  weighs  89  pounds.  What  would  be  the 
weight  of  a  solid  mass  of  metal  of  the  same  dimensions  ? 

142.  A  dealer  bought  a  gross  of  pencils  and  sold  36  of  them.  What  per  cent,  of  his 
pencils  remain  unsold  ? 

143.  Change  the  following  fractions  to  others  having  100  for  the  denominator  : 

(a)a;^;^;f;^;TV;i;l;iV;^. 

(6)  Read  as  hundredths:     05;     -186;      335;     '27^;     -2725;     -144. 

144.  From  a  flock  of  60  sheep  10%  were  sold.  What  fraction  of  the  number  left  is 
the  number  sold  ? 

145.  A  man  had  $1,500  in  the  bank  and  drew  out  40%  of  it.  What  per  cent,  of  the 
amount  left  was  the  amount  drawn  out  ? 

146.  A  farmer  bought  11  cows  for  $253,  and  after  keeping  them  for  17  weeks  at  a 
cost  of  $1.75  per  week,  he  sold  them  for  $48  each.  How  much  did  he  gain  or  lose  by 
the  transaction  ? 

147.  A  bankrupt  owes  $40,000  to  A  and  $2,500  to  B.  His  assets  amount  to  $650.  How 
much  should  each  debtor  receive  ? 

148.  A  merchant  falls  and  has  assets  sufficient  to  pay  his  creditors  80c.  on  the 
dollar.    How  much  will  a  creditor  receive  to  whom  the  merchant  was  indebted  for  $784  ? 

149.  A  bankrupt  owes  A  $3,500,  B  $3,275.  His  assets  amount  to  $4,403.75;  h-^w  many 
cents  on  each  dollar  of  debt  will  he  be  able  to  pay  ? 

150.  A  bankrupt  owes  $6,700  altogether,  and  has  assets  worth  $3,350.  Hovr  much 
■bouUl  a  creditor  receive  to  whom  he  owed  $500  ? 

151.  A  merchant  bought  40  gal.  of  spirits  at  $1.60  a  gal.  He  added  10  gal.  of  water 
and  sold  the  mixture  at  $1.50  a  gal.    Find  his  gain. 

152.  Write  a  negotiable  promissory  note  signed  by  James  Fox  for  $875.60  for  90  days 
payable  to  yourself. 

153.  A  dealer  bought  65  lawn  mowers  at  $4.26  each,  and  sold  them  at  $3.87i  each. 
What  per  cent  did  he  lose  ? 

164.  A  merchant  marked  his  goods  at  an  advance  of  80%  on  cost,  but  afterwards 
sold  them  at  a  discount  of  80%  on  the  marked  price,  for  $182.  Find  his  loss  on  the 
transaction. 

166.  Divide  $4,669  among  three  men  so  that  the  first  gets  $5  as  often  as  the  second 
gets  17.  and  the  third  111. 

166.  Assuming  a  bushel  equal  to  2218-192  cu.  in.,  estimate  the  number  of  bushels  of 
wheat  tn  a  bin  12  ft.  9  In.  long.  4  ft.  wide,  and  6  ft.  8  in.  high. 

167.  A  man's  Income  Is  1900;  $600  Is  exempt  from  taxation;  on  the  rest  he  pays 
UzM  at  the  nte  of  18  mills  on  the  dollar.    Find  the  amount  of  his  taxes. 

168.  A  merchant  bought  8  bushels  of  wheat  at  87 i  cents  a  bushel  and  sold  it  at  77 
e«nta  a  bushel.    How  much  did  be  lose  on  every  dollar  he  paid  ? 

169.  If  20  per  cent,  be  lost  on  a  ton  of  straw  sold  at  119.20,  what  Is  the  cost  of  ths 
straw  a  ton  T 

160.  Bought  1.000  lb.  of  butter  at  18  cents  per  lb.,  and  sent  It  to  an  agent,  who 
sold  It  at  21c.,  and  chargvd  a  commlMlon  of  6  per  cent    What  was  my  ratfi  of  gain? 

161.  A  farmer  hat  a  flock  of  940  sheep  In  three  flolds.  In  th<f  flrst  am  2o  per  c<>nt 
of  the  whole  flock:  In  the  second.  40  per  cent,  and  the  remainder  In  the  third.  How 
maaj  sheep  are  thern  In  each  fleldf 

165.  An  Asphalt  Companj  undertook  to  pave  a  street  five  miles  long  at 
$66,000  per  milf.    If  the  actual  cost  ibe  $180  per  rod,  what  Is  the  gain  per  cent? 

168.  I  bought  1.100  tons  of  coal  at  $8|  per  ton.  I  sold  40%  of  it  at  a  gain  of  50%; 
¥i%  of  the  remainder  at  a  gain  of  86%;  and  lost  10%  on  the  rest.  What  was  my 
actual  gainf 
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164.  What  is  the  valuation  of  my  property,  if  my  tax,  at  the  rate  of  15  mills  on 
the  dollar,  amounts  to  $30  ? 

165.  The  officers  of  a  certain  town  find  that  all  the  town  expenses  for  the  year  will 
amount  to  $46,000.  The  assessed  value  of  the  property  in  the  town  is  $2,300,000.  What 
is  the  rate  of  taxation? 

.    166.  Find  the  interest  on: 

(a)  $450  from  Aug.  10th  to  Xov.  8<h,  1<5S5.  at  6^%-   pe"  annum. 

(b)  $720  from  Jan.  25th  to  April  7th.  1885,  at  7%  per  annum. 
(C)   $960  from  Feb.  3rd  to  March  19th,  1884,  at  8%  per  annum. 
id)   $540  from  April  8th  to  May  18th,  1870,  at  9%  per  annum, 
(e)   $900  from  Feb.  12th  to  March  4th,  1891,  at  7%%  per  annum, 

167.  What  per  cent,  of  3  Is  |;  of  j  is  |  ? 

168.  A  drover  sold  250  sheen  for  $1,150,  which  was  15%  more  than  they  cost.  What 
was  the  cost  of  the  sheep  a  head  ? 

169.  A  circoilar  ventilating  tube,  14  inches  in  diameter,  is  delivering  a  current,  with 
a  velocity  of  5  "32  feet  a  second,  into  a  hall  52  feet  long,  35  feet  wide,  and  16*  feet 
high.  Find,  to  the  nearest  second,  how  long  it  will  take  for  the  air  of  the  hall  to  be 
renewed  in  this  way. 

170.  A  borrowed  $56.50  from  B,  on  May  1st,  and  agreed  to  pay  interest  at  the  rate 
of  6%  per  amnum.  Find  the  date  on  which  A  paid  the  loan,  if  the  interest  amounted 
to  $2.25. 

171.  The  interest  on  $109.50,  for  110  days,  is  $2.30.    Find  the  rate. 

172.  Eighteen  per  cent,  of  wheat  is  lost  (as  bran,  etc.)  in  grinding  it  into  flour,  and 
the  weight  of  bread  is  133J  per  cent  of  the  weight  of  flour  used  to  make  it.  How 
many  2-lb.  loaves  can  he  made  from  10  bushels  of  wheat? 

173.  Find  the  interest  on  $68.40,  from  April  2§th  to  Oct.  3rd,  at  6i%  per  annum. 

174.  A  retail  merchant  bought  4  dozen  men's  hats  at  $25  a  dozen.  He  sold  all  but 
seven  at  $3  each.  He  gave  these  away  free  at  the  end  of  the  season.  Find  his  gain 
or  loss  on  the  transaction. 

175.  rind  the  compound  interest  on  $1  for  four  years  at  6%  per  annum,  com- 
pounded yearly. 

176.  An  insurance  company  insured  a  block  of  buildings  for  $200,000  at  75c.  per 
flOO,  and  re-insured  $60,000  with  another  company  at  60c.  per  $100.  What  amount  of 
premium  did  it  receive,  and  what  amount  did  it  pay  out? 

177.  Beneath  a  house,  40  feet  long  and  28  feet  wide,  is  a  stone  foundation,  li  feet 
thick  and  5  feet  high.    How  many  cubic  yards  of  stone  does  it  contain? 

178.  Make  a  table,  showing  the  fractional  equivalents  of: 

li%,  lf%,  2|%,3i%,6i%,8j%,9iir%,  lli%,  12i%,14f%,  16§%,18f%, 

20%,  25%,  33i%,  37i%. 

179.  A  real  estate  agent  sold  a  farm  of  212  acres  at  $115  an  acre,  and  charged  2'/(j^ 
commission.     What  was  the  amount  of  his  commission? 

180.  My  Winnipeg  agent  buys  me  4,500  bushels  of  wheat  at  83S  cents  a  bushel. 
How  much  should  I  remit  him  to  cover  the  cost  of  the  wheat  and  his  commission  at  5%? 

181.  Interest,  at  the  rate  gf  4%  per  annum,  payable  yearly,  means  that  the  amount 
of  interest  due  at  the  end  of  each  year  should  be  paid  to  the  lender,  whether  the 
principal  be  due  then  or  not.  When  the  amount  due  as  interest  is  not  actually  paid  at 
the  end  of  the  year  (and,  in  many  cases,  it  is  not),  it  is  added  to  the  principal.  The 
whole  amount  of  interest  for  a  number  of  years  reckoned  in  that  way  is  called  compound 
interest.  Find  the  compound  interest  on  $1,000,  for  four  years,  at  6%  per  annum,  pay- 
able yearly. 

182.  A  man  had  $630  on  deposit  in  a  Ibank;  he  withdrew  30%  of  the  deposit,  and 
with  15%  oif  the  amount  withdrawn,  purchased  a  suit  of  clothes.  What  was  the  cost 
of  the  clothes? 

183.  A  man  died,  and  left  an  estate  valued  at  $160,000.  The  Government  received' 
4%  of  it  for  succession  duties.  The  remainder  was  divided  among  his  wife,  son,  and 
two  daughters.  The  wife  received  as  much  as  the  children  together,  and  the  son  as 
much  as  the  two  daughters  together.    Find  the  share  of  each  child. 

184.  A  produce  dealer  paid  $160  for  apples,  $45  for  onions,  and  $60  for  potatoes. 
He  sold  the  apples  at  a  gain  of  25%,  the  onions  at  cost,  and  tbe  potatoes  at  95%  of 
their  cost.     Did  he  gain  or  lose,  and  how  much  ? 

185.  A  merchant  bought  4  dozen  men's  hats,  at  $22  a  dozen.  He  sold  3  dozen  of  the 
hats  at  $3  a  hat,  and  one  half  a  dozen  at  $2.50  each,  and  the  others  at  $1.50  each.  Find 
♦•he  amount  he  gained  by  the  transaction,  and  the  rate  of  gain. 

186.  A  man  deposits  $120  in  a  Savings  Bank,  the  bank  pays  interest  at  the  rafe 
of  4%  per  at>num.  and  adds  the  interest  tn  t^e  nrfrt<«f'iai  at  the  end  of  each  year.  How- 
much  will  the  man  have  to  his  credit  at  the  end  of  three  years? 
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